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PREFACE. 



I HATS in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice^ 
to values less than 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other German mathematicians ; and especially 
in the Theoria Mokts OorportMn OoeHestkim of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Differences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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Cagnoli's Table has been omitted, while a number of tiie 
formulsB are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of inunediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller lype, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re- 
lated. W. C. 

U. S. Natal Acadkxt, 

AnnapoliSt Md., May 1, 18&0. 



NOTE TO THE FOURTH EDITION. 

Ik thlf edition, besides a number of minor changes, and the correction of some 
tjrpographical errors, a very important modification has been made in the solution of 
the equation tan x mmp tan y bj series (p. 145), which was giyen in former editions 
in the usual form as stated bj all writers on trigonometry. This form was dis- 
coyered to lack generalitj, and consequently to fail in certain applications, in con- 
sequence of the omission of the arbitrary term nw now introduced. Several subse- 
quent inyestigations, depending on this, haye in like manner been rectified. 

W. C. 

TJ. S. Naval Acadkitt, April 1. 1854. 
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PART I. 



PLANE TRIGONOMETRY. 



, CHAPTER L 

MEASURES OF ANGLES AND ARCS. 

1. Trigonometry is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angulcvr Analysis. 

8. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement: a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 

given without a side, because there may be an indefinite number o^ 

plane triangles, whose angles are equal to the same three given ones, as 
2 
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wg. L in Fig. 1. the triangles ABO, A'B' C\ 

&;c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of J. JS to JL (7 
is equal to the ratio of A'B' to A' 0\ 
c» &c. ; so that the ratios of the sides to 




A> 



A" 



each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides sad angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

5. The units hj which angles are expressed are, the degree, 
mintUej and second; distinguished by the characters ^ ' ''. 

A degree is an angle equal to ^ of a right angle ; or a degree is 
tlji of the whole angular space about a point, or ^Iji of four right 
iif-3. angles. Thus, Fig. 2, if the angular space about 

is divided into 360 equal parts, of which A OB 
is one, then A OB is one degree. The right angle 
B will be expressed by 90° ; two right angles by 
180°, and the whole angular space about a point 
by 360°. 
jm A mirnUe is an angle equal to (^ of a degree. 

Therefore, 1° « 60' ; and a right angle — 90 X 60'- 5400'. 

A second is an angle equal to ife of a minute. Therefore, 1' «= 
60" ; 1° - 60 X 60"-= 8600"; and a right angle « 90 X 60 x 60" 
- 824000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked "' ^ \ Ac. ; a third bemg gV of a second ; 
a fourth, fy o{ b, third ; &;g. But the more conyenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will be either 

12° 61' 26" 42'" 61^ &c. 

or more conyeniently 

12° 51' 26".714, Ac. 

6. T^ Above dWision of aiij^es ii called texagesimai, from tibie dinsor 60 esiployed 
m the •abdiTision of the degree. The eentenmal diyisioxi, howeyer, would be prefer- 
able in aU oases, but cannot now be generally introduced without, at the same time, 
changing the arrangement of aU our tables, tiie graduation of astronomical and 
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other iB8tniiii«iitB, ohurti, Ae. VtTwthriMt, tke ailtBii^ kti btea mmdt in Ft«m«» 
and BCTeral standard works exist in the French leBgosge, itt whioh it is emple/ed 
throuf^out. 

In the centesimal or Frenoh dirision, the right angle Is ^Tlded into 100 degrees ; 
the degree into 100 minutes { the minnte into 100 seeoads, fto. The redhwtloa of 
these denominations from one to the other requires only a change in the positif4 
of the decimal point ; thus, in this system 60<» 75' 84''*8 is the same as 0076d4t"*8 
of 60**76848 or 0* '6076848, the symbol q denoting a quadrant or right angle. 

7k> convert eentetimal into texaguimal degrtet, since 100® dec. sb 90® sex. deduct one 
tenth from thi numbear ofemMmtd dtgrem* 

ExAMPTta. Bequired the number of sex. degrees in 85® 47' 4ir dee. 

85®-4748 cent. 

Deduct xV "■ ® *^7^ 

76®*d2687 sex. degrMS and dec parts. 
55'-6122 
86''-782 

or 76® 65' 80^*782 sexagesimal. 

To convert eauigeaimaX igU^ enUtmnud degreee, sinee we musi take ^ of the sex., 

divide by 9 and move the decimal point one place to the riffhL 

ExAMPLX. Required the number of centesimal degrees in 76^ 55' 86" '782 sex. 

Reducing the minutes and seconds to the decimal <^ a degree, we hate 

76®-92687 sex. 
if of which is 85®-4748 cent. 

or 85® 47' 48" centesimal 

To distinguish the degrees of the centesimal from those of the sexagesimal diri- 
sion, the former are frequently called grades, and are denoted by the character ' 
Instead of ®; thus the preceding angle would be 85* 47' 48". 

MfiABURBS OF Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs maj be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of unitB qf arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
3 Ju of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of '^ >• 

an angle, whether we refer it directly to the angu* 
lar unit, or to the corresponding unit of arc. The 
right angle A 0A\ Fig. 8, and its measure, the ^| 
quadrant AA\ are therefore both expressed by 
90°; the semicircumference by 180°, and the 
whole circumference by 860°. 

8. The radius of the circle employed in measuring angles is then 
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arbitrary, and we may assnme for it such a value as will most 8im-> 
plify our calcnlationB. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
oonsidered. This value will be generally used throughout this 
ireatise. 

9. To find the length of an are of a given number of degreeSj 
fninute$j ftc. 

The semi-circumference of a circle whose radius is unity is known 
to be 8*14169266 ; or, the radius being JB, the semi-circumference 
IS 8-14159266 A. Hence 

When J2-1 
Arc 180^ - 8-14159265 It - 8-14159265 
a lo - 0.017453298 JB -0.017458293 
a V -0.0002908882^ -0-0002908882 
a V - 0-000004848187 iJ -0-000004848187 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formuhe 

Arc a:- 0.017453293 a:^ 
-0.00029088822/ 
- 0.000004848187 x\ 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc a; - (8.24187743 a:^ 
[6-46372611 ic' 
[4-68557491 x" 

in which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a; — 38"^. 17U8'V the 
radius being >» l.v 

88° ir 48" - 18T868" log. 5.1394635 

Log. factor for seconds 4.6855749 

X - 0-6684031 log. x 9.8250384 

10. To find the number of degrees^ ^e. in an arc equal to the 
radius. 

We have, &om the preceding article, 



* The lognritliins in the examples of this work will be taken from Stanley* t Tablet^ 
(published in New Haven, by Durrie and Peck,) the best tables of seven-figure 
logarithms yet published in this country. 
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IQQO 

- 8487'.74677 - 20626^.806 

11. The angle at the center measured hy an arc equal to the radius, ia often 
taken as the unit of angular measure, as this angle will be of an inyariable magni- 
tude, whateyer is the length of the radius. If x is the number of such units in a 
giyen angle, the number of degrees, &c., in it will be found hj multiplying by the 
Talue of the radius in degrees, kc, found in the preceding article. Thosy 

a^m^xR^mm 67''-2967795 x » [1-7681226] x 
sf ^xR mm 8487'-74677 x » [8-6362789] x 
xf'^xJt'mi 20626^-806 x * [6-8144261] x 

Reciprocally, the angle being giyen in degrees, &c., we reduce it to the unit ra- 
dius, by dividing by JS?, JR', or JR", thus, 

which is evidently the same as multiplying by the factors of Art 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the are which measures the angle in the circle whose radius is unity. 
Hende, an angle thus expressed is said to be given in are. If we put (as is usual) 

ir m. 8-14169266 • • • 

ir is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ ir to denote an 

angular magnitude of 180^ ; -r- a right angle ; 2 sr four right angles, &c. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The suppkment of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 80° is 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

18. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 
90° - - 120° « — 80°. In like manner the supplement of 200® is 
180^ -200° =--20°. 
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CHAPTER IL 



SIN18, TANGBNTS, AKD SEOAHTS. FUNDAMENTAL FOEMULJB. 

14. Haying expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
OS to oombiiie these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
1%. 4 that of right triangles. Let us therefore 

consider a series of right triangles, ABO^ 
AB'0\ AB!'Q\ &c., Fig. 4, which have 
a common angle A. The angles at J?, 
^, ^V being also equal, the triangles are 
similar; and by geometry 

BCiAB^ B'C : AB' - B"C'' : AB" 

or by the definitions of ratio and proportion, 

BO SC V'O'* 




o* C" 





AB' 


'aF' 


' AB" 


In like 


manner it follows tbat 






BQ 

AQ' 


B'G' 

'AQ'' 


B"Q" 
' AQ" 


d 


AB 


AB' 

'AQ'" 


AB" 
'AQ" 



Hence it appears that the ratios of the eides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. TJhe SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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Thus, in the right triangle AB Oj Fig. 5, 
f we designate the sides by the small letters 
Oy 5, Cy we shall have, (whatever the dbsoltUe 
length of the sides) 

e 

16. The TANGENT of the angle is the quotient of the opposite Hde 
divided by the ac(faeeni side* 

Thus tan -4. -» — , tan J8 »■ — 

a 

17. The SECANT of the angle is the quotient of the hypotenuse 
divided by the adjacefU side. 

Thus sec J. « 4> sec jB = - 

b a 

18. The COSINE, cotangent, and cosecant of an angle, are re^ 
spectively the sine, tangent, and secant of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, abcording to the preceding definitions, we shall have 

sin J. » cos jB «» — cos J. -■ sin J8 = — 



tan J. =* cot jB =■ — cot .4 « tan -B =» — 

( a 

sec A =» cosec P ■» — cosec J. = sec jB ■■ — 

b a 



HI) 



19. Since— is the reciprocal of — , it follows from the first and 
a e 

last of these equations, that the sine and cosecant of the same angle 

are reciprocals ; and from the other equations, also, that the cosine 

and secant, the tangent and cotangent are reciprocals. That is, 



sin J.™ cosec^=«-7 — r 

cosec A sm A 

cos ^ ■■ r sec A •■ 



sec A cos A 

tan A « cot A 



m 



cot A tan A 

or more briefly, 

sin J.coseo^*BOOSjl8eCjl* tan J. cot J. » l (3^ 
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Snnss, ko, of Aros* 



20. l^e sinej tanget^ and secant of 
^ an arc are respectively the sine^ tangenty 
and secant qf the angle at the center 
measured by that arc. Thus, Fig. 6, 



miAB^faxiA OB 



BO 
OB 



A"f 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circtun- 
ference, (Art. 7.) It follows that the relations (2) and (3) tfre also 
applicable when A expresses an arc. 

21. If the radius a 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB^ or angle AOBj by Xy we hare, when OA 
-OJB-1, 

BC BO 
sina:""7ri> ■■ -r^^BO 



tana; 



sec X 



OB 

AT 
OA 

or 

OA 



AT 
1 

OT 
1 



AT 



OT 



and from the arc A^B »■ 90^ — 2; we find in the same way 

cosa; — JBi>-0(7 
cot X - A'T . 
cosecar— OT* 

Therefore, in the circle whose radius is unity, the sine of an arCy 
or of the angle at the center measured by that arcy is the perpen- 
dicular let fall from one extremity of the are upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arcy which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

2%« secant is that part of the produced diameter which is inter^ 
eepted between the center and the tangent. 

The cosine is the distatice from the center to the foot of the sine. 

In & circle of any other radius than unity, the trigonometric 
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fonctions of an arc will be equal to the Knes drawn at aboTe, dirided 
by that radius. 

The propertiee here stated hare heretofore been used by mosi^ 
writers upon trigonometry as definitions, bat withonl limiting the ra-. 
dins to unity ; and it is evidently from this mode of viewing these 
fiinctions that they have derived their names. 

22. Betides the fiinetioiis already defined, others have been oeoadonally employed 
to facilitate partienlar calculations, as the Mrefff mm, whiih la the cMte Is the 
portion of the diameter intercepted between the extremity of the are and the foot 
of the sine ; thus, Fig. S, the Tcrsed sine of ABU A C^ or the radius being ■■ 1, 

▼ersinxaBl — eoss (4) 

by means of which formula we may always substitute versed sines for coeiBes» and 
reciprocally. 

The coverted tine (coTers.) is the rersed sine of the complement, and tuvened nne 
(surers.) is the yersed sine of the supplement. 

The chords of arcs haye also been used, and may be substituted for sines by the 
formula 

chxaB2sin}r (5) 

which is eyident from Fig. 6, where if tiie arc BB'mmx^ we hare chord BB mm 
2BC^2KmAB. 

28. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigcmometricfimcU&ns/^ It becomes necessary^ therefore, for 
the computer to know the values of these funetiona for any given 
value of the angle. The trigimometrie table$ contain these values 
for every minute, and sometimes for every second, from 0^ to 90^ ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulae and methods by which 
these tables are rendered available. 

Fundamental FoBMULiS. 

24. CHven the sine of an an^le^ to find the cosine. 
From the right triangle ABCj Fig. 7, we ^^"^^ 

have by geometry a* + J* » c* 
Dividing by t^y thia equation becomes 

* Also tngonom€tric Unm^ from the properties explained in Art 21. 
8 b2 
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or, by the definitioiui of sine, and cosine {1\ 

Mn*-4 + cos*^-l (6) 

in whidi the notation sin* A signifies << the square of the sine of A.** 
From this formula, if the sine is given, we find 

cos* ^ « 1 — sin* ji « (1 + sin -A) (I — sin A) 

eos^«%/(l-8in»^)-^[(l + 8inJ.)(l-sin^)] (7) 

and if the cosine is given, we find 

sin^ - V'Cl - cosM) - ^^[(1 + co8ui)(l - cos -4)] (8) 

25. CUven the sine and cosine of an angle^ to find ike tangent. 
By (1) we have 



tan^ ■■ -7- 



also 



therefore 



sin^ 

COB J. 

UxlA^ 



a h 
e c 
sin^ 
cos^ 



a 
b 



(9) 



And since the cotangent is the reciprocal of the tangent, 

. cos ^1 - - _ ^ 

26. CHoen ike tangent of an angle, to find ike secant 
The right triangle ABO, Fig. 7, gives 

<j« « J« + a* 
Dividing by ft*, tlus becomes 

or, by the definitions of secant and tangent (1), 

Bec*-4-l + tan«^ (11) 

This formula applied to the complement of A gives 

cosec* -4 — 1 + cot* A (12) 

^'^ 27. The preceding formulae are also 

directly obtained from Fig. 8. If the 
angle AOBj or the arc ABj be denoted 
by Xj the right triangle OBOj gives 

BO* + 00^^ OB* 




A*" 



or remembering that the radius is unity^ 
by Art. 21, 
sin* a; + cos* a; -1 (18) 
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The triangle OBO gives by the definition, Art 16, 

BO 
UmAOB^-^ 

sin X ,^ .. 

or tan 2; -■ — — (14) 

Since the angle BOB is the complement of BOO^ UxkBOB^ 
cot«, and the triangle BOB gives 

BB 00 



\MiBOB 



OB BO 



cos X ,^ ^. 

or cot a; «• —. — (15) 

In a similar manner the triangles AOT^ A' OT' give 

sec*a?"" l + tan*aj (16) 

cosec'a; ■■ 1 + cot* x (17) 

28. The following equations are eaeilj demonstrated by combining (18), (14), 
(15), (16), (17), and emplojing the property of the redproeals (2), Thej are of 

fireqnent use. 

. 1 . tanx eosx 

sinxBB satanxGoaxn n nS) 

coseex see x cot x ^ ' 

coszaB ■■ eotxsinxas ^ /ig\ 

seox coseex tanx ^ ^ 

BinzaB^(l— cos*z), G08XaB^(l— sin^) (20) 

Becxa.^(l + tan«x), eoeecxaii^(l+cotfx) (21) 

tanxaB^(8eo*z— 1), eotxa^(co8ee'x— 1) (22) 

tanx 1 



sinxoB 



cosx 



^(l + tan«x) v^(l + cot»x) 
cotx 1 



^(14- coif X) v^(l + tan*x) 

tanr- ^' -, %/(l-oo«*«) 

^(1 — 8in*z) COBS 

«ot* ^^^ s/(l-gm«») 



(28) 
(24) 
(26) 
(26) 



^(1 — co^x) sinx 

29, To find the siney ^e. of 80° and 60°, 

In Fig. 8, let the arc AB - 80°, and BB' » 2 JLB » 60°, By 
Art. 21, sin AB ■■ BO, and by geometry the chord of 60°, or of one- 
sixth of the droomference, is equal to the radius » 1 ; therefore 

2sin80°-2B<7-5JB'-l 

whence 

sin 80°-} -cos 60° . (21) 
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Mid by (7) 

oosSC-^Kl + lXl-Dl-^dxJ) 

whence cob SO'' » ) >/ 8 i» mi 60° 

Then, by (9) and (2), 

8in30» _J_ 1 



tan 80° — 



cot80< 



sec 80° 



cos 80° 
1 



cot60< 



tan 80° 
1 



,aS— ■• 8 »tan60° 



2 
%/8 



co8eo60° 



(28) 



(29) 
(80) 
(81) 



co8ec80° 



2 — sec 60° 



(82) 



cos 80° 

1 
smSO^' 

80. To find the mne^ ^c. qf 46^ Since 45^ i» the complement of 
45% we have 

sin 45^ «B oos 45^ 

whence by (18), patting x — 46°, 

8in>4&'' + 60t'46''-2Bin>45''-i2co6>45'>-il 

Bin* 45® -cos* 46® -J 
8in46®-coB45®-^J-J^2 (88) 

8in45® 

1 (84) 



tan 45® — cot 45^ 



cos 45® 
1 




sec 45® — €08ec45® — -T— 77% 

Bin 46® 



%/2 



(86) 



T These valnes are readily verified in the circle, 
Fig. 9, where OATA' is a square described upon 
the radius. The diagonal OT bisects the right 

1^ angle, whence -10^ — 46®, and tan 46® =» ^T 
- 0-4 - 1 ; cot 46® - JL' r - 1 ; sin 45® - BO 
-0(7-00845®, 4;c. 



81. The 8%ne$ and eorinei of two angles being given^ to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
enee of those ongUs. 

fi^SL Let the two angles be^OjB 

and jBOO, Figs. 10 and 11. 
At any point B in the line 
Ofcbmw^Operp. to OB. 
Draw BA and CD p^tp.. ta 
OA^ and BE perp. to CD. 
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Then the triangles BOH and BOAhto mntnally eqaiangnlari 
the three sides of the one being perp. to the three sides of the other 
respectively ; therefore the angle BOE^AOB. 



Let x^AOB^BOE 

y^BOO 




Then, Fig. 10, « + y •• COB 
Fig. 11, x-y~O0I> 
and in 




T.- ,A . / . ^ OB BA + OE BA , 
Fig.lO, •m(» + y)-^^- C^O " ;^ + 


OE 
00 


„ „ . , , CD BA-OE BA 
Fig.ll, «m(« y)-^^-- ^^ -7?(?- 

and in both figures 


OE 
00 


BA BA BO 
OO'BO'^00'^'""^^ 




OE OE OB 

co'cb'^oo"^'*^^ 





which bemg snhstitttted in the above expressions of sin {x+y) and 

sin (« — y) give 

sia(jr + jr)""sin jrcosjr + oosa^siny (86) 

sin (a?<-* y) ■■ sina; cosy — cos jT siny (8*^ 



Again in 
Fig. 10, 


co8(« + y)-^^-- 


OA-EB 

00 " 


OA 
00' 


EB 

00 


Fig. 11, 


ooi(af — 


, 02) ( 


OA + EB 
00 " 


OA 
00 + 


EB 

00 


and in both 


fignre^ 












OA 

00' 


OA OB 
'OB^ 00 


"icoBxcosy 








EB 

00' 


EB BO 
■ BO ^ 00 


"•sinssiny 







therefore 

cos(a; + y)«cosfl;oosy — sinxsiny (88) 

cos (a? — y) ■■ cos X cos y +. sin x sin y (89) 

and (86), (87), (88), and (39) are the required formal®. 

These may be considered as the fundamental formulse of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally a{^licable to arcs represented by x and 
y (Art 20). 



£2 PLANS XmGOKOMSZBT. 




CHAPTER m. 

TBIGONOBfETBIO FUNCTIONS OF ANGULAB ICAGNITUDE IN GENERAL. 

82. The definitions of sine, &c. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

U^ Fig. 12, we suppose the line OA to revolve 
from the position OA to OA' in the direction of 
the arc AAf (or from right to left), it will describe 
an angular magnitude of 90^; when it arrives at 
OA" it will have described an angular magnitude 
of 180° ; at OA'", 270° ; and at OA again, 860°. 
If it now continue its revolution^ when it arrives 
At. OA' again, it will have described an angular magnitude of 
860° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avul ourselves of the fundamental formu- 
las established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

83. To find the nne, ^c. of 0° and 90°. In (37) and (39) 
let X ^ y; the first members become sin (a; -— 2;) » sin 0°, and 
cos (rr — a?) -■ cos 0° ; and by (18) they are reduced to 

gin 0° ■> sin X cos z — cos X sin 2; » 
cos 0° — cos* a? + sin* a? —1 

and since 0° and 90° are complements of each other. Art. 12, 

sin 0° - cos 90° « (40) 

co80°-sin90°-l (41) 

from which by (9) and (2) 

t«n0''-oot90<»-^^^-^-j--0 (42) 
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ootOo- tangC-J^o-J-ao (48) 

sec O' - coseo 90" - -^ - i - 1 (44) 

COS U 1 ^ ' 

cosecOo- sec 90» - -ji^ . J. . 00 (45) 

84. n find th* $ine, ^e. of 180°. In (86) and (88) let 
a; » y — 90° ; these equations become by means of the preceding 
valacs 

sin 180° - 1 X + X 1 » (46) 

coel80°-0x0-lxl--l (47) 

whence by (9) and (2) 

tan 180* - ;fj - cot 180° - J- -w (48) 

sec 180° - ~j - - 1 coseo 180° - ^ - 00 (49) 

85. To find the tine, fe. of 270°. In (36) and (88) let 
X -180°, y — 90°, then 

8in270°-0x0 + (-l)xl--l (50) 

co8270°-(-l)x0-0xl-0 (61) 

tan 270° - ^ -oo cot270° - i - (62) 

see270°- J--«> cosec 270° - -^ - - 1 (58) 

36. To find the tine, ^e. qf 3C0°. In (36) and (88) let 
aj — y — 180°; then 

8in860°-0x(-l) + (-l)x0-0 (54) 

cos860°-(-l)x(-l)-0 xO-1 (55) 

the same values as for 0°, whence it follows that all the trig, func- 
tions of 860° are the same as those of 0°. 

The same process continued will give for 460° ( » 360° + 90°), 
the same trig. Amotions as those of 90° ; for 540° the same functions 
as for 180°, ko. 
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ST. The preceding values now famish ns at once with the valaes 
of the functions for all possible values of the angle. In (86) and 
(88) let X ■> 0^9 they are reduced to 

ainy » sin 0^ cos jr + cosO^ siny » nn y 

cos y -■ cos 0® cosy — sin 0® sin y — cos y 

which are simply identical equations, and reveal no new property. 
But tf in (87) and (89) we pat z ■■ 0^, we have^ after substitating 
the functions of 0% 

sin(— y) « — siny cos(— y) — cosy (56) 

whence by (9) and (2) 

, . sin(— y) — siny ,.^. 

tan( — y) « — ) — U ^ -— tany (5T) 

^ ^^ cos( — y) cosy ^ ^ ' 

*/ \ co8(— y) posy . . 

<»*( — y) "■-'— ^ — ^ '"-^--'-^-■■ — coty (58) 

^ ^^ sm( — y) — siny ^ ^ ^ 

•®c( — y)«» — 7 ?= — «>secy (59) 

^ ^' cos( — y) cosy ^ ^ ^ 

1 1 

cosec (— y) — -:— 7 r = 1 — — — ooaecy (60) 

^ ^' sin ( — y) — sin y ^ ^ ' 

or, the MtfLj tan.j cat.^ and cosec. of the negative qf an angle are the 
negative of, the «»n., fan., cot^ and cosec. of the angle itself; and the 
COS. and sec. are the sante as those of the angle itself. 
88. In (87) and (89) let a; « 90"" ; we find aft«r redaction 

sin (90® ""y) ■■ cosy cos (90® — y) ^ siny 

which agree with the definition of cosine, but give no new relations. 
But in (86) and (88) let z -> 90®, we find 

sm (90® + y) - cosy, cos (90® + y) - — sin y (61) 
whence by (9) and (2), 

tan (90® + y) « — ooty cot (90® +y) « — tany (62) 
sec (90® + y) — — cosec y cosec (90® + y) -■ sec y (68) 

« 

or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90® ; and the eos.^ fan., 00^., and set. are 
equal to the negatives of the tm., eot*^ tan»^ aaul cosec. of the excess 
of the angle above 90®. 
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88. In (37) and (89) let i; 1- 180^ ; we find 

8m(180'>-jr)-8my cos (180^ - jr) - - ooe y (64; 

tan,(180^ — y) - - tan y cot(180^ — y) - — coty (65) 

sec (180® — y) — — sec y cosec (180° — y) — cosec y (66) 

or, the Bin. and eo$ee. of the supplement of an angle are the eame as 
ii$$e of the angle itself; and the cos.j tan.^ cot.y and sec. are the 
negative of those of the angle itself 

40. If y is acute (that is, less than 90°), all its trig, fanetionf are 
positive ; and since its supplement 180° -* y is obtuse (that is, preat- 
ear than 90°), it follows from the preceding article, that the tin. and 
cosec. of an obtuse angle are positive^ while its cos.j tan^ eot^ and 
Mec. are negatim. 

4L In (36) and (88) let x -» 180° ; we find 

sin (180° + y) « - sin y cos (180° + y) - - cos y (67) 

tan (180° + y) « tan y cot (180° + y) — cot y (68) 

aec (180° +*y) » — sec y cosec (180° + y) — — cosecy (69) 

hj means of which, if y is acute, we obtain the values of die sines, 
&c. of angles between 180° and 270°. 

42. In (37) and (39) let x « 270° ; we find 

Bin (270° — y) - — cos y co8(270° -y) - — dny (70) 

tan (270° — y) = cot y cot (270° — y) — tan y (71) 

sec (270° — y) =» — cosec y cosec (270° — y) *■ — secy (72) 

43. In (36) and (38) let x - 270° ; we find 

sin (270° + y) = - cos y cos (270° + y) - sin y (73) 

tan (270° + y) « — cot y cot (270° + y) « - tany (74) 

sec (270° + y) =« cosec y cosec (270° + y) « — sec y (75) 

44. In (37) and (39) let x - 860° ; we find 

tin (860° - y) • - sm y cos (360° - y) — cos y (76) 

tan (360° — y) == — tan y cot (860° — y) « — cot y (77) 

sec (360° — y) =« sec y cosec (360° — y) « — cosecy (78) 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (88) let x - 860° ; we find 

sin (360° + y) - sin y cos (360° + y) - cos y (79^ 

or, ^functions of an angle which exceeds 360° are the toflw as 
those <ff the exeesB above 960''. 
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It follows that the funetions of 720^ + y are the same as those 
of 860^ + y^ and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 8M^. 

46. Since y — 90® is the negative of 90® — y, we obtain from 
Art 8T, 



(80) 



fig. IS. 



sin (y — 90®) - — sin (90® — y) « — cos y 
cos (y — 90®) » cos (90® — y) « siny 

whence also tan., Jcc. ; and in the same manner we may find the fono- 
tions of y - 180®, y - 270®, y - 860®, &o. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ OA"^ ke^ as in Art. 82, 
thus describing a continuously increasing an- 
gular magnitude ; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to ABy AA\ AB'^ &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
Ist. Z%e «tne being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we sUU havesm AB - BC, fAnAff « B C\ sin^ ^" J^' - B^ C\ 



it" 



B'a 


y^""^ 


■~""\ 


B 


/ 


•M + 




\ 


( 


C 


c 


\ 


I 







I 


V 


CM — 




J 


B'* 


^"^ 


_^^ 


B"* 



AviAA"B 



we have 



/// 



B"'Q^ and if we make 

AB - A:'B! - A!'B" « AB" 



siny ^BC 
sin (180® -y)^B' C 
sin (180® + y) « ^' 0' 
sin (860® - y) - B" C 

The lines BC, B 0\ B' C\ B" 0, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulas enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180® — y) — sin y 
sin(180®+y)--siny 
sin (860® — y) « — sin y 

so that the sines from 0® to 180® are positive, while those from 180® 
to 860® are negative ; or the sines which are abate the diameter 
A A" are positive, while those which are hehw this diameter are 
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aegatiye; or still more generally, the sinef that have opposite di- 
reettoTHj with reference to the fixed diameter from whidi they are 
meaBored, have &ppa$it4 iiffm. 

2d. The eorine being, by Art. 21, the diatanoe from the center to 
the foot of the sine, we have 

cosy » 00 
cos(180^-y)-O(7' 
cos (180^ + y) - C 
cos(860^-y)-O(7 
bnt by (64), (6T), (76), 

cos(180®— y) — — cosy 
cos (180® + y) — — cosy 
cos (860** — y) — cos y 

80 that the cosines on the right of the diameter A' A"' are positive, 
while those on the J^t of this diameter are negative ; or rather the 
cosines that have opposite directions, with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards B^'\ or in the 
opposite direction to that of the positive arc, so that 

sin AB'" - sin (-y) - B"C-^-BQ^- smy 
cos-AS'^-i cos( — y)— OQ^ cosy 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be suflScient to bear in mind the following table, which is als%. 
expressed by Fig. 18. 



Sink 

COSINB 


1st Quad. 


2d Quad. 


SdQuAi). 


4th Quad. 


+ 
+ 


+ 


• 
• 


■ 

+ 
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piiAifs memousm. 




A*** 



48. The partieslftr TahieB of tiie sme waA 
eosme at A^ A'^ A!'^ 4e*, or mu asd oot. rf 
O^", OO"", ISO"", Ao^ «M7 also be tmuk ^ 
Fig. 18y upon tlie tame prinoqdos; but thb 
we leave to the stndont. 

49. QsvEBAL Remabe. — ^In the demon- 
stratioa of the fundamental formal» for 
sin (rrdby)) &nd oos ip-^zy)^ Art. 81, the 
angles x^ y and x-±:,y were all taken less than 90^ and positive. 
In this chapter these formulae hare been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases <^ the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the fines of the figure w31 be of 
general application, provided in the practical application of diis for» 
mula to the particular cases, we observe those values and signs of tiie 
trigonometric functions which have now been determined. 

• 

60. The retttlti of this chapter nay be exj^ressed by % few general foxnroUB. 
From (79) it appears that all the trigonometrie fiinotions return to the same Tallies 
after one or more complete reTolntions of 860®. If we represent the semi-cireom* 
ference, or two ri|^t angles, by r (Art 11), and let n as any whole anmber or aero, 
weshdlha^e 

sin4ii-^ isO 
8in(4ii + l)y-.l 
sin(4« + 2)^«0 
«(4«+8)j— 1 



COS 4 n Y "B 1 


(W) 


eos(4fi+l)y««0 

« 


(82) 


co.(4«+2)|l-_l 


(88) 


««(*'»+8)j-0 


(84) 



wheaoe 



tan4ii-^aB0 



tan (4 n 4- 1) ~. OBB QD 



toi{4» + 2)|.-0 



tan(4ii + 8)|.»oo 



or the tan. of the even multiples of -t* 
we nay write more simply 



0, and of the odd multiples as oo > so that 



tan2ii^»0 



Uli(2»+l)|. — 00 



(86) 
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In these tenivU» w« hmw cnly to ffjtf n mm vt the T«l«ee €^ !« 2, 8, 4, fte., to 
Dbtdn the AinoUons of bmj flTea muUipU of the right angle. Thue, we find 

sln460o.8in5~.Bin(4+l)-^««lhjm«kingii«il,in(82). 

Since the subtraction of 8 » -^ from the are will not ehange the fttnotionsy tne 

aboTe formulsB are also tme when a is a negatiye whole number. 
51. In a similar manner we obtain 

daMiiY + yJaBsiny eos f^ a 4? + yl n coe y (86/ 

■in[(4.+ l)|. + y]«cosy eo. [(4» + l) j + y] «- ainy (87) 

8in[(4ii + 2)^ + y]— siny c« [(4« + 3)^ + y] — e«ry (88) 

»in[(4ii+8)i+y]-i~cosy cos[(4« + 8) ^ + y] - siny (8«r) 

tan[2ii| + y]«tany tan [(2 n + 1) ^ + y] « - cot y (90) 

in which n may be any whole number, positiTc or negatiye, and y any angle, po^Ure 
or negatlTe. 

62. A still more concise foitm may be giTon to the formulss of the two preceding 
artides, as follows : n being, as before, any whole number, positiTe or negatiTc. 

8in2ii-^»0 cos2ii^.i (— 1)» (91) 

«to (2 n + 1) i-(-l)» ooi(2»+l)|— (»2) 

•in[2i.^ + y]-(-l)"iiny om [2« |^ + y]-. (-l)-008y (98) 

sia[(2«+l)|.+jr]-(-l)-0Q«y «»[(2»+l) ^+»}— C-l)-*»» (M) 

and from these (86) and (90) may be directly deduced. 

53. We haye seen that an angle beihg given, there is but one corresponding sine. 
On tiie other hand, a sine being gtvm, there is an indefinite number of anises cor- 
re^ondittg ; for if a denote the ghren sine, and y any conreeponding angle, then a Is 
also the sine of all the angle* 

TT'-y, 2»' + y, 8r — y, &c 

—• * — y» — 2» + y, — 8jr~y, fcc 

or in general 

awm siny a«sin[nir4- (-:-l)**y] (96) 

o2 
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In likt muuMT if • it a giTvn eotlne, and y aiqr w nmp ow Sng tngle, 

• s=eosyKeos(2fiirdby) (96) 

and if a is a giTtii tangent oorreiponding to the an|^e y» 

a«tany«tan(av+y) (97* 

Sins and Tanobnt of a Small Angls or Arc. 

54. When tbe angle AOB'^x, Fig. 14, is 
very small, the sine and tangent are very nearly 
equal to the arc AB^ which measures the angle, 
\b the radius being unity ; and the cosine and secant 
are nearly equal to OA^l (Art. 21). There* 
fore, to find the sine or tangent of a rery smaD 
"[^jfT*^^ angle approximately^ we have only to find the 
length of the arc by Art. 9 ; thus 

sin 1" - arc 1" - ^.000004848187 

log. sin 1^ - 4.6855T49 " 

and X being a small angle, or arc, expressed in seconds, 

sin X ■> tan x^xvanV (98) 

If « is expressed in minutes, 

sin X » tan rr ■> X sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X — tan x^x (100) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sidBSciently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1^. 

65. If X and y are any two small angles, it follows from the pre- 
ceding article that 

sin a? : siny — a? sin Viy sin 1" — a? : y 
that is, the etnes {or tangenU) of small artgles are proportional to the 
anglee themeelvee. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed."*" 

* For a ftill discoBsion of the limits under whieh this theorem may be employed, 
eee a paper, by the author of this work, in the Astronomical Journal, (Cambridge. 
Kass.^ voL i. p. 84. 



OXMERAL FOBMULJB. SI 



CHAPTER IV. 

GENERAL FORMULfi. 

56. We have already obtained four fundamental equations, (86), 
(87), (88), and (89), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

57. The sum and difference of the equations (86) and (87) are 

sin {z + y) + sin (a? — y) « 2 sin a? cosy (101) 

sin (a? + y) — sin (a? — y) — 2 cos a?sin y (102) 

and the sum and difference of (88) and (89) are 

cos (a? + y) + cos (a? — y) ■> 2 cos a; cosy (108) 

cos (a; + y) — cos (a; — y) -■ — 2 sin a? siny (104) 

58. If we put 

X + y ^x! 
x — y^i^ 

whence 2 a: »■ a/ + y', x^\{xf + y') 

2y-a/-y', y-J(«'-.y') 

equation (101) will become 

sin a/ + sin y' -■ 2 sin J (a:' + y) cos J (a:' — y) 

and (102), (108), and (104) admit of a similar transformation. But 
since a/ and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thus 

sin a? + sin y « 2 sm J (a? + y) cos \{x — y) (105) 

sin a; — sin y — 2 cos jt (a? + y) sin ^ix-^ y) (106) 

cos a? + cos y ■■ 2 cos J (a: + y) cos \{x'--y) (107) 

cos a? - cos y « — 2 sin J (a: + y) sin J (a; — y) (108) 

Bach of these equations may be enunciated as a theorem ; thus 
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(105) expresses that <^the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formula are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

69. Dividing (105) by (106), we have by (14) and (15) 

sina; + siny ^ i / • \ i. i / \ 

-: r-^ a- taU J (« + y) COt J (» — v) 

smar— amy 

or by (2) 

sinar + siny tan |(a? + y) 
sin a: — siny tan J (a? — y) 

and firosa (lOT) and (108) we find in the same manner 



(109) 



COS* ^^8y-,_tanJ(aj + y)taiiJ(«-y) (HO) 



0080? + cosy 
We find also 

sing + siny 
eo8a; + co8y 

sin a:— siny 
cos a: + cosy 

sina: + siny 
cosaj-^cosy 

sina:— siny 



tan i (a; + y) (111) 

tan J (a? - y) (112) 



-coti(^-y) (118) 



- cot J (a? + y) (114) 

cos a; — cosy a \ ^r/ \ j 

60. Divide the equations (36), (37), (38) and (89) by cos a; cos y ; 
then by (14) we have 

sin(a? + y) ^ , ^ ,^^.. 

— ^^ —^ « tan a; + tan y (116) 

cos a; cos y ^ ^ ' 

8m(a;-y) ^^^^^^^^ /jlgx 

cos a: cos y ^ ^ ^ 

— ^^ ^ s— 1 — tan a; tan y (117) 

cos a; cosy ^ ^ ' 

cos (x — v) 

— 5^ ^ - 1 + tan a; tany (118) 

cos a; cosy. ^ ^ ' 
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61. Divide (86), (87), (88) and (89) b7Bina;8iny;uidb7Binx 
cosy; then 

V . ^^ »coty=facota? (119) 

^^'^f=y) »cot;peoty:T=l (120) 

8ma;8iny ^^ ^ ' 

'r(''=^y) -l±cot«tony (121) 

Sin 2; cosy ^ ^ ' 

•^ ^-cota?qFtany (122; 

sinxeosy t- jf \ / 

62, Divide (116) by (117), and (116) by (118) ; then by (14) 

^tf-->'-''* ^ / . \ tanjj + tany ,-„. 

tan (a? + y) ■■ 5 — r r"^ (128) 

^ ^' 1 — tanztany ^ ' 

tan(rg-y)-,^^"^y (124) 

^ y; l+tanaJtany ^ ' 

by which, when the tangents of two angles are given, we may com- 
pate the tangent of their sum or difference. To find the cotangent 
of the snm or difference when the cotangents of the angles are given, 
divide (120) by (119), 

i./ _i_ \ cotycotrrqpl /-iocn 

cot (a? db y) — — f . ; (125) 

^ ^' cotydbcotz ^ ' 

68. Dividmg (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 

sin {x + y) _ tana? + tany coty + cot3g nsfi^ 



8in(a: — y) tanx— tany cot y— cot a: 

cos(a:+y) 1 — tana;tany cota?coty— 1 
co8(aj— y) l + tan2;tany cota:coty+l 



(127) 



64. Formolee for seoants are obtained from those for ooflines by meaoi of (2) , 
thus we find 

8ec(«dby) 



cos z 008 y qp sin X sin y 
and multiplying numerator and denominator by sec x see y, 

. . V sec X see y .^a^k 
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AIm liiioe 



seoxzhseey 



cosx 



cosy 



cos y db oo» « 
cos z 008 y 



wt ilBd by (107) and (108) 

sec X — sec y 



2 COB i(x + y) cos iix — y) 
cos X cos y 

2sinH'^+y)«nHg— y) 



cos X COS y 
la the same maimer from (106) and (106) 

2 sin ^ (x + y) cos ^ (x -■ y) 
sin X sin y 

2 cos } (x + y) sin j (x — y) 



(120) 



(130; 



cosec X 4- coseo y 



cosec X — cosec y ^ — 



sm X sm y 



(181) 



(182) 



//■ 



These formnlee, although generally omitted in treatises on trigonometry, will be 
found nseftd in a subsequent part of this work. 

65. The product of (36) and (87), and of (88) and (89), are 

gin (a? + y) sin (a: — y) ■« sin* x cos*y — cos* x sin*y 
cos {x + y) cos (a: — y) « cos* x cos* y — sin* x sin*y 

By (18) we have cos* a? -■ 1 — sin* x and cos* y •■ 1 — ain* y, 
whidi snbstitnted in the preceding equations, give 

sin {x + y) sin (x — y) « sin* x -^ sin* y -■ cos*y — cos* x (188) 
cos {x + y) cos (a: — y) «■ cos* x — sin* y « cos* y — sin* a: (184) 

66. In (36), (88) and (123), let y - a?, we find 

sin 2 a; » 2 sin a: cos x 
cos 2 a: « cos* x — sin* x 

2 tan a; 



(146) 



tan 2 a; 



1 — tan* a; 



(187) 



by which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (186), 

cos* X + sin* x^l 

cos* X — sin* a; » cos 2 a; 

the sum and difierence of which are 

2 cos* a? -■ 1 + cos 2 a? 
2 sin* a? ■» 1 — cos 2 a? 



T"' 
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Ab these express the relations of an angle 2 z and its half s, their 
meaning will not be changed by writing x and } x instead of 2 x 
andrr; whence 

2co84a;«l + cosa; (188) 

28in'iir->l-oo6« (189) 
the quotient of which is 

• « 1 "~ cos a? /- ^^x 

' 1 + cos a; ^ ^ 

68. The fonowing may b« proposed m exerases. 

2tan}s 2 „.,. 

"^'"ITTto-l^-eotJx+twiJa ^^"^ 

2tan^ g 2 ,-.^. 

^"'"'nrUiqi^-cotJx-tanJx ^1*2) 

tan*}x4-2eotsUn}x — l-iO (143) 

tan* i X— 2 ooseo xton^x-f-lBO (144) 

1 X 1 — COS X ftAitX 

tan i X «i eoseo « — cot x as — , (146) 

* Bin X ^ * 

*i I A 1 + coix ^._. 

cot } X ■■ coeao x -f- «ot x «i — ^i (147} 

69. Several nsefnl formolsB result from the preceding, by intro- 

dneing 45» or SO". If « - 45' in (86), (87), (88), and (89), we 
have, by (88)» 

cosv^sintf 

Bin (46« zfcy) - cos (46<^ i^y) - ^2 ^^^^^ 

whence 

cos V + sin V 

tan (45^ d= y) - cot (45« qp y) - — . (150) 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 
•my, 

■ 

liirtany cot^drl 

tan (45** dry) - ^ ^ - — ^^^ T 
^ ary; Iqptany cotyqpl 



JB PLANB TRIQOferOMEtBT. 

From M^ by (6T), 

tan v*-~ 1 

f°(y-45»)-jisfqn (162) 

70. Again, lei x «■ 9<K» d= y in (188), (189) (140), and (146), 

rin (46«> ifcjy) - cos (46o q= } y) - / ( ^ ^g*^ ^ (163) 

tan(460d=}y)-J(i§^) (164) 

1 db sin V oos ff 

Un(46«=tjy)-i-_^«jji^ - (165) 

From the last we find 

t" («• + J y) + ttt («• - J y) - j|^ = 2 .eo y (166) 

Un(46» + |y)-toii(46«>-}y)-i^-2t«y (167) 

tke quotient of which if 

^^f?!tty)T^<t?!-"ty> =^riny (158) 



tan (450 + i( y) + tan (460 — } 

71. In (101), (102), (108) and (104), let » - 80^ ; then by (27) 
and (28) 

sin (80° + y) + Bin (80° - y) - cos y (159) 

8in(80°+y)-8in(80°-y)-Biny^3 (160) 

cos(80°+y)+coB(80°-y)-cosy^8 (161) 

cos (80° + y) - cos(80° - y) - - sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no diflSlculty, and 
can be made as occasion demands. 

FoBMuiji rom Mvltiflb Avauu. 

72. From (101) and (102) we hare 

sin (y 4- 9f) «B 2 sin y oos « — sin (y — x) 

sin (y -|- ^) «B 2 oos y sin X 4- 8^ (y — ^) 
in which let y «■ (m — 1) a; ; then 

sin mz «B 2 sin (m — 1) x cos a; — sin (m — 2) z (168) 

sintts «» 2 cos (m — 1) z iin s 4- idn (m — 2) z (164) 

which are the general formnlsB for computing the sine of any multiple mx, from the 
lower multiples (m — 1) z and (m — 2) z, and the simple angle z. 



FORHUUB IQB MULTIPLE AKGLE8. 87 

If vt Make M mieeiMiTdy 1, 8, 8, i» ft«^ thaw tonnim i^Tt 

sill s «B ainx «■ sins 

tin2x mm2sinx oms aB2eois Bias 

sinSx ^ 28iii2sooss — Bias aB2eot2s8ias-|->^' 
8in4saB28!n8seots — 8ia2saB2eoB8srias4-8ia2s 
fto. kc 

73. From (108) and (104) 

wM(if + x)wm 2ooa]feoas — eoa(|f — x) 
eoa (y + x) as — 2 sin y sin x 4- oos (jf — x) 

which, if we put y «■ (m — 1) x, beoome 

cos mx «B 2 008 (m — 1) x oos x — oos (m — 2) x (1^) 

ooamx» — 2iiB(fii — l)x8inx-4-oos(m — 2)x (16C) 

If m if taken sooeeBsiTelj equal to 1, 2, 8, 4, &o. 

008 X as 008 X «■ 008 X 

co82x«b2oo8x 008X — 1 bb — 2 sin X rinx4-I 

oo8 8xaK2oo8 2xoo8x — 008 X bb — 28in2x^x-|-ooas 
co8 4x«b2oo8 8xoo8x — oo8 2x«B — 28in8x^x-4-co82x 
Ac. &0. 

74. In(128)lety«.(iii — l)x;then 

tan (m — l]x4-tanx ,n^~^ 

tan mx «■ , ^ — j — ^ ,7^ ^ (lo7) 

1 — tan (m — r 1) X tan x 

whence 

tan 2x4- tanx 



tan x«Btanx tan8x«B 



1 — tan2 X tanx 



^ « 2 tanx . . tan8x+tanx 

tan2x«aK^ 1— r— tan4x«aKa .^ a\>4>^ 1 

1 .~ tan* X 1 — tan 8 x tan x 

fto. 
76. If in the expreeaion for sin 8 x, Art 72, we sabstitate the Taloe of sin 2 X| 
we find 

sin 8 X BB 4 ^ X oos* x — sin x 

bj which we find the sine of the multiple directly from the fiinctions of the simple 
angle. If this be substituted in the expression for sin 4 x, the latter will also be 
expressed in terms of the simple angle. Bj these snooessire subetitationB we easily 
obtain the following tables: 

sin X BB sinx 

8in2xBB2[dnxoo8x 

sin 8 X BB 4 ^ X cos* x — idn x 

sin 4 X BB 8 sin X oos* x — 4 sin x cos x 
fte. 

76. eoi X BB 008 X 

008 2 X BB 2 oosP X — 1 

cos 8 X SB 4 008* X — 8 008 « 

008 4 X BB 8 008* X — 8 008* X -f- 1 

&0. 

D 
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77. If in thie eqmilioM w wAttttntt to eoit' < — I — ria^ < they b t o o — 

•fai 2 « SB 2 tin « ^ (1 — iftnP 9r) 

•fal 4 x «■ (4 lift « — 8 Bin* s) ^ (1 — Bin* s) 
fte. 

78. cos X » ^ (1 — ^* a;) 

«m2s»1— 2Bin*s 

oot 8 X «■ (1 — 4 idii* x) ^ (1 — Bin* x) . 
qob4x»1 — 8^*x4-8Bin*x 

From the preetding fablee it appears Uiat tlia eosina of tha multiple angle may 
always be expressed rationally in terms of the oosine of the simple angle ; bnt that 
the sine of only the odd multiples and the cosine of only the e?en multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By socoeBBhre substitutions we find from the formulas of Art 74. 

tan X 8B tanx 

, ^ 2tanx 

tan 2 X : 



1 — tan*x 



^ 8 tan X — > Ian* x 

tanSxas— ^ 5-r — 5 

1 — 8 tan* X 

. 4 tan X — 4 tan* x 

tan 4 X SB s z 

1 — 6tan*x+tan*x 

80. The preceding results are but particular applications of geaeral formulas to 
be giren hereafter, (Chapter XY.) They are introduced here for the conyenience 
of reference in elementary applications. The powers of the sine or cosine of the 
single angle may also be expressed in the multiplee of the angle: but they are most 
readily obtained from the general formulas of Chapter XY. 
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81. Let X, f, and i be any three angles ; we hare, by (86) and (88), 

tia (x -{* jf •\- m) mm an (x '^' $f) eoB 9 '^' ei>B (x -{* y) nn M 

«B ^ X cos y cos f 4- cos x sin y cos i 
4- COS X cosy sins ~^^x sin y sins (^^) 

OM (^ "h y "h ') "■ COB (' "h y) cos f — sin (x 4- y) sin f 

at cos X cosy oosf — sin X sin y cos s 
— sinxcoBy sins — eosxsinysins (169) 

and in the same way we may deyelop the sines and cosines ofx4-y — ^^^ — y-4~'» 
&o. ; but we may find these directly from (168) and (169) by changing the sign of t, 
f, fto., and obswring (56). 
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The qitotient of (168) ^Srided by (169) girw, ftfter diTicDng the mimerftior and 
denominator bj oos x ooe y cos «» 

ton (« + y 4- ,) « ton. + tany+tonf-ton.toiiyUiij .„^ 

i — tan 2 tan y — tan x tan i — tan y tan i ^ ^ 

82. Let X, y and i be any three angles, and from the equations 

sin (z — 2) &EB sin X oos t — eos x ^ i 
Bin(y — f) «B sinyeoss-^eoeysinf 

let cos » be eliminated ; we find 

sin y sin (x — z) — sin x sin (y — 2) :s sin s (sin x cos y — cos x sin y) 

IB sin f sin (x — y) 

If sin s is eliminated, we find 

cos y sin (x — *) — cos x sin (y — f ) &■ oos 2 sin (x — y) 

These equations may be more elegantly expressed, as follows : 

sin X sin (y — 2) -^ sin y sin (2 — x) 4- sin 2 sin (x — y) «■ (171) 
cos X sin (y — 2) 4- 000 y sin (2 — x) -f- oos 2 sin (x — y) «■ (^72) 

A number of similar relations may be deduced from these by substituting 90° dc z, 
&c., for X, &c. 

83. Let 

f }(x + y + f) 
we hsTe by (104) 

2 sin V sin (v — x) as cos x — cos (2 9 — x) «■ cos z — cos (y -f- 2) 
2 sin (r — y) sin {v — 2) :s cos (y — 2) — cos (2 e — y — 2) 

«B cos (y — 2) — cos X 

the product of which is 
4 sin 9 sin (o — x) sin (v — y) sin {v — 2) ss cos x [cos (y — 2) + cos (y + «)] 

— cos* X — cos (y + 2) cos (y — 2) 
Reducing the second member by (103) and (134) ; 

4 sin o sin (9 — x) sin (9 — y) un (9 — 2) «■ 2 cos x cos y eos 2 — cos^ x 

— - COS* y — cos* 2+1 (173) 

In the same manner we find 

4 cos V cos (9 — x) cos (9 — y) cos (9 — z) &■ 2 cos x cos y cos 2 + cos* x 

+ oos* y 4- cos* f — 1 (174) 

84. The following may be proposed as exercises. 

sin X 4- sin y 4- sin 2 — sin (z4-y4-2)a«4sinj(x4-y)«ni (x4-») sini(y4-2) (176) 
1508 z4- cosy 4- COS24- cos (x4-y 4"») = 4oos J (x4-y) cos } (x4- *) cos J (y 4- ») (176) 

iin (x 4- y -' '^ 
tanx4-tany4-tanf — tanxtanytanssas --^ — i— - (177) 

cos X ooe T 

cos (t 

cot X 4- cot y 4- cot 2 — cot X cot y cot 2 as — . 



(179) 
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4 [lia (s-|.y4.f)4.2 sin x liny ^ i]* «■ 4 [aiii (s-fy) 60*'+ ooe (»— y) lias]* ' 

..[1— COS (2x + 2y)](l + oos2i)4- [1 + 008 (2 a;— 2y)](l — o<Mi2f) 

4- 2 (sill 2«4-ti]i2]f)ria2f 

»2(l-f8in2z8i]i2y-fti]i2xrin2i-4-8in2y^2f — oos2xeot2yoos2f)^ 
86. Let the eum of three aaglei x, y and i be r, or a multiple of r, that is, an even 

mnltiple of —• a conditi<« whioh is expressed b j the equation 

x + y+f-.2n.^ (180) 

then, tan (x -f- y + ') «■ 0, and the first member of (170) being thus reduced to 
sero, the numerator of the second number must be lero, or 

tan X 4- tan y + tan i «■ tan x tan y tan s (181) 

an equation, it must be remembered, that is true only under the condition (180). 
Since x, y and x may be selected in an infinite yariety of ways so as to satisQr (180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
** to find three numbers whose sum is equal to thur product." 

w ft 

Let the snm of three angles x, y and s be -^ or an odd multiple of -^ ; thatfo, lei 

« + y + f-(2«+l)|. (182) 

then, tan (x 4- y + ') "■ ^» '^^ ^® denominator of (170) must be sero, or 

tan X tan y 4- tan x tans 4* tan y tans «■ 1 

which, diTided by tan x tan y tan i, giyes 

cot X 4- oot y 4- oot f «B cot X cot y cot s (^^) 

a relation that holds only under the condition (182). 
86. Let 

« + y+« — ««-»2i»y (184) 

We hare by (98) and (91) 

cos (x 4- y — ir) as cos (n r — 2 1) as ( — 1)* cos 2 s 
cos (x — y 4- ') »B cos (n sr — 2 y) is ( — 1)* cos 2 y 
cos (y 4" ' — x) IK cos (n tr — 2 x) «■ ( — 1)** oos 2 x 
cos (y 4- ' 4* ') "■ cos n r &■ (— 1)" 

tiie sums of the first two and of the second two are by (108) 

2 COS X cos (y — m) mm ( — 1)* (cos 2 f 4- cot 2 y) 

2 eoe X oos (y 4- f ) » (— 1)» (ooe 2 X 4- 1) 
and the sum and difference of these equations are 

4 ooe X oos y cos f «B ( — 1)" (cos 2 1 4- cos 2 y 4- cos 2 x 4- 1) 
4 eoe X ^ y sin i «■ ( — 1)* (cos 2f4-co8 2y — cos2x — 1) 

or d= 4 cos X cos y cos f sa cos 2 x 4- cos 2 y 4- cos 2 ii 4~ ^ (^^) 

=ti4cosxsiny sin i ass — co8 2x4-co8 2y4-cos2f — 1 (186) 

the upper sign being taken iHien n in (184) is eren, the lower when n is odd. 
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la the nm% BMimer we otvUin 

qp48ms8i]i]f8inf«B 8iB2s-|*8ia2y + *^^' (187) 

qp48!iisoMyeosf«B — 8in2x-|*fin2|f-|*daSt (188) 

th^ signs being taken as above. 
Jlgain, let 

« + y + f-.(2a+l)^ (189) 

we sbaU find bj the same process 

db4sinxsinysini8B cos2x-f-oos2y4-oos2f — 1 (190) 

d=4mnzcos|f COBS as — cos 2 x -(• ooe 2 y -f- oos 2 1 -f- 1 0^1) 

db 4 cos X 008 y COS! as sin2x + sin2y-f-8in2f 0^) 

:l:4oo8xsinysinfaB — sin2x-4-sin2y-f-iiB2f (198) 

-f- or — according as n in (189) is eren or odd. 

Inysbsb Tbigonometrio Functions. 

87. If 

y = sin rr 

y is an explicit function of Xy and, since x and y are mutually de* 
pendent, rr is an implicit function of y ; but to express x in the 
form of an explicit fonction of y, we write'^ 

X = sin ""* y 

which is ready <<rr equal to the angle (or arc) whose sine is y/' and 
X is called the inverse function of y, or of sine x. 

In like manner tan "^ y is << the angle or arc whose tangent is 
y," Ac. 

88. Many of the formnlfle already given may be conTeniently expressed with the 
aid of this notation. Thus, by (16), 

X &EB sec*"' ^ (1 + tan* z) 

or if we pat y &■ tan x 

tan*"* y ss sec"* %/ (1 + y*) 



* This notation was suggested by the use of the negative exponents in algebra. 
If we have y «■ nx, we also have x is n "* y, where y is a fiinotion of x, and x is 
the corresponding inverse ftinction of y. The latter equation might be read *< x is 
a quantity jrhich multiplied by n gives y." It may be necessary to caution the be- 
ginner against the error of supposing that sin'* y is equivalent to — i . 

For a general view of the nature of inverse fiinctions, see Peirce's l)i'- Cala 

Arts. 18, et seq. 

« »2 
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And i& the Bune way the formuln of Art 28 give 

1 V 

008-*y«« seo"«io.8in-*v^(l — y*) « tan "* ^^^-2^=12 

Un-.y- cot- 1 » rin-' -^^^ » co.- ^ ^^ ^ ^^ 

Formuln (128) and (124) may be written 

.i„ ^ — » tMi ^ =*= tan y 

X db y «B tan • ^ r— 5L. 

1 zp tanx tany 

or potting t &■ tan x, ^ ts tan y, 

tan""* < dbtan~'<' SB tan""* T -y (1&4) 

Also the formnlsd of Arts. 67 and 68 ^ve 
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-.,..-.-.J(l^)..^-.J(l+l)_»„n-.J('^) 

2 tan~*y » sin-* , .^. ss tan~*= — ^ a cos"* /^ ^ ""^\ 

89. We maj also employ the notation sin'* (cos x) or **the are whose sine it 
•qnal to the cosine of x" i. e. *<the complement of x*' ; and sin (cos~* y) or "the 
sine of the arc whose cosine is y," &c. We shall hare accordingly 

sin (sin ""* y) mb y tan (tan""* y)^^y &c. 

sin *'* (sin x) ss x tan -' (tan x) at x &o. 

Bat it most be obserred that since the same sine or tangent corresponds to an 
infinite number of angles, (Art. 58,) these last equations should be written 

sin"' (sin z) aaa fi t -f- ( — 1)* ^f tan ""* (tan x) ass n ir -{* ' 

whioh are equiyalent to (95) and (97). 
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CHAPTER V. 

TRIGONOBIETBIO TABLES. 

90. Betobb proceeding to the numerical computation of triangles 
ftnd to other applications of the preceding formolse, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
auppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;'^ the first, called the 
Table of Natural Sine$y ^er., contains simply the numerical values 
of the sines, tangentSi &c. for each given value of the angle ; the 

* The most oon?eiii6iit seTea-figure tables yet published in this country are Stan' 
Ii3f'«, already mentioned, p. 12. Attaehed to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensire and yaried calculations, generally proyide them- 
selTea not only with tables of seven figures, but also with those of six, of five, and 
•Ten of four figures — ^the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We mi|^t, indeed, 
employ seven-figure, or even ten-figure tables in all cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient ; but it is 
clearly a loss of time and labor to employ other figures besides those which are ne ■ 
cessary in arriving at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker's Ifova Tabula BeroUnentUf 
(Berlin, 1852,) which are distinguished for simpUcity of arrangement, as weU as ac- 
curacy. 

Bowditch's five-figure tables, in his Epitome of Navigation, are valuable on account 
of their undoubted accuracy. 

Four-figure tables are to be found In various collections, as for instance, in Schu- 
macher's ffulftt^feln^ (edited by Wamttojff,) 

Of the German seven-figure tables we may cite those of Vega, of which Bremiker's 
edition is the best : of the English, Taylor's, Hutton's, Babbage's, Shortrede's ; and 
)f the French, CaUet^s, Bagay's, Borda's*. Taylor's, Shortrede's, and Bagaj's give 
the log. ftinctions to every second of the quadrant ; Borda*s give the functions corre- 
sponding to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum Completus, edited by Vega, 
(Leipiig, 1794.) 
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• 

second, called the Table of Logarithmic Sineiy ^c.^ contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most usefuL 

Tablb of Natural Surss, Jtc. 

91« The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, Jtc. of angles between zero 
and 90^, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a sufficient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently smalL When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10'', and 
the sines, Jtc, should be given to at least seven decimal places. 

92. As every angle between 45^ and 90^ is the complement of 
another between 45^ and 0^, every sine of an angle less than 45^ 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45^, 
by giving them at the bottom of the table the names of the comple* 
mental functions. 

98. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may take 
tlie 9am£ functions of its supplement, observing to prefix the proper 
algebraic sign. Art. 89. Thus, from Hutton*s Tables we find 

sin 140° 16' « sin 39° 44' - 0.6892168 
cos 140° 16' « - cos 89° 44' - - 0-7690278 
tan 140° 16' '- - tan 89° 44' - - 0-8811992 
cot 140° 16' « - cot 89° 44' - - 1-2080810 
sec 140° 16' « - sec 89° 44' - - 1.8003481 
cosec 140° 16' - cosec 89° 44' « 1.5644181 
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remembering that in the 2d quadrant all the fonotions are negative 
except the isine, and its reciprocal, the cosecant. 

Or, we may (Art. 88) deduct 90^ from the given angle and take 
from the table the eamplemental functions of the remainder, prefix- 
ing the signs as before; thus 

sin 140^ 16' - cos 50^ 16' - kc 
cos 140° 16' « - sin 60° 16' - ke. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the game functions of the remainder, prefixing the signs that belong 
to the 8d quadrant, Art. 41 ; thus 

sin 220° 26' - - sin 40° 26' 
cos 220° 26' - - cos 40° 26' 
tan 220° 26' - + tan 40° 26' &c. 

95. For angles between 270° and 860°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43; thus 

sin 831° 27' = - cos 61° 27' 

cos 881° 27' - + sin 61° 27' 

• tan 831° 27' = - cot 61° 27' &c. 

Or we may take the $ame functions of the difierence between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 860°, and take the same functions 
with their signs. Art. 45 ; and if the angle exceeds 720°, 1080°, Jtc, 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° - - sin 30° 45' 
tan 1872° 13' - tan 292° 13' - - cot 22° 13' 

Table of Logarithmic Sines, &;c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; ^^ 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by t 
definitions proper fractions), their logarithms properl^ ^^^e negi 
indices; but these are avoided in the usual manner ii| 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2j &c. The tangents under 46^ being also less than vrntj^ 
the indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98.^Since 



sec Jl 



cos^ 

we have log sec -4. =■ — log cos Jl 

or since the tabular log. cos. is increased by 10, 

log sec -4. » 10 — log cos A 

that is, the log. Becant is the arithmetical complement of the tabular 
log, cosine. For a like reason log. cosec. is the ar. co. of the log. 
sin. ; and log. cot is the ar. co. of the log. tan. 
Also since 

. sin J. 

tan A ^ 7 

cos^ 

log tan A «■ log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negiative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' « - 0-7690278 

and log cos 140° 16' « - 9-8859420 

* Strictly speaking, negative numbers have no logarithms, but in practice, the 
maltiplicatiofi, dmsion, kc, of numbers is performed without reference to their signs, 
i. e. as if tkfy were all positiye, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to effect the first of these operations, i. e. the multiplication, division, &o. of 
the numbers considered as positive ; and to facilitate the second opera don, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
aumbsrs to whioh the j belong. 
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As the logs, of all the trig, fonetions are poaitiTe (being rendered 
80 by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithnit 
but of the number to which it belongs. 

Elxmentabt Method of Constructing the Tbioonoxstbio 

Table. 

100. By dividing x « 3*1415926 by the nnmber of seconds in 
180°, we found (Art. 9) the length of the arc V\ and (Art 54), the 
line of V\ which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin V - 0.0002908882 
and by (7) 

cosl'- ^/(l - sin«10 = >/[(l + sinlO (1 - sinlO] 

« s/ (1.0002908882 x .9997091118> 

or performing the arithmetical operations 

cos 1' « 0.9999999577 

Then by (101) and (103) 

sin (a; + y) « 2 sin a? cos y — sin (a? — y) 
cos (a; + y) «= 2 cos a? cos y — cos (a? — y) 

• 

in which we can suppose y to be constantly equal to 1' and a; to be- 
come successively 1', 2', 8', &c. Thus, first substituting y » 1', 

sin (a? + I') » 2 sin a? cos 1' — sin (a; — 1') 
cos (a? + 1') ■■ 2 cos a? cos 1' — cos (a? — 1^ 

chen if a; = 1', 2', 3', &c., we find for the sines 

sin 2' « 2 cos 1' sin 1' - sin 0' « 0-0005817764 
sin 3' - 2 cos 1' sin 2' - sin 1' - 0.0008726646 
sin 4' « 2 cos 1' sin 3' - sin 2' - 0.0011635626 
sin 6' - 2 cos 1' sin 4' - sin 3' « 0-0014544407 
&c. &c. 

and for the cosines 

cos 2' « 2 cos 1' cos V — cos 0' = 0-9999998308 
cos 3' » 2 cos 1' cos 2' - cos 1' - 0.9999996193 
cos 4' — 2 cos 1' cos 3' — cos 2' — 0.9999993232 
cos 5' * 2 cos 1' cos 4' - cos 3' « 0-9999989426 

&C &C. 
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The whole diffioolty in this operation consists in the multiplication 
of each saccessive sine or cosine by 2 cos 1^ ■> 1*9999999154 ; bat 
this multiplication is much shortened by observing that 

2 cos r » 1-9999999154 » 2 - -0000000846 

Ro that if we pnt 

m « .0000000846 
we have 2 cos 1' «■ 2 — m and therefore 

sin 2^ «■ 2 sin 1' — sin 0' — w sin 1' 

sin 8' - 2 sin 2' - sin 1' - w sin 2' 

sin 4' - 2 sin 8' - sin 2' - m sin 8' 
&c. 

cos 2' ■■ 2 cos 1' — cos 0' — w cos 1' 

cos 8' ■■ 2 cos 2' — cos 1' — m cos 2' 

cos 4' ■■ 2 cos 8' — cos 2' — m cos 8' 
&c. 

which are compnted with great facUity. 

101. It is not necessary, however, to continue this process beyond 
80° ; for by (159) and (162) we have 

sin (80° + y) — cos y — sin (30° — y) 
cos(80° + y) — cos (30° — y) — sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 80° previously found. Thus, making 
y successively 1', 2', 8', &c. 

sin 80° 1' « cos V ~ sin 29° 59' 
sin 80° 2' - cos 2' - sin 29° 58' 
sin 80° y - cos 8' - sin 29° 67' 

cos 80° 1' » cos 29° 59' - sin 1' 

cos 80° 2' - cos 29° 58' - sin 2' 

cos 80° 8' « cos 29° 57' - sin 3' 
&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and eotangento may be found frooi the eines 
and c^ifi b/ottiibCTwJir 

tiax ^ ooe X 

tan X ■■ cot a? ■■ -: — 

^ ^ - oos« uam 

and the secants and cosecants by the finmlss 




coex 

108t In so extended a compntation as the construction of the en- 
tire table, it is ncfcessary to rerify the accuracy of the work from 
t^e to ^e, b^ separate and iadepettdent calcnhitions. . By means 
of (19^ and (Y89) we csn find from the cosine of an angle the sine 
smd cottne of its half; h^noe from the cos. 45^ ■■ v^ | we caa find 
sin* and cos. of 22^ 80', and from these the sin. and cos. of 11^ 15^ 
by the same formulte ; and from cos. 80^ «■ } \/ 8 we can find sin. 
and COS. of IS"", 7^ 80", and S"" 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are Tarions other an^es whose functions can be expressed under finite 
forms more or less simple, and maj therefore be employed for the purpose of Terift- 
cation. 

Iiet « «■ 18^ ; then 8x4-2z»90<'andcosdx»sin2z, whenee, bj Art 76, 

4 cos* z — 8cosx«bcos8z«b2^xcos« 
4 Goi* X — 8 » 2 sin X 

4 (1 — sin*x) -. 8 «■ 2 sin X 
iin* X 4- } sin X «■ } 

n^ich cqoatiim of th^ 2d degree being resolred, giyes sin x im 

sin 18« 1- cos 72« — \^lfll 

4 

wltMie. COS 18» - (ill 720 . ^di!^+l2^ 

4 

From these hj (188) and (189), we find the sine and cosine of 9^* and 86®; then 
by (87) and (89) those of 86® — 80«> » 6<», whence those of 8<» ; after which it 
will be easy to form a table of the exact ralues of the sines and cosines for erery 
dP of the quadrant* These expressions, however, are not of much use, directly, 
in the c<m8truction of tables, as we hare much better methods; but they lead to a 
formuU •f ver^ieaiion which is of some importance. We find 

4 



* ▲ taUf of this kind is i^ren by Cagnoli in his 3\iif<mom^rie* 
7 E 
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Aadtgr(l(M} 

da (720 + y) — da (72* — y) -« S «M TT Aiy *i ^^ij^ Aiy 

8iii(Se« + y)*-^riB(Se« — y)«.8ootta^dny Mi^^^i^tliiay 

the dUfonnM of thaw oqiiAlitftt flhril 

■i A (8d<» + y ) — lia (860 — y) «■ lia (72« + y) — da (72<> — y) + lia y 

which if Muler^iftrmmlm tf vm ifm i k m ^ Jfy slTing y Mgr ta1«9 aI plMtnre, the cor^ 
rectaess of tr% tiaet of tiie toblee ii exuaiaed. Ify tabetitatiag 90^ — y for y ia 
thie formola ii if eaiil j redaoed to the fbllowiag 

da (90O — y) + Bia (180 + y) + iia (18o— y) wm fla (M^+yj+iia (M«— y) 

which if kaowa m Ltfiadro'f fonaala, thoatfi aot t»fnti>lly diftteat tnm Balar^g, 
105. The Biethod that htf hare beea glToa for oompntiag the trlgoaoaetria tabl^ 
thoagh fimple ia priaoiple if aerertheloff fafftdoatly operoee. tie aMtiM>d by ^ 
ftalie fttttoi, to be gitea hereafter, win be fcaad to be iiaeh note r^pld Mii lii^li 
iapraetiee. 
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CHAPTER VL 

SOLUTION OF FLANK SIOHT tBtAMOLBS. 

J 

s 

109< III orfto t^ idve li pkAe li^t tiiiiigle, two parW fa 
to the >i|^ s&gk ntttl be given, one of which rnoBt be a Bide. 
The sokUkti ii eSM)ied directi j b j means of our ng. u. 

definition of liney Ate., which are expressed by 
the aqnationi (1)« At three of the six f mictiont 
are only thii reciprocals of the other three, we 
shall b«M tlie solaUofts upon the following three ; 
(Fig. 1^)1 

sinji"*— cos-A"*— tanJ.""-r 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — ^it fdlows that in order to applj them, 
or in order to solye the triangle triganometriealfyj there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
aofle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In ever J instance the choice of the proper equation will be deter- 
mined bj the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. CUven the hypotenuse and one anghj or c and/il. 

To find a. We consider a^ e and A\ and since the ratio of a and 
c is given by the sinci we have 

a 
i!n -4. ■■ — whence a ■■ <? sin -4. (195) 

To find h Considering 5, e and A^ we have the ratio of h and # 
expreiied by the cosine, or . f 

h 

cos J. ■■ — whence 6 ■■ ^ cos -4. (It 



To find B. We have S •- 90® - it. 



i 
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TLtf xeqnired quantities a and b being equal to the product of two 
iaoton, the oompntation is conveniently performed by the addition 
of the logarithms of these factors, 

EXAlfyTtlH, 

1. Given c - 672-8412, iL - SS"" 16' 25"; to find the other parts. 

By (196) By (196) 

e - 672-8412 log 2-8275897 log 2-8275897 

iL « 85<> ly 25^ log sin 9-7615882 log co s 9-9119049 

«- 888^2647 log'' 2*5891279 b - 548-9018 log* 2-T894946 

An9. a - 888.8647 
b - 548-9018 
il-i64<>48'85'' 

2. Given c - 42567-2, B — 87® 49^ 10^; find the other parts. 

An$. a m, 1619.626 
b » 48586-87 
il- 2*^10^60^ 

108. Casb n. CHven the hjfpotenu$e and one eidej or e and b. 
To solve this case trigonometrically, we most first find an angle. 
To find A. We have 

cos Jl - - (197) 

' To find tf. We have, by the preceding case, 

sin^M— a ^ emu A (}^) 

Bat a may be fonnd by geometry from the equation 

a* + J* ■- «• whence €p^ i? ^ V 
a - • (<r» - J*) - •[(<? + i).(c-6>] (199) 

BXAMPLBS. 

1. Givm e — 672-8412, b — 5489018 ; find ii and a. 

By (197) By (198) 

h - 548-9018 log 2-7394946 
e « 67^8412 log 2-8275897 log 2-8275897 

^ - 85<' 16' 25'' log cos 9-9119049 log sin 9.7616882 

a « 888.2647 log 2-5891279 

^ ■ « ■ ■ '■ ■ ■ ■ 

* Ten is rcjeeted firom each of these indices beoaoee the logarithms of the sine 
and ooeint in the table are ten toogreat Airt. 97. 
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»« 648^18 
tf + ft - 1221.2480 kst«0868021 
«^i« 12M894 log 20914588 

8 )M788669 

« - 888.2647 log 2.5891279 

^iu.il-85°16'25'' 
J» - 64048^'' 
a - 888-2647 
2. Oiren e — .092867, ft — •058018 ; find a. 

An$. a — .071859 

109. Casb nf. €H9en mangle and it$ acffaeeni mde^ or A and &• 
To find a. We hare 

tea J. «i y wheiM a « ft tea X (200^ 

Fo find e. We hare' 

6 h 

coi -1 — — whence, by (2), e -■ — ^ ■■ J lec -1 (201) 

or direoily from the seeant 

sec Jl "■ -r whence e ^hwcA 



1. Oiren A » 88^ 69^, h — 2-284875 ; find the other parts. 

AnM. a - 125-9865 
e - 125-9568 

2. Oiten B — 60^, a « 10; find e. (See Art 29). 

JIm. I? — 20. 

110. Casb IV. Oiven an angle and it$ apponU nde^ or A and a. 
To find e. We hare 

Bin J. ■■ — tf ■■ -? — T -■ a ooeec -A (202) 

urn A ^ ^ 

nfindh. We hare 

tan-l-j *""50"*^*^ ^^^ 

as 



WTi^UfPH Pi. 

1. Given ^ - 25o 18' 48", a - .085628^; lad ». 

iliM. I • .1810278 

2. Given 2» - 89° 17'6^, S - .(tt ; ftid e. 

ilnt. c • .0ld7»84 
HI. CasiY. OVvm <JU Im» eilM^ «r a and i. 
To /ni ^ «md B. We han^ 

taniL-iOotS- y (204) 

To /ni tf . We hav^ 

We may also find c directly by geometry, from 
' but this is not readily computed by logarithms. 

EXAHPLBS^ 

I 

1. .Given a — 80, i •■ 40 ; find e. Am. c >- 60 

Ji;^^ 2. Giren a - 8*678912, h - 2468878 i find uland 4. 

Am. ^-74^^9'r.l 
► ^ PP 9.021875 

AsDinovAL Fomxvui roK Biqkt Txiavglbs. 

7^ 112. By inspeetiiig tht tobies it wfil be teea 4hat when the angles are rery imall, 

/ the oosUiff 4iff«r nijr y#i^e 4r#m «l(^ i9yi«^ 

found iMi Ttrgf graat AoewMj from its cosine. For a similar reason an angle that 
is neafi^ 90^ esmot be aoenrately computed from its sine. It is therefore desirable, 
when a required an|^e is small, to find it by its sine, and when near 90^ by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose qieoial for* 
mul» are sometif»«i nfSfMixf. We sMl deda^e MT«rftl fait fonwBl«i ftwi wliich 
one adtjpiej to a pivRlicular case may be selected. 

. 1 is; From (197) we «iid, by (1?9) 

h e — * 

1 — cos j1 ■■ 2 sin* 1 .^ ■■ 1 ■■ i - i i m i ^ 

' e e 



-^^^-JCifr) (206) 



which may be used instead of (197), when A is small, tha^U wtfpi k is ntarlj ^^ 
to e. It ^Tes also 

tf-.&.ip2esin*M (^^} 

by which e — h may be accarateiy found when A is small. 



Oi-.^ri). 



114. ttmk tiM niiiiM 



ifaiil — — 

c 
w« ddhi9« %J (Itt) aad (IM) 

rf.(46o=fcM)-J(Tr) (^) 

Un (460 * M) - J (1^) (211) 

aq4 fr«t iMi ii «■ •?• we Hod bj (161), 

taa (46» ^ ^) «i 1-^ (212) 

O zip € 

11&. ^jr (IM) w« Ure 

eot2ilaBOOiPil — iin*ii«B ■ 

wliieh, rioM t^ i» ii + 90» — J7 >- 90» — (S -. il)» I^T^t 

rin(S-^)-i*+4i*=i5) (21S) 

IT 

eM(A — il)aariaS^i-Sdiiil«Mili-^ (214) 

•ad irm (SIS) ud (214) 

U,(i»_^)-(H:|H|IL1) (216) 

by whieh ^ — ^ ii found witb great aoenraey wben I and a are netflj eqvaL 
ExAWUK. GiTen e — 4602*886, 6 — 4602-21069 to find ^. 

By (206). 
e — a — 0*62641 log 9*7061648 

2c — 9206*672 log 8*9640665 

g) 6*8>2l098 
. } ^ «i 28' 20^*18 log sin } ^ «i 7*9160547 
a «i 56' 40^-86 

The erdinury preeeee fiyee log eoeil ■■ 9*9999410, wbeiieewi wm 56' 40^. Theee 
leenlts ere obtained by Stanley's Tablet, in which the log. sinee, &e., are giyen for 
etety 10" Ibr the first 15°. A greater discrepancy between the two results wonld be 
found by tables in which the functions were giyen only for each minute. 

A slight error remains in the yalue of } ^ ■■ 28' 20"*18, on aocount of the large 
difliveiioei of the log. sines in this part of the table, or rather os a^**"** of thi 



SS ^ . PLAHB ZRHeCBIOllBfET. : , 

ri^id ehMige of t&eM differeneet. We aToid the qm of Hmm krfs iWffiMmiBm» mk4 
gain KNBtwiiat in aooaimey, bj eiiq[>lo7ing tlio approxfaulo Taino of win, } ^ giTon 
fef (96), wlioiiot 

•injil-ijiliiiir, Jil.^^ 

Thvt w« haTe fovnd aboTO log tin } ^ ■■ 7*91<MNM7 

Art 54, ^ «fca 1^ — 4 6866749 
i A mm VW'Vt mm 2S' W'-U log M >-> 6*2804796 

Bat to obtain i A with the ntmort preoiiion, reoonrse most be bad to the follow- 
ing proceta, wbioh is eonatantlj enpl^yed in obsenratoriea, and whererer small anises 
ar4 to be oompnted with eztr«ne aeo^iraey. Bpeolal tables are prepared oontaining 
for OTery minute from 0^ to 2® the logarithms of 

sing - . , tang , 

X X 

whieh do not Tary rapidly, and may therefore be taken with aoenraey flraot th« 
tables. Then we haye 

, sing . sing 

singaBg. wmX,h g ■■ — T— , . , 

X A 

tang - tang 

tangsBg. aMg.Jk g ■■ -T-* 

g k 

A table of this kind will be fonnd on page 166 of Stanley's Tables, where the 
notation need is 

^■B log sin g^ naslogg 
and therefore In the eolnmn marked f--» we 6nd the log • Thus in the abeiv* 



example we hare found log sin } ^ ■■ f mi 7*9160647 

and from the toble tf—n >■ 4-6866700 



iAwm 1700^14 «i 28' 20''*14 log } ii — n — 8-2804647 

which is the true TiOae of } il within O^-Ol. 
Stanley's Table eontains also the Talnes of 

log ■■ ^ — It (^ ■■ log tan gy n ■■ log g) 

log 2^ ■if + 11 (g- — log eoseo g, n — logg) 

logjj^ — y+« (g- — log ooi g, II M logg) 
the use of whieh nuiy easily be inferred fttmi the csaanple just i^reK. 
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CHAPTER yn. 



FORMUUS FOB THE SOLUTION OF PLANE OBLIQUE TBIAN0LE8. 



ilf.l«. 




116. Am trery oblique triAiigla may be raeolyed into two 
triftDgles by a perpendicular from one of the angles npon the 
opposite ride, we are enabled to deduce aU the formnbe for thdr so- 
lution froin those of the preceding chapter. 

117. The $ide$ of a plane triangle are proportional to the $ine$ 
qf ikeir oppoeite anglee. 

Denote the angles of the triangle ABO^ 
I^. 16, by Af B and (7, and the sides oppo- 
site these angles respectiyely by a, i and c. 
From draw OP perp. to AB and put "^ 
OP '^p. Then in the right triangles AOP^ BOP^ we hare, 
by (196) 

p ^hmnAj p^amnB 

whence hmnA'^amnB 

which, conrerted into a proportion, gives 

a : S "■ sin J. : sin S (216) 

and in the same way we may proTO that 

a : tf — sin J. : sin (7 
i : c ■■ sin S : sin (7 

and these three proportions may be written as one, thus : 

a : i : tf — sin J. : sin S : sin (7 (217) 

a h e 



or thus, 



sin J. sin JB sin C7 



(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle OBP is the sup- 
plement of Bf but by Art. 89, it has the same 
sme, so that the triangle OBP gives a 

j? — a sin OBP — a sin £ 
8 



ilf.17. 
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the same as was found from I^« 16* The propontion is therefore 
general in its application.* 

118. The 9um of any two $ide$ of a plane triangle i$ to their dif- 
ference as the tangent of half the $um of the opposite angles is te 
the tangent of haff their difference. 

For, by the preceding artii^le, 

a : i ■■ sin ^ : sin S 
whence, by composition and division, 

ii + 6:a — &«"sinJ. + sinJ9:sinii<**siBjB 
Biit from (109) \i x^ A^y ^ Bit^ obtam the proportion 

sin^ + sin J?: sin ^ -^ sin S — tan |(iL + J5): tan \{A -^ B) 

■> 

which, compared with the above, gives 

a + 5:a-i«i«aBi(ii + 2»)2tMii(ii-J9) (j»9) 

This may also be written 

g+j tanH^+g 

tf — J tanJ(J.-.-B) ^^^^ 

and we may infer the same relation between 6, c» B^ and a, c, 

119. The square of any side of a triangle is eqiud to the sum of 
'' the squares of the other two sides diminiiAed by twice the reetam^ 

of these sides multiplied by the qosine of (heir included angle. 

In the triangle ^ J? (7, Figs. 16 and 17,4^ 
we have either 

BP'^c^AP orBP^AP'-'c 

but in both cases 

B pt - ^ pt + (3 - 2 1? X -1 P 

Adding (7P* to both members, we find 

a»-J« + c'-2(?x^P 

But ^e triangle Jl (7P gives by (196) 

^P«-icos^ 



. * Tb« eomideration of Fig. 17 was not strio^ necttsarj according I9 the pria* 
eiple stated in Art. 49. It may, howerer, be usefhl for the student to verify that 
principle when oonrenient. 




FORMUUI ffOR OBUQUB fUANOLB. 

a« — 6« + <r* — 2Jtfooi-A (221) 

as was ta be proved. We liave in the same way 

i^wma* + (^^2aew^B (222) 

i^^if + V^Zaioo^a (228) 

120. The tmt nralt is obtained flrom the foUnrhif ^futiom (vhMl Mt fM4t»t 
from Fig. IS, where §wmAP+ PB) 

6 M e 008 ^ 4- a COS C - (224) 

^OTiaoeftH-t-^Miil 
From the int of theee 

« eof J7e« • «-<AeoB C 
whence ^^ot^Bwm ««— 2 a5 cos (7 + M ooi* C 

and frM (218), ttU^Bwrn l^iii^C 

the eom of wl^ch two fqn^tions is, by (18), 

^W'>i^ — 2fl»eos{7+6» 

121. From (221) we find 

by which tn angle is found when the three sides are given ; Imt to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary ; 

Subtract both members from unity ; then 

. 2*tf-J«-c«+a« a«-(i-c)« 
1-cos^ ^^^ 26; 

But, by (189), making « — A, we have 

l-cos^-2sin'»JjL 

Also, the numerator of the second member being the difference of 
two squares may be Msdved into two factors, vis. : the ivni and the 
difference of a and S — ; thus, 

a*-(i-<?)*-[«-(*-<>)]x[tf+(ft-c)]-.(a-6 + (?)(a + 6-c) 
Substituting these values in the above equation and dividing by 2 

ri„. J 4 , iiZli+^iiiJLZlf) (226) 



eo nANB fuooHOMimr. 

This may be suftplified bj repriMnting tte halt mm «f Hm tiuM 
Aim by t , or by puttiiig 

a + b + €^^2^ 
whenee 

a — i + tf-a+J + c— 26 — 2t-25-2(t — 6) 
a + & — tf — a + & + <r •- 2 1? — 2 1 — 2 «i 2(t — tf) 

which rabititoted In (226) give 

^.^,,^il:zM^ (227) 

In the same manner we should find from (222) and (228) 

^. J 5 . (iZl^il:!^ ri^.^e7- <'-^H«- i) (228) 

122. Add both raamben of (225) to onity ; Hum 

Bat by (188) 

l + eoaJ.*2oOB*|^ 

Abo, (6 + «)«-a»-(J+e + a)(J + «-a) 

therefore 

., . (t+tf + a)(R + g-a) 

C08»J^-i =f.g i 

t 

Snbstitating « in tbe numerator as in the preceding artiele 

co8*i^» *^*r""^ (229) 

and therefore also 

coB«|.g« *^*""*^ c<»*iC'-^-^^3-^ (280) 
128. Dividing (227) by (229), we have, by (14) 

and in the same manner 

tan«|J- <*-;>^\T^\ tan«i(7- <'-?)^'7^> (282) 



irainrui worn ohuqub fBUNauu. 91 

of plftne triftni^M ; Imt tliere are others tliat are niWiieiuiliy mmtoL Irm (SIS) 
we tnd, I7 (106), (106) awl (186)» 

• +5 riiiil + gin»g 9hi i (A + B) WMJ (A — B) 

• ■■ i3n"5 "■ ain I (7 eos i (7 

Bat aineeil + ^4- (7 — 180», 

il + S— IW — (7, }(^ + S) — W — }(7 

iiiiH^4*'^«"«<»i^» eofH^ + ^)-"8^i^ 

by meana of n^iieh we And 

€+h COS } (^ — S) cog i (^ — B) 



• smia coai(^ + J») 

• — t ^iJA — B) f^iJA — B) 

• ■■ ooa^C '^ idJkHA + B) 



(288) 



(284) 



The qvotieiit of (288) dinded by (284) giyea (220). 

126. Adding unity to both members of (288), or sabtraoting it, we haye, by 
(lOS) a»l (104) 

a + b + t 9(mi(A + B)+ eoBiJA-^B) ^ 2eo9iA WMJB 
c "■ eoBi{A + B) ■" aimi{7 

• + 6 — c cos t (^ — ^) — cos |(^ + S) 2miiiA sin } S 
c ■■ co8}(^ + S) ■■ sin}(7 

SimUariy firom (284) we find 

e+a-^h sin i (^ + ^) + sin H^ — -g) 2 8in^^oo8iS 
e ■■ sinH-^ + i') "" ooTJT? 

c-^a + h Onj (A + B) — Aii(A — B) 2 cos M ^ > -^ 

e "* sin } (^ 4- i^ oosi C 



Snbstitatiag • aiil (• 4- 6 + e), these equations beeone 

c ■" sill} (7 

t — c sin }^ sin^S 
*^7~"" sin i <7 



(286) 



(286) 



# — 6 ^ sinM oo«> ^ /237X 



• — g cost^ sJa^S 
• ^ COS J (7 



PUMU mmmoitmm. 



,' . I' 



fVoM tttM %qiuAim IN 6iii 4ii«tM %Kmi4UmHr (If?) tef Hv «Hi%Uir te- 
Amgiiif » tor »ia(aH),iPi life 

which, mvlt^plMby (186) i^tm (227). 
126. Four mam th* fMdwl #f (227) aM (229) k bgr (IM) 



whenoe 



•in^^ - jij-.t (#-«)(#- ft) (t-e) 



Ali4-.i^V'f*(*-«)(*-*)(»-'^] (239) 



ExdiMi(^ AtaeB and (7 •noeetdrely, this gives also 

sk*«i*l.v^t«(«-«)(*-»)(«-«}l (240) 

«I.C«i-^^[.(.-#)(.-»)(.-.)] (2«) 

In th«M eqmatioiis pat* 

r-v^[.(.-<i)(.-i)(.-«)] (3i2> 

then • 

iK^i.!^ slnil^^ -^^-^ (243) 

The qiMtieBi ef the ftrsief theee^tided by the leeoAd IM 

sin ^ . ae a 
tmB be b 

which brings «tbMk to the theorem of iart 117. 

127. The ram of ^, S and Ohe^g 180S and the ram of ) il« } S and } Cbeing 
90^ we ha¥t» by Arte. 86 and 86» the following relations ateeng (he aUglee of a plane 
triangle. 

tan^4- UmM+ Uit C mm Ua A tMA B %$m O 

cot } ^4- cot } Jt-H eet i Cwm eot}^cot}Scol}(7 

8in^4- sinS-f- sb CJm 4cos }^ cos JScos } C 

mnA+ sinS— sin (7» 4Bin}^ sin } Boos } C 

cos^ + co8S4-coiC-^lM4iin}^sin}S8in}(7 

COS ^ 4- ^* -^ — ^^ ^+ ^ ■■4cos}^cos}Ssin}C 

in the last of which we may intercIitD|;e 4t Jf aftd C These relaiieas may berab- 
stituted in tiie equations of Art. 126. 



•mtltll^m,^ I I if I I I 



* Kls the area of ttie triangle. See Art. 148. 



128. At lbllt«!«ff •qutioM AM acUUd M •unitet. 

T — l-a ■■ f tan 1 ^ tan } ^ ■■ 



iia (wi + ^) "■ «(• 

eol I J + oot } ^ + cot } ^ «■ ^ 
lfii}il*iiiltiiii(7«i^ 



M 



WMSM TEIWHOHniT. 
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SOLUTION Of PLANS OBLIQUE TBIANOLU. 

129. Case L CHven two angles and one 
ndky or A^ B and m. Fig. 18. 
To find the third angU. We have 

To find b and c. We apply the theorem of Art. 117, and atmlo 
the proportions thus : the sine of the angle opfomte the giym side is 
to the sine of the angle opposite the required side^ as lije given side 
is to the required side. Thus we have 



whence 



and 



whence 



sin ^ : sin JB ■■ a : S 

D"--i — T- — a sin Jff oosec JL 
sin^ 

sin J.: BxaO^aie 

a sin (7 . ^ - 

tf ■»— : — 3— "■asinC/cosecil 
sin J. 



(244) 



(246) 



EXAIfPLBS. 

1. Oiven A - 50° 88' 62", B - 60<> 7' 26'' and a - 412-6708, 
to find (7, b «ad e. 

^ + JB - 110» 46' 17" 

C- 69° 18' 48" 



fij (244). 
^ » 60° 88' 62" log coseo 0.1116780 



2^-60° 7' 25" 
- 69° 18' 48" 
a - 4126708 



log sin 9.9380702 

log 2.6166087 

1(« b 2.6658469 

b «- 462.7505 



B7(246). 
log coaee 0.1116780 

b^ sin 9.97081S9 

lo g 2.6166087 

log e 2.6980896 

«- 498.9875 



2. GmmA 
find m and e. 



BOiSJOTUm OP OHUQUB TBUBOLBl. 

- 100^ 16' 85^ J? - 26^ 16' Iff', md » - 29a67, 

^iM. « - 67-2S85T 
e - 55^9178 



180. Cau L GiT«n A^B^adm. 
then, bj (288J ssd (284) 

6 + «■■ «< 



Steomd wUHom. We find (7 » 18(^ — (^ + ^} ; 






* — c 



eot } (S— C) 



in ^(ir+c) osra 



tin 



(246) 



(247) 



wiiuh giT« tlM nm And difmnoe «f the raqnind ridM ; adding k«lf tke difference 
to half tlie nun* we find the greater ride, and sabtraoting half the ^flerenoe from 
half the nun* we find the lees side. 

181. GauL GiTen^ySando. Third SobUiom. When il and S are nearlj equal, 
nnd great aoenracy is desired, we may compute the differenee between « and b ; for 
we h«re, froM (144), 

cginS ain.i — iinS 

■"• — isn — 



^hwm C — 



•In^ 



Ofr 



. 2 a cos J (^ + S) si n } (^ — -g) 

sm^ 



(248) 



log 2 0-8010800 


0*e0108 


log cos 9-9008720 


9*90987 


log Bin 6-5428088 


6-64280 


log 4-4190788 


4-41908 


log 1-4066288 


1-40662 



ExAMFLS. Oifen il — 86<> 40^ 12^-8, ^ — 86<» 87' 48^*6, and a » 26246-948. 

il «i 860 40" 12^-8 log oosec 0-2842442 0*28424 

B mm S&'ZT 48^-6 
}(^4.S)-.860 89' 0^-6 
} (^ — S) — 0« 1' ll''-9 

a » 26246-948 

a — bmm 26-499 
b — 26221-449 

One of the adyantages of this process is, that a — b may be found with sniBcient 
accuracy with fiye-fignre tables, as in the second column of logarithms abore. If a 
had been giyen to ten figures instead of eight, we should still hare been able with 
the seren-figure logs, to find a — 6 to seren figures, and therefore i to ten figures, 
which could not be d<me by the ordinary methods without ten-figure tables. 

182. Gasb II. Given two 8ide$ and an angle opporite one of 
thenij or a,b and A, 

9ofind B. To find the angle opposite the other given side, we 
acpply Art. IIT^ and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the giren angle is to the sine of the required angle. Thos, with the 
present data, we have 



a:S"-siB J. : sin J9 whence sinJB 
9 r2 



h sin A 



M 



FLAME TBIOOirOBCBTBr. 




]S 



Tojlnd a We brnve C^ ISO"" ^{A + B) 
To find e. Having found (7, we now have the data ef (km X*^ 
theMtee^ by <2i6) 

e^asinC cosec A (2^^^) 

1&8. It is shown in geometry that when two 
sides and an angle opposite one of them are 
giveki, there may be oonstmcted two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B 
acute, and in the other it is obtuse, and the two l«liMi a^e sappt 
ments of eaeh other ; for 

B^BB'0-^lS(i''^AB'0 

These two values of B are given in the trigonometric aolutioB 
the consideration that etn B found by (249) is at once the sine of 
acute angle, and the sine of its supplement. Art* 89. 

In general, when an angle is determined 
only by its sine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of jB is excluded when d is greater than ft, and 
there is but one triangle whether ^i is acute or 
obtuse, as in Fig. 20. 

184. It the given parte were such that 



a =« 6 sin -4. 

a would be equal to the perpendicular from C upoft the side ^, aftd % 
should have but one solution, namely, a right triangle, B and i 
supplement both being 90^. 

135. If the given parts were such that 

a < 6 sin ^ 

a would be less than the perpendicular from and the proVkn 
would be impossible. It would also be impossible if a < ft wnSl 

A > 9o^ 

186. When there are two solutions, represent the two values of 
by B' and J^, then the two values of will be 

C « 180*> ^{A + B')^ 180^ -5'-^--B"--A (261) 
(7" - 180<> - (^ + 2r) - 180^ ^B''-A^»-A (252) 




soLimoir or «Bawn vnurGLEa 

end tto two tidnes oiF « ii^ be 

«* -> « na 0" ooMO ^ e"»arib(?"0D«eoJl 



(258) 



1. 
ind e. 



BXAXVLiB. 

a - 81-28879, i - 49.00117 aad ^ * 82o 18'; find ^, 



a - 81-28879 
5 - 49-00117 

A" 82° 18' 

^- 66°56'56".8 

JB* — 128* 8' 8''-7 

C"*- W)«45' 8''.7 

C- 24<»88'66".8 



«r. 00. log 8-5058058 

kg 1-6902064 

log 8i]ik-9-727827T 

log iib «-%888J»9 

log sm 9-09996&t 

log coseo A 0-2721728 
log a 1-4946942 



l<««m 9-6201962 
0-2721723 
1-4946942 



log </ 1-7668292 log </' 1-8870627 
V ^ 58-45601 c" - 24-88168 

^n*.ir-56*6e'86''-8 ^ f J?-*128» B' 8"-t ' 
C-90'»45' 8"-7 lor-j C- 24<'88'56"-8 
tf- 58-45601 j [0- 24-88168 

3. GiTen a - -051284, b - -042856, ^ - 56° ; find £, (7«nd c. 

^n«. 5 - 42° 87' 82".7 
<7"-82»22'27"-8 
e- -06199202 

8. Given a — -042856, ( ^^ -051284, ^ — 55** ; &id B, (7 «hd e. 
4m«.5-82''14'85"-7 ] r 5 - 97° 45' 24"-3 
C - 42° 45' 24"'8 .or-j (7 - 27° 14' 85"-7 
0*1 •08510331 J [ e- -02866998 

4. Given a - 40, $ ^ dO, ^ ^ «8° 7' 48"-4 1 iSnd J. 

Jl«t». J? — 90°. 

5. Given a — 40, i — 50, ^ — 60° ; solve the triangle. 

An$. Impoflsible. 

6. iSHrtia ft •> ^, e — 50, £ — 100° ; solve the triangle. 

An$. Impossible. 



«8 



KiAiDB nuNKmoimsr. 



T% aL 




and 



187. Cam IL Qirmm^h^MA. A miM uik m . Wt 
majMlre, MipmnUHj, tlietworiglittriMigjM^PC; J9PI7, 
riip. 21, wUoh it • wmvmdtiot ■•tkodwkMi there are 
two tolutioiif. W« int ind J9 by (249) ; ihm we lutTe 

CwmAF+BP 



ne eoiiiie of IheelMMeviiltte ef iJit negfttiTe, (Art 89), eo that HPii then nega- 
tire, and we liaye the two ralaet of e from the fonanla 

emiAPdzBP 
There wiU be bnt one eolation, if B P> ^ P, for e eannot be negattTt. 

188. Case m. CHven two $ide9 and the included angU^ ma^h and U. 
To find A and B. We have flrfet 

from which we next find the half difference of A and B bj the 
theorem of Art 118^ which gives 

a + « : a — i « Un J (ul + jB) : tan J ( -A — ^ 
taai(-A -.!»)- J^tani(^ + 5)-i^ cot J(7 (254) 

The half difference added to the half som gives the greater 
anj^e, (oppoaite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find e. We have the data of Case L, and therefore 

« a sin (7 coseo A^hfaaC oosec B (255) 

EXAMPLBS. 

1. Given a - -062887, » - -028475, and - 110<>82'; find A, B 
and e. 

A + Bm- 180° - C- 69° 28' 

•086862 ar. oo. log 1-0661990 
•088912 log 8-5900886 

84° 44' log tan 9.8409174 

17° 26' 88" 



H^--B)- 
A-~ 
1»- 



52° 10' 88" 
17° 17' 27" 
C- 110° 82' 
b - -028475 

•• •0789685 



log tan 94972000 

log cosec 0.5269189 

log sin 9.9714981 

log 8-8706056 

log 8-8690176 

An$. A - 62° 10' 88" 
B - 17° 17' 27" 
c - -0789685 
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S. €lhwr«« S1>0MS^ b * 164101, C • 10« 16'; fiad ^ and B. 

8. Giren a - 2468878, b - 9.021875 snd (7 - 74° 9'4''.2 ; find 
JlvuIB. 

Ant. A '' W iV 55"'$ 
ir — 90» (K 0"- 

4. Qiven « IS-llOl, «• 81-0005, A - lO'* 15'; iniB and C. 

An».B^ 9''27'46".8 
O - 160" 17' 18".7 

189. HavloK UmaAA and B m •]>OTe, the nott OMTVaimt mod* of teding e is by 
(2S8) or (2S4), vUsk git* 

for we liaTe, from the prooete of Ibidliig A and S, tte log. of a «(* ^t <^' ^^^ ^ — ^t 
tad the Telnet of ^(A +B) and } (il — J9), eo that we haye enly two new logs, to 
find, whieh are taken out at the same openUig of the tablet with the tangentt of 

140. Case III. Given a, b and C. Second Solution. When a 
and h are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let ^ be an auxUiartf angle, such that 

tan2;-iy (258) 

an assumption always admissible, since a tangent may have any 
value from to oo • 
We deduce 

tana;— 1 a — 6 
tana? + l a + b 

or by (162) *.„(,,-. 46») - ^ 

which substituted in (254) jpves 

tui}(^-B)-tan(s-46«)taa}(^ + ^ (258^ 



\ 



to HJMM TUCKarOMBTIIT. 

Wf flack* from (8»a> ud wftky it»TiIn» ik (S5S)^ 4* t}ik 
m«iji«4 4oMi Mt xefoiMi the prepsration of a + h and a — 9^ it it 
qiWte i|B fboH in pin^ce u (254). 

EZAMPLX. 

Gima log « *- 8*7950841, log i - 8-8706056, and (7- HO** 82'. 
(Saia« M Bs. 1. Aft. 188.) 

log a - &-7950941 
log b - 8-8706056 

« •» 69° 22' 46"-8 log tan 0-4244885 

».45«.24<^29'4«"-8 log taa »-6»a88a 

} (^ + .B) - 84° 44' log tan 9-840»lT4 

J (-4 - B) - 17° 26' 82"'9 log tan 9-4971999 

"TV Ul. Cam UL GiTw «, b, aad C 73Ur({ Atjutwii. To espr«M AotB iOndOj 
to tinw of the dsU, we lMT«k <^m» (218) •wt (224) 

e ita il IB • iIb C 

and Im the bum flUHuwr 

142. Oaoi in. GiTOft a^ 5 and C IbtirM SobutmL To ind e dfartetlj tmm the 
data, we liaye, bj (2M) 

wiiiob» howeyer, ia not adapted for logaritliiido eomputoUon. It maj be adapted aa 
foUowa. Subatitate bj (189) 

oosCi-l — 2ri&*}e^ 
I. (a — 6)* + 4 a& Bin* } C 

Let X be an aualUaiy angle, avoh that 

, , 4airin»}C 

^ taag — ^^y y/CT (268) 



/ 



soLunoar Of muqidb ituwus. 



It 



143. W« maj tUo adapt (228) for logarithmio eompntaUon bj 
frl^oh giT#t 



(864) 
of (188). 



irli.«iM« 



oof Cm — l+2eot*}{7 



< ■> 0*4- ai»+ » 06 -^ 4 «» Mt^} C 



e «« (a 



+»)J('-'-^!S!.-') 



(265) 



•inx IB 



2 cos ^ cy 

a + 6 



V^oT 



1286) 



c as (tf -f- &) cot X 



(267) 



lil It is to be obferred, thai the svpposition (268) is always possiblo, sinee a 
^^^'Kigsat 11^7 baT« anj Talne l)etweem and OQ , and tli«re!bro an angle x maj al- 
^^<%78 be ffoiid liaTing any giyen number as its tangent. As the greatest Talne of a 
^^vie is vnlty* it is not so obTious that the supposition (266) is always possible ; bnt 
^v-lmtcTV ^ falves of a and b 



^>H«ffore 



^wlienee 



(a-.6)«^(j 
(a + 6)*^ 4 ab 



therefore tihe second member of (266) is neyer greater than nnlty. 



GiTen a ■■ -062887, b wm -028475, C «■ llO^ 82^; (same as Ex. 1, Art 188) 

Bj (266) audi (267). 



awm -062887 
h «i -028475 



• +i^ -068962 



Isg 8-798i041 
log 8-8706056 

2)71606107 

Ipg Y^iTaf 8.-6826490 

«r. 00. leg 1-0661960 

L 008 9*7«d6902 

log 2 6^8610660' 

Lsfai^ ^-WtWfl 



w09 9^^ra(^Mv 



i eo»« 6^985Sn6t 
log 8-8690171 



\ 



72 
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146. Casi IV. (iHven the three ridee^ or a^ h and e» 
To/indA^BandC. We lutTe fron (227) and (228), 






or bj (229) and (280) 



-M-J(^^) 



co.J2?-J( 



«(«->) 



oe 



) 



-K'-JC^^) 



or bj (281) and (282) 






^ (268) 



(269) 



^ (270) 



In these formubo $ ^ ^{a + I + e). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 46^, and (269) when the half angle 
is more than 45^.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tablet. It is aoeurate for all Talues of the angle. 



• Bee Art. 112. 



soLonox or obuqvb tbiakolbs. 



n 



Examples. 
1. QiftB • » 10, ft ai 12, « » 14; find the angle*. 

By (268). 

a -•10 arcol 9>0000000 srool 9*0000000 

»»12 wool 8>9208188 ar oo 1 8«9908188 

«»U ar 00 18-8588720 »r oo 1 8-8588720 
2«-86 
• -18 , 

log 0-9080900 
log 0-7781518 
log 0-6020600 log 0-6020600 



«_«. 8 

• -ft- 6 

• -#- 4 



log 0-9080900 
log 0-7781513 



2)9-1549021 2)9-8590220 2)9-6020601 

logibet 1^9-5774510 J 5 96795110 ^O 9-8010300 

J ^ - 22" 12* 27"-6 |5-28'»38'89".0 |C-89"'13'53"-5 
-l-44">24'55"-2 2?-57» rW-O C- 78° 27'47"-0 



V*riJieation, 



A + B + O'~180'> 



2. Given a — •8706, ft — -0916, e — -7902 ; find the anj^es. 

An$. A - 149'* 49* 0".4 
B- 8» I'SO'-S 
C- 27° 9' 3".4 

8. OiTM a - -5128864, ft - -8538971, c - -3090507 ; find O. 

Atu. C-86°18a0"-2 

140. Ike «ompiit»ti<m by (270), when all the Miglea are reqaired, will be much 
HMtHtiOd \iy Hm iatroteatloB of an aa:dlia(7 quantity* 



-JC-' 



-,){,-b)(,-e) 



) 



(271) 



trMi wUfih wt iad ^7 (270) 



* f — a 



taa } J9 «i ~1' tan } C ■■ 



f — « 



(27& 



* TUs qvaatllif r k te nAw of Um iBMribtd olroU. 8m (MV 
10 G 




H tun niQONoioBnT. 

BZAHPIK OiTia a m^ 6068, b » 4082, e » 7068. We Ibid 

fv 8601-6 ar. 00. log6-0664S68 

# — •«. 2648-6 log8-4062846 

f — 6 .4619*4 iori^iWOMI 

f -*- e «i 1688*6 log 81866888 

2)6*8124846 
logr «i 1^1662428 

|4«>29»20'64M7 log tan M » lit<^-^ i- »'74im77 

} J9 « 17<> 86' 8r -70 log taii}B«Blogj^ » 9*6011619 

} C B 48^ 8' 88''*88 log Un } Ci-. log -I_ « 9-90OAI85 

r<rtl^«l«»fi. 90* O' O^'-OO 

*%• Vi 147. The ease where the three sMea are c^en Ife aoBM* 

^ (fanei aohred as followe. Ffoai C^ Fig. 2|, 4mk C^ 

perp. to «. Then 

the dtfliBrenoe of whioh is 

AC^-^BO^wmAP^-^BI^ 

and if AP — BP ^ d, this equation giyes 

TheB,rtioe^J^*hi^P«i e^ andilP — ^Pm dt wehme 

APmmi{c+d), BPm^\{e^d) (274) 

Md i^ the right trianglefl ACP.BCP 

OOa A B -^, €08 ^ aas (276) 

80 that (278), (274) and (275) aol^e the ^x)b)eM. Wlw* <t> 4^ BP \m ligftJMiTe, 
008 J9 ia Aegetjkvei and ^ is an obtuse angle, (Art 89). 

148. Bepresenting the area bj JT, and the pe rp en d te irtar <l^i\ fl|;. 22^ bgr^ «e 
hare, bj geometry, 

Kwmlep (270) 

In the triangle A CP, we haTe/r im 6 sin il, whence ^ 

jrB}6eBin^'«.6<rii^}4Mt^|^ (2fX7) 

inj whieh the area is eompnted from two sides and the inolnded angle. 
8mbstitatl|ig 14 (277) Ih^Talnesef ain.M «4omM ^T k^^) «»<t (^^ 

JT- ^[t(t-.a) (#-6) (t-e)l (278) 

by whtcK tiht aj^ i» <iil>w(kd CcMfc tiMi t^^ 
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CHAPTER IX. 



WSCELLANBOUS PROBLEllS BSIATINa TO PLANE TRIANQLtt. 

149. In a fhrnplam triangU^ to find the ptrptndkulQr from omeof tkg anfkt ujf09. 
the ofpomt§ mde, 

hetjf be the perpendieiiUr from O upon e. We liaye 

pmmbt^A (270) 

or bj (289) and (278), 

/- 7 v/ ['(•-«)(•-*)(— 01-^ (280) 

the exp re e ri on foitp in terms of the three eidet, where t im |(a -f- ^ 4* ^) <^<1 ^^ 
the area of the triangle. 

If we subetitiite in (279) ain ^ m — tin C, it becomea 

jtm$^riAO (281) 

c 

•r, if w* anhiiilMhi th^mkia of b mm c -r-^ 

ainil sin ^ ain ^ sin S .^onv 

When the trianf^ ia ri|^i-angled at (7, (282) becomes 

c 
p tm cAaA eoa Awm^ sin 2 ^ 

the ezpresaioii for the perpendionlar npon the hypotenuse. 

160. If y, j/^f p^f denote 1k» p e rpe ndienlar a upon the ^dsa a, 6, e respecUTelj, 
we hare from (280) 



«B 



iLMM inmammatM. ''w^ 



161. !^ JkU tk§ rmOrn of iU eMe dmmmnbed Mboui m pUme irkm^ 



!%.». 




The eenter O of tlie eirole, Fig. 28, Um Ib Um p«rpca 
dieolAT eraciod from the viddlt polat of oat of tbrn Mm^ 
tmAB. Lot the rodisi « iS. Wo Imto, by ftostCiy, 

AODmiiAOBwm C 

•ad in the trianglo AOD^ 



whonot 



rs5T 



(284) 



SnbotittttiBg tho Ttlno of tia Ottom (241), 



M^ 



abe 



abe 



4^[#(#-o)(i-.6)(,^c)]-4ir 



From (229) uid (280), wo oosily find 



Kt 



wmjAwMiBeou^Cwm^^ 



(285) 



wliich oomtdnod nith (285J i^toi 



4eos}^eosi^oot}C 



152. IhJM thi radiut of ike dreU interibed m a pkme irianffle. 



(286) 



llf.M. 




Tho roqoirod oontor O, Tig. 24, it in tlio is* 
teroootion of the throo linoo bioooting tbo uigloib 
and eoch of the perpendionUrs OD, OB^ OF^ is 
eqiud to the roquirod rodini mi r. Tho Tolno of 
O/'in tonM of jiJVata< BAM^^d^MXH^ 
^ OBAwmiBi»hj(2S2) 



sin } ^ tin } i? OnjA^lniB 

This it roduood by moano of (286) to 

r «i (« -^ e) ton I C 

Subidtuting tho toIuo of tan } C, 



(287) 



(286) 



j((^-^ ) (^-^ }(^-^) )-£ 



(289) 



Thio is rodaood by means of (281) and (282) to 

rwrnMUakiAUniBUoiiO 



(290) 



B ""•"^ TO PLAU nUKOLB. 



15S. 

that towh tk* ttmt daw, 



(«r Mm fndvoti), ud ar* ulniw to (ha 
btw atMtd MtrAi J tMm. Thdx otati 




geonetriMllj, bybiMctlns the eittrlor ftngtMAfTC, CBB,h4. D«ilf<ata tbc 
oenter* of tlN cimIm I]^g within tlia ftnglM A, B, tud C reipMtlTel7, bj O*. ', 
and O"', BDd their nwMi bj r", r", r"'. Wa find th* p«rp«itdlaalan fhin 0", Ao.. 
a.><ii AT, fte bj (282) to b« 

'^-•- .inKJ+C')-*- 00. M ~ 
Doa}^oot}<7 coi)jleoi}(7 

^ aoi}Joo«)£ co.JJoo.JiS 

~ ' riB jTMTBy ~ ' omT<?~" 

By mauu of (2tS] we radnca thoie Tdua. to 

r- _ f tut J J, r" M I tan } S, r"' _ < Un J £7 
Snbathirtlng tha ntaa. of tan J jf, Jte. 



— J c"";i'r" )-.-J^ 



4a tftliUI^HliltfC 

r^«t («'^e)ooi}ileot}J9tMi}C J 

154. JMMoM 5«fiMffl <A« f«diH </ ike e u ra u Menbed^ uuenbtd, and tkrm m cHM dr 
^ tk$ p rM$ dmg artldtf tmd tk€ thru perprndkuiari frwn the tmglu 19ml tiu oppe 

The four eqnatiOBt of (289) and (292) giTe 
DiTiding thii tuooestiTelj by f^, t^, fte. 

— — .— t'-*)* -p;r- ■■(«•- «)• 

Agtin, we luvve, (Art 127), 

■nd enbetitotiiig in this the Ttlue of the tangeniB from (292) 

r' /» 4. f' f^ +. r" f^ ^ j» « 11— 

r 

Fmi (Stt) ir« inJI 



f (2 



Hm 



tan 



H-^, ytanM-r'tMilir 



from which it follow* that in Fi§. 25, the difttaaoee il Z> and J9/>', are equal {!>, 
being the pointf of eontaet of the drelee O', O* with A B prodnoed), and thereC 
BDwmAJy* Other enriont geometrical properties may be traced with the aid 
enr eqnationt. 
From (284), 

p •■ ^ c 

" illnTXoSnpr '■4 8inii^eo6jJ5 " 4 8ini(7coBi C 

which combined with (287) and (291) gite, by Art 127, 
_.Bs4nn^^8in}^fin}(7M oo6il + ootoA.t-ooa(7-^l 

js-M4ein}^dof}Beoe^ (7«» — eoe^ + eoe J9 4- eee(74- 1 

r* 

i^^wmAwM^ A ^\Bw^iC mm eof^ — ooiJS+oee C+1 

r"' 

^ IB 4eof }^ 008 } i^iin} CiM coe^ + 00* -^^ ooiC+ 1 



(21 



nuxBUDis BUAnm to flaxb niAHaus. 



Canm>H ^ *kP* ^ ^ ^^"^ <^' ^*** eqiuOioiiiv Um mm of Um f o« Is 



r' + f^ + r^— r 



«i4, 



ie^i(r'4.r^4-f^— >r) 



(M) 



Mianijr, ^ g^ijftf^ dMiote the three perpeiidiciil«n from the angles iqnm te 
s, f, M^Mtitelj, we hsTS by (28S), (289) and (297) the fbDowfag Vslstfea x 



165. To find Ihs dutanei between the centere of theek 

Let P, Hg. 26, be the center of the cireiunsoribed, 
0, that of the inscribed cirole. Pnt POwmD. 
\j Arts. 161 and 162, 



(299»J 



ri(.M. 



PilJ?«90»— C, Oil^n^JL 



rhsnee 



d V7 (221) 

PO>««Pil*+ 0A*'^2PA. OAwmPAO 




or 



i>*«iB*4- 



f* 2igreoi|(Jg-~Cy) 



By (298) 



tiksrelbrs 



01^ 



•a?Ti" 3573 

sin }^ 



(800) 

166. Lei PO' mm I/, Ilg. 26, O' being the center of the escribed circle lying 
irithin the angle A. U r' ^ radius of this circle, we hare, as in the preoe<Bnf 
article 

^'^^^STfT sinj^ 

^ 4 Rr^ cos i BwMJ C 

sin^J-l"" sinj^ 

!>''• i.£«4.2J?f^ ^ (801 



* ttymers' Trig. AppendBz, Art 68. 
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the t iprM i i oni for Um dittiiMM of the eenten of the three eetolbed efreiee from 

that of the eircnmaeribed eirele. 

• the ram of (800) and (801) givae by (299) 

j^^ + zy+jy^+jr^MBUH* (802) 

X57. Oi»m t%M mda.qf m j^kuu triangle and the t^erenee qfthekr c^podU angUt, (or 
a, 6, and A — B), to eolve the triangle. 

,We ha^e ^ (^ + -S) direetlj from (220), whioh alio soWes the oaae where two 
aaglea a&d the sum or difl^veBoe of two sideo are i^ren. 

158. CH»€n the angles and the eum of the eidee, (or A^ B, C, and a -f- & 4" ^ "■ 2 t). 

^ * ooe}^ eos } J9 

and a and b are found by aimilar formiil». 

169. CHvtn one angle^ the oppotite eide, and the turn of the efitaree qf the other two 
eitUe, (or C, e, and a* 4" ^* *■ ^). 
In ike identieal equations 



■t 



(a+b)*m^^+2ab, (a -^ &)• «B ^ — 2 4i6 

•ubetiititte the Talue of 2 aft giyen by (228), namely, 



2abwm 



0O8 C 



wefind (a + &)• » ^ + ^!— i*, (a — 6)««i^-.i— i! 

^'-^ 'eoeC ^ ' ooeC 

whioh determine a 4- &> s^d a — 6, and therefore « and b. 
To eompute these equations by logarithms, lei 



^-<^ ( e + c) (€-c) 



then (a4-4)*-.^ + ^, (a — 6)* -.«• — / 

that is a + 6 is the hypotenuse of a right tcia^gle whose sides are e and g ; sBd 
a — 6 is one side of a right triangle whose other side is g, and whose hypotenuse is e. 
Iiet the angle opposite g be denoted by x in the first triangle and by a^ in the seeond, 
then by the formul» of right triangles 



tan« IB -^ a4-6^<seez 

g 

sin z' ^ -^ a — 6 ^ < cos z' 



(«M) 



SO that the problem is solred by logarithms by finding leg y from (808) and em- 
ploying its value in (304). 

The aboTO may serve as an example of a geometrical method of introdneing the 
aiuriUary quantities, which is oceaeionally useful. The analytical process in the 
pre s e n t instance is similar to that of Art. 148 ; thus 



noHJDfs WBJaaa to maa fBuveui. 

m^H ■faix'^^ w%hKW J(l^C^ roots' 



<Im mmm hnnUm af Mbrt. 

tf&fa, (or C; c^ Mid ^ — 1^ »/•). 
Wt k»Tt %j aalt^pljriBg (2tS) by (284) 

wbiBM it ~ j; «ii tlBM il + ^Ml80»— CtlM aiqlii IM detandatd. Tlitre 
iHn bt tw« MlatiMH gifVB bj tia (il -- jS) tsotpi whOT« th« (Mm TilM ^ 

161. g <N W A$ Arm f w p m M eu iarB fnom A$ thm m^lit ty» A$ tfj fo mii iida. 
Dviiott tb« ptrpt. vpoB «, ft and e reipeetiTe^ ^^t^ ^md €^ tad Itt 

•^-7' ft^-1. /-i 
If * «■ S mft of te tvlM^ 

•ad tiMTilbrt 
SnbsOlvtliic tk«M TidiiM of «, ft and e in (225), (227,) &o. 

aoa^M 2ftV^ * am j^» 1^— , «o. 

im wbidi 2 «^ » «^+ ft^4. e*. 

162. Mpw fft# radii </ tft« drc a mjcrtM amf tfuenftcif tktU%^ mtd tki ptrpmikular 
frvmmm^f fkimtf ^ mf^m 1k§ cppotiu 9i(Uf to »oh$ fki iHtm^ i, 

Lalebttliaddatowbiaktliaperpandienlar (j») iadraim. WabaTtlb«Bdtoil;r 
and p tlia aipftariom 



Mmm 



TSTd '^ 29iiitlA + S) '^ 4dm i (A + S) CO* i iA + B) 

« 

i^-*-Jn(il+^ 
11 






^ . 4 eot i (^ + S) iIb i a iIb iS («) 



(«) iMMMMf 

wlMk mbtrMted ftrom (m) giTM 

^il^' — 4 •!■• M tin' J J (•: 



M^aiikg ^ t^tOift 0^ i»)Vf (^. ire taA 



f - 



.: 1 . 



whtnee 



The differeBoe end rail ef tUee tWo e^ttefiont'l^fB 



eoi J (^ -*) - __^_.I-,_jj 



. (806) 



wUch detorndne } (^ <4- B) mi ^ <^ — v8) Md tlierefen AtmiB. tlw ddee 

16S. /n a ffivm plane triangU AP.C^ Fig. 27, to /ml • 
.p4m4 Jt ^tfft «<^ i^l^iM Wii a^imjmm^it y iim i to <A« 
of^let ^, B cftd C ihaU make frlom tmfflet with toeA •tW. 

Letihb flnrnang^mh^PP C wm * w^dAPOwm 

andtlMfv^tdmd-vhisHNi \P^'<7ib x P SO mm if 

^ Tlie lum of the angles of tlie qiuidriUtenl ACBP\» 

whence } (« + y) — !«• — } C*+ ^+ O (We) 




PBOSUMB WKUSam YO PUOB TBIAVOUi. 



iiBg+ liny Un}(ae + y) m+l 
•ills — liay *"*wi J(«— y) *" m — 1 

M 1 

*M**(«^«r)«-jjj-p^ tMi}(« + y) 
To oong^te tldi eqiifefioii b j logarlthBit, Itt 

*"• f ^807) 

tlienbj (162), ton} (x — y) » ton (> — 460} ton.} (s + y) 

•o that tht Miglef z and y mre fbnnd bj (80^ «iid «(807}. 
164. The foUowing problems are propoeed ae exereiief. 
^mplmmtiimgU-4Ba^^ 
1. Ghreii c^ ^m perp. upon e «■ / and a -|- & «■ *"• 

dn* X IB -7 — 2 — 4-7 r a — 6 IB e eof s 

(m + «)(«• — e) 



2. Giren 0, the pei^. upon e wmj^t and « — ^ •■ ». 

4y* 



toniC-il±^jjL=l5) 



8. GiTen C, c^ SDd-tfft «§ ^. 

iHisiHi -^^eoeft? « 4-^ IB 9 see* 

2q ^ 

iin x^ wm —=- mn I C a — (■■eeosx' 

toft's IB — tonic «Mi>fliton)x 

P ' 

6. Qii«i {7, ihe perp. from C wmjff and a — 6 ib n. 

n 
ton ««■ — eotlC eiB«eot)s 

I' 

1 Qhren e^ C, and • +h aa m. 



M vuMM nnoiiommr. - '-^ • ' 

7. QiVia e, A^ and a + hwmm. 

8. GiTtt a + 5 «■ m, tht p«rp. upon c «■ /, and th« dUTtrtaM of tW >i |* > liU 
Ot €wm d, 

2pd 



or witb. aa anziliary aag^ 

9. GiToa Um porimotar «■ 2 #, C^» and tht ptfp. from wmp. 

p 
tan* xiB^eot)C east eo^ x 

10. GiToa e,m+bwmm and tho ladiw of tho iateribod oirole s r. 

•Inx^ ~ J V !L^ ) « — ^■■cooit 
• 2r 

11. GiToa e^ a — b wm n, and tho radius of the Inaeribod oirelt wm r. 

12. GiTentliora4iif^,r^,r^, of tilt three OicribodaroUa. (Arta. 168, IM). 



tan«}il 



r'i^+r'r"' + r"f^' 



165. 6Vv<fi <A« «m2m tf a guadnlateral itiMcnbed m a eMe^ to find iU mi$lm tmd mna. 
!%.«. InFif. 28, letil^^ii, BOwmb, CD^e, DAwmd. 

Lot 2 « M a + 6 + e-f tf and JT IB area of il ^ CD; tlMn 
from the tiian{^e8.iJ9CX^ jlDC, obaerring that Ss 180^-* Z> 
\ we find 

x-.^[(#-«)(*-i)(»-«)(«-«0] («»> 




MLuncm or i m w o mit mo KUATiona ss 



CHAPTER X 

SOLXmOiB Of ClEfAnf TBIOONOMBTBIO BQUATIONB AND OF NO- 
MEBICAL EQUATIONS OF THE SECOND AND THIRD DBOBBES. 

166. The Bolntion of » problem in which tho unknown quantity 
18 an angle, often depends npon that of one or more equations, in- 
volTing diflTerent functions of the angle, which cannot be reduced by 
mffrelj algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find M from the equation 

sin (« + s) ■■ fi* sin s (309) 

in which m and m are given. We have, by (119), 

mk{m + s)«B sin^sins (cots + cot«) 
which becomes identical with (809) by taking 

sin « (cots + cot«) «■ m 
whence the required solution 

cots - -^ cot* (SIO) 

sm • ^ ^ 

« 

If the proposed equation were 

sin(« — s)«"msins (311) 



we should find 



cots- -;^ + cot • (312) 



sm« 



Unless s is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles 9^ z + ISO"", z + 360"", s + 540'', Jtc, in 
general all the angles s + n t have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 

of ^ese solutions, taking the values of z always less than 860^. 

H 



M I9U1I1 



remurks apply in all easet where an angle is detemined 
by a id^fle trigonometrio function ; but if the problem is such as to 
giro the valnes of two fonctions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 860^, sinee there 
cannot be two diflTerent angles less than 860^ that hare the same 
sine and cosine. 

168. The solution of the pseeedbg article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logsr* 
ithnic mmjpalMkm entfrely, we dedaee ilrem «t&) Ae foBewiai;^ 



sin (• + s) + sin s m + 1 
Sin (« + 2) — Sin f m — 1 



BttI by (109), ifi?»0( + c, y«.s^we hare 

sin (# 4- s) + sin s _^ tan (s + \m^ 
sin (^ + «) — sin « tan j^« 

which substituted above, gives 

tan (# + J flt) — ^p;;;--j tan J # 

which determines f + } 109 whence • is f o«id by dednsting \ m. 

The computation of this eqaatkw is fiscOitated m nuwt omm by 
introducing an auxiUary angle, such that 

tan $ — m 

an assumption always admissible, since while the angle varies firom 
to 90^ the tangent varies from to od^ se that an ang^e ^ ma; 
always be found having any given number as its tangent. 
We have then by (162), 

m + 1 taB 9 -f 1 . . .^. 

T -■ * — ^-^ " cot (<() — 46®) 

f» — 1 tan ^ — 1 ^^ ^ 

and the preceding solution becomes 

tan(p«m, tan (s + i«j«- cot ((p — 46"^) tanj^« (813) 

The logarithmic solution of (811) is found in the same mmner 
to be 



m ujmmamvm iquations. m 

|tii(« 4.0). Mint (8^5) 

Un (« + g )+ tang w + l 
tan(«+s) — tan » ui — 1 

thai bj (126) and (152) the solution is 

tan^ — fif, 819 (n + 2 a;) — cot ((p — 45"") sin « {H^) 

170. Tofimd tfrom the egwUwn 

tan (flt + «) tan « •■ in (8|7) 

We deduce 

1 + tan (<^ + g) tan f 1 + w 
1 — tan(flt + «)tans"" 1 — m 

•0 that bj (127) and (151) the solution is 

t9A4l-4«H t)0i(#+2«)-tan(45^-<5)co8«i (818) 

171. H^iM « A9» <^ «ff*wtf09 

■ia(«dbiO^*"i'« (Sl^) 

lf(|061wein4 

eot« — eot (« db 2 f ) IB db 2 sin (« ::!= f ) iIb f «■ db 2 M 
whMiee eot («:±:2f)HiOOft«zp2iii (819*) 

wUeh datcrmiiiM « =b 2 f, and henee 2 1 . 

From(8ie*)w»k»fi»foiirT«lmMof«db2»^tireMePMid720^; tlMMtot* tbur 
fifaMt of Ss ^o tw t w it tk^iMM H^^ and four Talues of s botwoon 0^ and 860^. 

Is pMvalf ^ra i^an ^^9 four tolutions under 860^ in aU oasoo whoro tho ifon^f 
M^ fl^flMteQAinod bj % ^HV'r ytmc^ion. 

Xl|a l9|{|^tlimio toluttoi;^ o( (9^9): Toriei with the ligns of m and f. Thiu, if the 

4n(«+s)iii^f«««^ 
II befaf niiaHiny iNMJMftk wo h^To bj (183) 

I 

cot* ( « — coo* (t -{-(«)«■ lin (« -I" ') <^ '"■ *>■ 
ooi* (s4- i «) «■ oot*i« — m 
•ad bj (188) again thla la eolTod by 

oo^f^oH ooy(f+i«)^aia(f+.}«)ain(f-JaiJ 



is 



VLoat Tuanmmmr. 



.^ 



172. Tkt preeeding ezamplM will tiillM to ^iMm0m tht MttiM 4* %• Iriliwtd 
witk an Um •qvAtioBS of tli« foUowiag table. Aa aohttloiia of tlia aq«ati4na ImTolT- 
i^ aoafaaa may ba obtained flroia Aaaa l»Tahrii^rfnaa,by axohanging # far 9y db i, 
or A f or 90<> db «. 

Logaritbaie aohttloiia of the flrat fov will be obtained by tmltating the proeaai of 
Artm. 





EavATioxa. 




1. 


ain(« 


dbs) aini 


wm.m 


1 


ooa(« 


:d=f)ooaf 


«■ m 


8. 


ain(« 


dbs)eoaf 


■■ m 


4. 


eoa(« 


=bf)sins 


■■ m 


S. ain(« 


dbf) ■■ IN 


sins 


6. 


eoa(« 


dbs) ■■ m ooas 


7. 


ain(« 


dbf) IB mooas 


8. 


ooa(« 


db«)-« 


alni 


9. 


tan(« 


dbf) tans 


«■ m 


10. 


tan(« 


=bf)«Miii 


tans 



SoLunoiii. 



ooa(«db2s)iBeoa«72fli 
oo9(«db2f)«M2iii — ooatf 
ain (« db 2f) m2 m — sin* 
8in(« db2f) « alnc 2b2ai 
tanf aBm, tan (s =1= } «) .. cot (^ 17: 46<*) tan } « 
tanf ■■ m, tan(}«dbs) « tan(46<» — f) cot ( « 
tan^ ^ Ma 

tan (46<» — i« ^f) -i taa(460— *) taB(46o + } «> 
tanf IB at, 

tan (46«~ ( a ^p i ) . tan (iS^ :,: f ) tan (} « ~ 45<'> 
tanfMiN, coa(*db2s) s taB(46«2pf)<'M« 
tanf «B«h ain (2a=t:«) » eo^f 17; iS'') aim « 

Bi the nmnerioal aolntiona the ^gna of tbe angles and their fymetioBa mnat b« 
earaftdly obaerred. The ^gns of the ftinctions shonld be preizad to thtfb logar- 
ithma, aooordlng to Art 99. 

The auxiliary angle f may be taken nmnerioally leaa than 90* in all eaaa a, tat 
peaittTt or nagatiTo aocording to the aign of ita tangent It can aaally be ahowm 
that we ahall thus obtain the same Talnea of f as by taking f in tha 2d miadmiit 
when ita tangent la negatlTO, or In the 8d quadrant when its tangent b potttl?«. 



EZAMPLB. 

Had ffrw (817) whan ««66P and «« 1*5196164. By (818) 

logtanf «ilogai» +0-m788l 

— n»«y T 

— 9^8i4tl3il 

+ 9-8259488 

— 8-9402909 



45«»— ♦ 

log tan (45* — ^) 

log cos « 

log tan (45* — ^) eoa « «■ log cos (« -|- 2 1 ) 



«t + 2f 



95* 
65* 



or 285* or 45i* «r 828^ 



2 s 80* or 200* or 890* or 560* 
f 15* or 100* or 195* or 288^ 



* It must be remembered that in thia employment of the rigna rf* and — ^1 thaaa 
rigns belong to the natural numbera; aadwiien tiM logs, ara adtfid or wrflwulsd; Ihi 
sign of the reault la to be determined aocording to the rules of m M gHit ati tm aad 
dtvidibfiin algebra. 



HOLunoN or moomunic iQUAnoNs. gB* 

iTS. Jh JhiMfromtkieqtimiiam 

Pat s'w/S + s, «'■■« — A then thli •quatioii beoomet 

■fai(i^ + f')«flitfaif' 

which if of tht form (809) and nifty be •olTedbj(^M)9«) or (Ull); theafsC'-^/l. 
In thft MMM mnnnor oqafttionfl of this form, inTolving ooeinoft or tanfontft, maj be 
reduced to those of the preeediBg teble. 

174. Tojtnd k and zfrom the equatian$ 

kuaz ^ m 



1 r (820) 

ircosii; ■■II I \ / 



We hare, by division. 



tan 2 ■■ — 
n 



^hich giyes two Talues of z, one less, the other greater than 180^ ; 
whence, also, two values of k from either of the equations 



m 



smz cos a 

The solution becomes entirely determinate {z not exceeding 860^) 
follows : 

1st. When the Hgn of k ie given. For if i is positive, sin 9 has 
the sign of m, and cos z the sign of n, and z must be taken in the 
<iuadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and », and z must be taken 
aocordtngly. 

2d. When z ie restricted by either the condition z < 180^, or 
z > 180^. For under either of these conditions the tangent gives 
birt one solution. If i; < 180^, k has the sign of m ; and if 2 > 180^ 
Jb has the opposite sign to that of m. 

Sd. When z ii restricted to acute values, positive or negative. For 
under this condition a positive tangent will give z between 0^ and 
T 90*^ ; and a negative tangent, between 0® and — 90® ; and * will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, wv 
nay always satisfy the conditions expressed by (820), 1st, by a posi- 
tive number k and an angle z between 0® and 860® ; 2d, by a num- 
ber h (unrestricted as to sign) and an angle z < 180® ; 8d, by a 
litimber k (unrestricted as to sign) and an angle » > 180® ; and 4th» 

by a number k^ and an angle z in the 1st or 4th quadrant. 
12 h2 



^ ^^••^^^R ^% ^W^^^Wfi^^Rf^^B^^^ *~^^' 



To find k tad t firom (3S0)« (k b«iif » pontire nomber), when 
« » - Q4M76268» » ^ + 04278785. 

hmn ^Q-8076^ 

k«»9 +04279785 

(a) log k an* -94880228 

{b) log i 008 a +9.6818147 

(a)-(&) log tans -9^8567081 

« 824*17' B'-e 

(«) log sin* -9-7662280 

(a) -(c) ' logi +9.7217948 

k + 0*0209808 

Upon this problem and the deductions we have made from it, rests 
the method of introdacing the aoxiliarj angles required in solving 
many of the formnlse of spherical trigonometry. It is applicable 
to ai^ eqwdon that can be reduced to the form of thM, 9<^Te4 in 
the following article. 

'■ IT A. 1^ $9h4 ths 0quaH(m 

flX COS a; + n sin » «■ jf (821) 

m, 11 tfna J ottnff fftv^H* 

The first member will be reduced to the form i sin (^ 4- #) by 
suxoing h and ^ such that 



wl^nce 



kum^mm^ i^ees^-^^s (382) 



sin (<p + «) - 4 (*^) 



fhir«fbr«y if h aid ^ he fomd itom (^122) by tk# pveet^iAg 
ticl^ (* bfing Mmited (0 positive valiiea), we ei^n tken fiiiA by (8S8) 
the Take ^ +» and therefore of f • There w^tt be (wo 89bftime 
from the two Tah^ tf ^ + # gitea by t^S&)% 



•OLunoH Of wwaoMiOiawnQ wpations. ^ 

If we restrict $ to valnes less than 180^, (m ire ui»j do fooocd- 
^ag to the last article), we may fiad it bjr the equation 



m 
tan^ •■ — 



and then 



sin to + ») ■•-?: iin ♦■■ ^cos ^ 



(824) 



and in this form it wfll be unnecessary to find k.* 

EXAMPU. 

To find s from (821) when m — — 1-0498882, n — + 0-7466898, 
tniq'm — 04816898. 



By (822) and (828). 

log m * log i sin $ —0-0211208 

log M — log A «M 4^ + 9-8781402 

logtan^ —0-1479801 

$ SOS" 25' 20" 

log8in(() —9-9111059 

log* -f 0-1100144 

log q - 9-6851718 

log sin (^ + «) - 9-5251569 

. / 199" 84' 40" 

-1050 50' 40" 
or 85" 0' 0' 



{ 



By (824). 

logm —0-0211208 

kfii -»- 9-8781402 

log tan 9 —0-1479801 

<fi 125«*25'20" 

log sin « +9-9111059 

log J -9-6851718 

areok«fli -9-9788797 

log sin ((( -f «) +9-5251569 

, f 19»84'40' 

*"*"*Torl60"»25'20" 

/ - 105» 60'40" 

• t or 85° 0* 0" 

To avoid the negative value of a, in the Srat of those soltttions, 
wo may take for the first valne of 

^ + «, 860" + 199" 84' 40" - 559o 84' 40" 
whence a - 559° 84' 4r - 305° 25' 20" - 254° 9* 2r. The se- 

» 

eond aabitioii jpTea a like result. 

If we snppose ^ in (824) to be limited to aoate Takes positif^ of 
negative, we take (p - - 64^ 84'40", which gives (f + «- 199^ 84' 40,'' 
or 840^ 25' 20", whence the same values of li; as before. 

We may repeat the latter part of the work with cos $ for verifi- 
ettion. 

* TliStohitioiils, bj(S28),impoMibI«wli«ii-|- ii greater tluai imity; uid by 

adding tht ■quArea of (822), Ii^^m*+n*; therefore the iolntion It impossible when 
j» > «• + ii«. 



91 KiAlIB tSiQOMSfimT. 

DenkfiBg by (86) «id puUiBg 

tttfMA+ b9O§0+ e9Wiy+ tc.tm» 
tkisbaooMM 

whieh U lolTed in the preceding arUele. The SMut proeesi i^^pliet if M^ or all of 
the teriMi ooaUhn oofiaee. 

177. To JUul k and M from tk$ iquationt 



} 



*•!"!:+'>-'" } (826) 

k Bin (0+ 1) wmn r v / 

Ihi«ui «id diibreiiee of these eqnationi ta% hj (106) and (IJM), 

2 ifc iTn [}{« + /?) + f] cos }(« ^ i9) «.«• + » 
2 ifc eoe [i (a + /?) 4- s] sin i (« — ^) » m — 11 



WhCBOt 



"•^»(. + ^)+.]-5;^f±^ 



« — H 



2*«-CH. + /») + .]-srn;ir^) 



(827) 



from whieh 2 A and ^ (m + 0) + m are determined by Art 174. The logs, of the 
peoond members of these equations should be computed separately, fmt the purpose 
of readily discoTering the signs of the sine and cosine in the first members. The 
solution Is determinate (aceording to Art 174] when the sign of ft li ghen. 
From (827) we iind, by diTision, 

t«H(. + /?) + f]-J±^ tan }(.-/?) (828) 

which requires a less number of logs, than the separate cempnttttieft ef ^837), tat 
we are obliged to refer to (827) to delenmne (by an faiq»eetion of the steead m^wi* 
bers) the signs of the sine and ooaine. 
If we assume 



taa^.*-!!. 
m 



we may eoBq>ute (828) by the formula 

UnlHm + fi) + »] 'm iuk (iS^ + f) Uai (€--0) 



(8»> 



soLunoir Of mowwM'nio bquatkhis. w 



In (886) flT«a « mm 2Mfi, » 14(^, « » — 0-48846 and » » — 0^128, to 
f attd A. ifc biiaf potitlTe. 

4/(827). 



*(• + « no* 

log (m + 11) — 9-7M6676 
kf oofi(« — il) +»-987ft806 

(a) lot2ifctia[H«+^) + '] —9-8581270 

log(iii — fi) —9*8467881 

k«iiB}(i — /0) +9-6980700 

(6) lot2ifcoot[}(«^i8) + s] —9-6478181 

(fl)-(A) Hf *«[*(« + « + «] +0-2108140 

|(« + ^ + ,) 28^ 21' 88^-6 . 

f ^2V8r<6 

(e) ^f^a{* + 0) + 'l -0-0801171 

(a) — (e) log2ifc +9-9290099 

2 k 0-S472467 
ifc 0-4288884 

178. A AOM g«Mnl tolvtloii of (826) if tht following.* Lit > bo anj mi|^o ai* 
ftt ploMvOy wid in (171) lot 

«■-«+*» jr-»/B + «, f'-.y+f 

f distingoiohing tho f of (171) bj an aeoont) ; tbon wo iball find 

»in(a-:^)«in(> + f)— iin(« — >)ainC8+») — •in(/g — >)iin(a + ») 

In thia lot > (wkoao Talno ia arWtmry) bo ozohangod for > + 90^ ; than 

•Ib(«— ./8)ooa(>+ f) « — 008 (« — >,) sin (^8 + *) + ooa (/« — >) ain (« + f) 

Haltli^jing tlioao oqnationa bgr k and avbatitnting m and n from (826) 

Aaln(« — il)dn'(>, + f)»iii fin(> — ;«)— nfin(> — «) ) 

A sin (« — il) ooa (> + f ) ■■ « cos (), — iB) — n 000 (>. — «) J 

wldeh (> bdng aaanmod at ploaanro), dotondno k and > + '. 
If wo tako > M 6^ wo ind 

— iiiain/0 + fi8in« 

tan f «i '^ ' ■ 

m cos /0 — n cos « 

ifcifai(« + f)^i.. 1 

ifeooof.+f)- *'^^^'"^)"'* r ^*^'^ 

If > V /?, wo baTO a aiadlar loaolt 

^ > V } (a + ^) wo obtain tho solution of tbo proooding artiolo. 
^ ft If roqnirody witbont first finding «, wo boYO, by adcUng tbo sqnaros of (880; 
ifc dn (« — /9) «B v^ [iN^ + n* — 2 m « 000 (« — i0)] (882) 

* Oavss. Tkmrm Moim (hrfnm CimUtfkm^ Art 78. 



179. l^JM k Md tfrvm tk$ tguatimi' 

kwmlm^M)^n 



] 



ktm(0+M) mm n ^ "^^ 

TlMMlB* ftteoti Is tl» form (826) by mbstitatinc 9(F + • and 9(^ + ^ for « M^ 
Wt iBt,lMWi<ini, Vr « yooMs timUar to that of Art 177, 



ft — 






(m) 



* j- (835) 

•o* [i(- +^)+*]^^ («** + *) tan J («-/?) 

BZA«fti. fn (888) it^cb « a. 280» 16', /? » 200» W, m « — 0-62842, and 
n anO'tiTll^ ftid f %iid i, ifc baing potitiTe. 

Ant. M mm 207<' 6' 8^*4 k » 1^«278648 

ISCL tta mora gnuiM lolutioii of (888) may ba found diraetly from (172), but 
it wm lM iSmfin to obtain it from (880) by anbatitnting W> + m tor •, toA 9(y* + 
twtfif 



(y-J?)4.||<ft*(y-.j|) 1 

(y-.iB)-iidn(y— ) J ^*^ 



f-alB (« ^ "/}) gbi (y 4- f) «■ _ m ooa (y — 
A ain (« — ^) ooa (x 4* ') "■ m tin 
Y baisf arbitrary at before. 
If y « 0, we ittd 

>i--ino0a^4- aoee« 

tan a ■» , * . 

— main/74*^*^* 

iJ / I \ -"^eaafa-^i8) + ii ] 

Arin(« + f)- sin (« - /}) . (887) 

ik eos (« + a) IB m 

Cf y — } (« 4. /?), we ^btaintiie loMioB (884). 

(f I; is reqoired directly, the ram of the squares of (886) giiNM 

* sin (a — /?) — ^ [m«4- li" — 5«a cos (a — /9)] 

a» Jk Art. 178. 

a81. The solutions of the preceding articles mey be implied to a single aq«at!k« 
eC the form 

ft dn (« 4" ') ■■ ei sin ()9 -)- x) 
which is a more general form of (809). For If w«^i 

ifc sin (« 4" ') «■ *** 
whence k and tare found by Arte 177t 178. 



BQUAnom or m «Kon> aii» ibbd vmwmeb. 

182. In Hkt maanttr, if the propoaed eqaatfon if 

II eot (« -f «) flik « eoi (^ + s) 



wkeiiet ifc eot (^ 4- '} "■ ** 

mnd ktrndBttn twnd by Arts. 179, 180. At the sign of A (in tldf and tii# prtotS* 
ing artiele) maj be arbitrmrily Mtiimed, Ihere irill be two lohitioM. 
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188. Ih »ok$ ths •puUiom 

^ + px + i^O (888) 

wftoi q it enm(mUy jMmihtf a$kd p mtherpoHHvt or mgath*. 
We hftTt from (144), ezohuigiiig x for f» 

tan* } f — 2 oosec ^tiii}^+l«>0 (888) 

M(& (88B) ttftj be hednecid to thii form by nAtetitittiB^ 

b whleh we may take the radical onlj with the poeitiTe lign, dnoe we maj a«nuM 
X and f to hare the same sign, ftt tiins reduee (888) to 

irtiieh eompared with (889) gires 

— 2 eosec 4 «■ -7^, f « tan } # 

«r dnf.-^t^^ x.v'TtMif (840) 

'1 
wUA gires two Tsloes of f less than 800^ and oonsequently two ralues of x. If 
« be the least of these two Talues of f less than 860<^ («> 2jr), aUthoTalaes of ^ whieh 
kATe the same sine are 

i, ^^^ 2r+«^ Z^^^ke. 
and nllihe i^vea ef tei } f are 

tan } 0, cot } 9, tan } 6^ oot f i|» fte. 
Hence the two roots of (888) are found by the formnln 

sin9«K ^, X, ■« v^7"ta.-\ } fl, «,««v'Twt}? («!) 

in which B may be always talten < 90® with the sigL* of its sue, and v^ g is to be re> 
garded as a positlTe quantity. 

As long as 2 v^ 7 is not greater than p^ this solution is possible, but when 2 ^/f >/» 
rin 5 is not possible, and both roots are imaginary ; which a gr ee s with what is shown 
in algebra. 



184. Jbiohitkiifm&iiom 

flf^+jis — faaO (842) 

when — q it t ttmtui lfy iMgttthe^ p hemg eUhtr ponHte w ntftUiie. 
We hftTe, bj (148) 

Uii*}#4.2eoi#Uii}# — laaO 

ftttd (842) is rtdoetd to tUs form bj rabstitatiiig 

wbenoe «• + -~- « — 1 ■■ 

^« 

The joquirod solutioii Is theroforo 

2 oot # ■■ -^, twrnUnl^ 

or tan#aB-2Ll., xaa^^tAii}^ (848) 

If 9 ii the least Talue of ^ ^ tlM ralues of ^ whieh have tbe smm taafiiit 9x§ 

«, r 4- 9, 2 r 4- 9, 8 t + 9, &e. 

and aU the Tallies of tan }# are 

tan} 9, — *eot}9^ tan}^ — oot } 9, &e. 
Therefore the two roots of (842) are found bj the formuln 

Un9..-^, x^wm^'gi$ni$f ar, ■• — v'Ycot } 9 (844) 

in whieh, as before, the radical is to be taken as positiTe, and 9 < 90^ with the sign 
«f its tangent. 

In this case both roots are real, since tan 9 Is alwajs possible. 

186. To wive a nufneneal eqwUum of the third degree. It is shown in algebra that 
any equation of the third degree maj be reduced to one in which the 2d term b 
wanting; we need consider therefore onlj the form 

To resoWe this, put 

we find (g IT f 4. a) (y -f s) 4- y* + s* 4- 6 « 

Now X may be decomposed into two parts, y and % m an inflate ^arie^ ef migrs, 
and we may therefore sup^pose that y and t are Ruch as to satisfy the condition 

8 y« 4. a SB 

which reduces the first term of the preceding equation to 0, and gires the two eon- 
ditiens 

y«--|. y«4-«'--& 

Put y* HI ^„ s* ■■ <g ; then we hare 
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'^ thtA, If tlie t&M*7 of tqwUioniv ^ and <; «r« tlM two rooti of «a oqiutioii of tho 
b >; tlimt it, Hufj cm tk« Moti of the tqiwtioB 

^tiM WO fliid tbo two roots it and <; of (m) by tho prteodiiig aiotliodt wo sliall 

TO 

It win bo nooeoMury to oonrider tbo lign of a in tbo oqvation (m). 

lot Wkm a upotUkM^ (m) oomto vader tbo fom (842)Md tbo oolntioiiby (144) 



2 /"<?" 
«iidbgr(«) 

X 

%iid if WO Mnimo 





- Jj(^tMiJtf-^ootja) 



tia}^«B^taii}0 
«bis boooMOi, hj (142) 

« — — 2 J-| oot# 
CoQootlBf tboM romilts wo baTO, fn tbo aolutioii of (846), wAm a itpodthe, 

tMitf-^jJ, taii}#.^tta}0 



SaM— 2^/-|-00t^ 



(846) 



ia wWA tbo radical, j^ ondj faro to bo oonridmd podtlTo.ondai. t^ 

Ukon < 90^ witb tbe sign of tbo taagoat. Bat two of tbo tbroo ralnos of <^taB \ # 
bting imafuiarj, tbe giTon oquation bas but one real root* 

* If r lopresent tbe real Taluo of ^ tan } 9, and a„ ff« tbo two imaginary roots of 
unity, tho real ralne of s if 

•.-J4('-^) 

tad tbo imaginary ralaes are 

"•-JtC-'-t) '• - J f ( '«• - 7") 
U I 



tf4-*t+(^y)— ft 
aad if of tlie form (888) ; its roote are t&erefore ftnmcniy (ini) wlibK giW 

♦ 
or if wf put, at Mbre, taii}^Hi^tan}9, thofolution of (84i), wkm a it negative, ii 



2 / a* 
•intf-B — -J- / — 2j tan}^«B^tan} • 



■j-f 



ooaeo# 



(847 > 



which glTM one real root, (the other, twa b^ing imaginarj, at aboTe), when tin a is 
possible, i. e. when — 4 a* < 27 b\* 

Snbstitating the rallies of a^ and «», 

— 1 + v^ — 8 ^1—^ — 8 

and also f/v^taiL^f'. — am-oipt |p.^. 

we iUid x^mm I ^ (oot # — oosee ^^ — 8) 



I / g- (cot + coseo f \/ — 8) 



w finiJlXf . ^. heiiy^, the real.reot^ the iaiaginarj. roots, ane^ 

«. - — ~ + -^^ sec ^ V'- 1^ 



* The two imaginarj roots will be found, bj a process similar to that emp 
m the preceding note, to be 

j^.aa — -J- — — 2 — »»^ \/-^ * 

«•-■ — -2"+ -!-^COS0^— 1 

in which x, is the re«l root/oimdllgr (847). 
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mad &• jMMft« «ftaliur fldU Tkir tfe tii« IrMbttM d^^dT CifaN^ 
roots ^[ypettring iiiid«r Imaginary fowM, althoai^ it is known thst thej art all tlirse 
v-eaL li is, howsTsr, readil j soWed trigono me tri ci liy. 
In Ari 77, pntttn^ # for z, we hare 

sin*#*^(Bin^ + ilda8#»0 (si^ 

wmi (Hf^ ma J be redooed to this form b j substituting 

so that wa mnst hara 



« 8 ^ ^ 



j-i 



inwUeh tha radical is to be taken poidtiye, so that x and s shall have the same sifs. 
ComiMffing (sf^> tM'{ny ^W9 lte¥s atsd 



b ^ b I V I WP 



* 

s HI sin^ 
and the solntion is 



^'^^^tJ-^ «-i»^sIi»fJII| 



(US) 



whieh giTSS three real roots bj the diiferent raloes of 8 ^ whioh hare the saai sbi*. 
If rtf i&e least of these TaldtfS, all the Talaes of 8 ^ are exprisssed by 

2fi«'-f f aM (frfi4.l)r — • 

n be&g any integer or ; and all the Talaes of ^ are expressed by 

^n 2fi4- 1 

Kow afi'Miglili riPlB^IfiMdd^Ml 111 the^fbrms 8 f^ 1 andSm — 1. 

Umrmm Siv the abort Talaes of f are 

i^tfde' 

sin # HI sin } 9, sin ^ as sin )> (r — ^ 9). 
ITfi «■ 8 SI 4- 1» we find in the same way 

sin^Hisin}(r— -9), tin^ mm ^e 

the same as before. 
If « MB 8 SI — 1, we find both Talnes to be 

sin#«.— sinj{r+e) 



91491 



liOO 



puin 



«: I 









iairiiiohf<90"iritktk«iigBof itidiM,aiid the rMBMOt aNUkMividt'tlMpoti- 



(M») 



1. SolTt (ai5) iHma a «■ — 6-101815, 6 «■ ^ 6*7M67a W» iid 

log -y- /— 5^ -I — 0'0(»661» 

which being gr«»ltr thaa aiu lo|^ iIm, wt tokt iti tiitfuMlM 
proe6«d by (849). Thiea 

log lin >• — 9-9974849 
a. — 88«46'44'' 



tful 



i0 — 27«66'U''*7 
logiin —9-8706671 



^*J-T 



0-4661811 



logs, —0*1267882 
s, «i — 1-886790 



06i<»— ^ 87«66'84''-7 
9-9997166 

0-4661811 

log% 0-4648968 
z,» 2-860889 



— (80P+ Jl)— 82«»4'26''-8 
— 9-7261024 

04661811 

log s. — 0-1802886 
S..I— 1-614649 



2. 8o1t6 (846) when a ■■ — 7, and 6 » 7. 

Am. s, mm 1-866896, «^ «i 1-692021, «;•«■ — 8-048917. 
8. fklwt (846) wh«B a «■ 1-6, and 6 ■■ — 46. 

Am. Tht rMl rooi «■ 8-418897i. 

It mmj be obaerred that the algebrUo snni ef the three rooti ii tttm;^ w&i% tm 
coaseqnenoeof the abeeneeof the term in x*from the giren eqvatioB. ThSeis eaaUj 
•hown from (849) where there are three real roots, and from the forma in the nolei 
p. 98, where there are imaginarj roots. This principle ftimishea a simple Teriftea- 
tion of the Talnes fonnd hj (849). 



* The sign — here belongs to the nnmber of which this is the logarithm. 
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OHAPTEBXL 

DIVRBENGB8 AND IWnBBllTIALS OF THE TRIGONOMETRIC 

FUNCTIONS. 

186. In the appBc^ons of trigonometry, it is often required to 
compate a fiinction of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generallj 
most conrenient to compute the difference of the two fiiiiotiaps, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or eo$ine of an angUj corre- 
spondinff to a given increment of the angle. 

Let the angle zhe increased by Arr, (this notation signifying d\f' 
fereneej or inerement of x)j and let the corresponding difference or 
increment of the sine be expressed by A sin i: ai&d of the cosine by 
A cos 2; ; we hare, by this notation, 

A sin 2; «■ sin(2; + A2;) — sin re 

Aeo8a;-BCOs(a; + A2;) — cos:r 

and by (106) and (108) 

Asin:r-> 2cos(2; + }A^)8in| A 2; (850) 

Acos 2; -■— 2sin(2; + |A2;)sini|[Aa; (^1) 

which are the required formube. 

We here consider the difference always as an increment^ i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, howerer, be negative, and it will then be in fact a decrement. 
Thus, in (851) the second m.ember will be negative so long as 
T < 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
In Wne manner A sin a; is negative when x > 90°, and < 270°. 

188. To find the inerement of the tangtnt and eaUmgmU. We have 

AtanrT"" tan(a^ + Ax) — tana? 
A cot « ■■ cot (a? + A a?) — cot a? 

and by (116) and (119) 

sin A a? t V • ^A»A%. 

Ata^#«* i , ^ \ ■■86o(aj+Aaj)iee»tmA* (862) 

cos (aj + Aa?) cosa? ^ ^ ^ ' 

• A 

Acot^«> . y •, , X . — ■■ — coeec(a;+ Aa;)coseca;sinA« (858) 
tin (x-t" A a?) tin a? ^ ' 

^ ^ x2 



189. Tfjbut tki hcrmmmi ^tk§ M$emU and coacamL W«]iftT6 

AMOSmb ■6o(x-)-a«) — Mes 

or by (laO) and (182) 

2 rin (g 4- } A g) rin jt A X 
^Hp^f-p jeoi(»4.A«)dcte« • ^"^ 

)90. Tofmi ^ inerimmtf 0/ tk§ ^^[uartt 4iff tki trig0Mm$trk 
U a ffiffm kuiimaU qf ^ amgU, 

A 9in* 9 ■■ sin* (« + A ') — 8^* ' 
^ 001* % — .pos* (x -f" ^ ') 
irii«iioeb7(}88) 

A lii^ X *■ — A oof^ ' ^ ^.(2 x 4> A x) Bin A X (859) 

Fn»» (H5J, ^jlW), Mi4 (J19) wf dfdm^ 

* • A • iiii (x4-3r)s!ii(x — jr) 
tin* X — Un* y ■■ ^ — !-f^ i ^^ 

Bin* X sin* y 

whenoe 

^- •ia(2x4-Ax)8iiiAX ,. _.. 

A t»n5 X SB — \, \ ^ \ — ^ — (867) 

— Bin (2 x4. ax) db A X .^._, 

From (18) wo Imto 

Bed* (x 4. A x) HI ian* (x 4- a x) + ^ 
Boc^ X SB Un* X 4* 1 

Mi ^ 4ii0 BA9M iiipBfe» tesB (17), 

AOO«ef^XaqvAW|*« (880) 

and the TaloM of A Un* x, A(w»^ OM^y be «iiMit«ied In (8(f9) and (880). 

191, When the increment of an angle, or aio, is imfink$fy mnatt^ 
it is called the differential of the angle, or ^rp^ and the correspond- 
^Mkg ^icregi«iilii of 4he tirigonomstrie fonct^oni^ i^ thj^ diftrtnliab of 
these functions* 

The differential of fr is denoted hj dx; of uUi^hf d sin a?| &c. 
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192. TojM ihe iifferentidU of the triffammettbfuHeihni from 
'?g:he differefitHd tf^ angk. 

Iiet the angle w and its increment £a be e ijfi e ea e i in Ae tmh dT 
JAitt. 11 ; or, which is equivalent, let x and iuo be the nrca Which 
sneasiire tibe «ngle and iti increment in the ciroki irhcee raJKua «■ 1. 
St IB evident Auft ^lesB ihe trrc, the nfore "neaHjr does it iMdncide 
■Viilu fte eine ^r tangent j toerefbre, niien i^ m infinitfnjr mmH, dr 
"Vfetumea &y 

This may be demonfitrateS more rigoroua^ tbna. *When ix is 
i^nfinitely small, we have cos dx ■> 1, whence 

sin dx - ^ 

- — J- » cos ax ■■ 1 
tan ax 

sindx'^ tan«Ia; 

but the arc cannot be less than the sine, nor greater t^n the tan- 
4jsai,and tho^fore 

dsc^midx^ tan dr 

Again, when Ax is infinitely small, or becottM ifo, We tttttft, re- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or •— ; thus we must 
substitute x for x + cix, ©r fo* x+ Jdx. 

Upon these principles we find the differentials directly from the 
finite differences (850), (851), <«S2)» (858), (854) and (865) as follows : 

(2 sin X "> cos X i2x (^^1) 

(f co6x>» -*ainx<{x (862) 

(2 tan X =» sec* x <ir -« (1 + tan* x) dx (868) 

(2 cot X » — cosec* x dx ■» — (1 + cot* x) dx (864) 

<2secx"".tanx iecjpdx (865) 

d cosec X -« — cot X cosec x <2x (866) 

198. In the same manner the equations (856), (857), (858), (859) and (860) glre 

d sin* X K -<- if «o^ X mmtUi^xix (867) 

d tan* X K </ seo* x » '"* , * (£c (868) 

COS* X ^ ^ 

iiAax , 2 tan* 3 ,^^^, 

MB — -— A; SB — 5 — dx (869) 

cos'x cos*x ^ '' 

^ .. ^ • — •^o 2x , 

a cot* X mm d cosec* x ■■ — j— 4 — dx (8VU) 

— teoax. — 2cotx . ,0.-. 

■1 — ;-= — dx «■ --|-= dx (871) 

sin* X sin* x ^ ' 
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194. Although the eqiuttions (861), (862), (868), (864), (865) and 
(866), are rigorously true only when dx is infiiutelj small, thej may 
be used when <b is a finite difference^ instead of the equations, (860), 
(861), (862), (868), (864) and (866), pioYided dx is snfliciently small 
to be oonsidered equal to its sine without sensible error, and is also 
rery small in oomparison with a:. This is very frequently the eaae in 
praotioe, and the differential equations are then preferred on aeoount 
of their rimplicity. It is only necessary to observe that dx must 
be expressed in ore, L e. in terms of the unit radius ; if it is giren 
in seconds, it may be reduced to arc by Art. 9. 

196. To find the differential of an angle from the differtntidU of 
it$ funetione. 

From (861) we have 

dx^^^^ (872) 

cos a? ^ ' 

but it is conyenient in this case to employ the notation of iiiTen^ 
functions. Art. 87. Thus, if y -■ sin a^ i; -■ sin ""^ y, and the preoed* 
ing equation becomes 

In the same manner from (862), &c., we find 

ioo»-'y- ^-^^y^ (874) 

itoa-y-jA; (876) 

d«>t-*y-f^ (876) 

d oo«ec-> y - y ^"^^L i) i^^^ 
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CHAPTER XIL 

DIFFEBENCBS AND DIFFEBENTULS OF PLANE TRIANGLES. 

196. In trigonometrical investigations it is iig.si. 
^Dften neeenlaiy to detenaine the effect of a 
^mall change im one of the data, upon the com- 
l>ated parts. Thus, Fig. 29, if ^, ^j9 and 

A Oj of the plane triangle il J3 (7, are the data, 
and AO is subject to an error of CC\ the required parts will be 
subject to errors which are respectively, the differences between 
A OB and ACS, ABOixni A B 0\ BCmiB C. In the same 
figure, the data may be supposed to he A, AB and AB (7, and the 
angle ABO may be regarded as subject 'to the error B 0' which 
produces the corresponding errors in the remaining parts. In the fliame 
manner, the data may be Ay A By and A OBy A OB being variable ; 
iff Aj ABj and B O^B being variable. In all these instances, A 
and A B are eomtantj while the remaining four parts are varialley and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle^ any two part9 being eonetanty and the rent 
variable^ to determine the relatione between the ineremente of the 
variable parte. 

It is evident that iiiB solution of this problem resolves itself into 
an investigation of the differencee of two trianglee which have two 
parte in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by tha appli- 
cation of the increments, as the derived triangle. 

197. Case I. Aandcconetant. The six parts of the given triangle, 
ABOy Fig. 29, being Ay By (7, a, ft, c, those of the derived triangle 
formed by varying all but A and Cy nxe Ay B + AjS, (7 + A (7, 
a + AOy b + Aft) and c. In these two triangles we have 

A + B + ^ISO"" 

j1 + -B + A-B + <7+A(7-180^ 

whence AjB+A<7-0, A-B»-a(7 (8T9) 

14 
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Also in the two triangles we have 

a ^ esm A cosec {m) 

a + Aa » c sin -4. cosec {O + A(7) (n) 

the half difference of which by (355) is 

2^. gsin J.co8( (7+iA(7) sinjAO , v 

*^ ■" sin(7sin(a+A<7) ^^^ 



sin J a5 " sin I A<7 " sin((;4-Z^) 
The half sum of (m) and (n) by (131) is 

<»-rt«» Bin Cain (C+A<7) 



• 

which combined with (p) gives 



j^Aa ^ t Aa a + |Aa 

tanjA5 "■ ta^|A(7 "" tan ((7 + J A(7) 

From (262) we have 

c sin ^ 



tanC- 



i — ccos-4 

whence 

( — tfcos J. >i" (?sin il eot {? 

5 + a6 — tf cos -4 "■ tf sin J. cot ((7 + A<7) 
the HSktKtd^ of which by (858) is 

- ^ gsip^ sinA^y 
^^^ sin(7sin((?+A(7) 

therefore 

Aft Ai a 



(880) 



<38i) 



mAB «inA£^' ain((7+A(7) 



sm 



(882) 



mnwKmmB or m^n tvakoles. vn 



and diYiding (380) by this 



3r*" cosmic 



(888) 



It 18 to 1)6 dtwerred that the Inorementp (or half increiueiita) of 
the angles most be deduced from their sines or tangents, i^ince it is 
pvlj by these ftui^ws that a small angle can be aeeotetely deter- 
mined. Moreover, 0, email aro being nearly equal to ilsfkie or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of 43ie tfidea to the ineremenits of the anglles, 
or rather to those incremaiits reduced to arc by Art. 9, or Art. 54. 

198. Gasb U. a and a eonstftnt. We have as in the preceding 
case aB^^aO; and in the two triangles 

( sin J. ■■ a sin jS 
ih + A J) sin ^ — a sin {JB + aB) 

the difference and sum of which give 

|A6sinil-i-aoos(jB + } aB) sin } aJ? {p) 

{h + iAb)faxiA^a8i3iiB + | AJ9) eof | a£ 

whence by division 

tan J Ai**^^ tan U^f tan (B + J A^ ^^^^ 



fo Hkp tm^ way 

|Ag _ ^ee ^ g + |Ac 

tanjACT" t»niAB ""tw((7+iA<7) 



(885) 



From the equations 

(? sin J. "> a sin (? 

(tf + Ae) sin JL — a sin {0 + aC) 

«rei!nd ^Afif^A^ a^9^{0 + \aO)^\aO (}) 
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wUch e<mibmed witb the eqwtion (i^) gifM, riaee lift idO^<^ ti^^ 

AJ ^ _. 0O£Jg + lA«i (886; 

A0 o<»(<7+ JA<7) ^ '^ 

Fr(«i (/>) we also haTe 

|a5 ^Aft 6oo»(JB + |Ag) ,aa,v 

8injA5"~ riajAC" >inS. ^^'^^ 

whieh, when A & js to be foond from aB, is more ooaTViaent dun 
(884). In the same way from {q) 

•mf A(7 sinjAjB sin (7 ^^ ^ 

190. Olfis in. b and e conjtone. We Irnrt 

Bin j9 "■ 5 sin (7 
c sin (B + AS) - 5 Bin ((7 + A(7) 

the Bum and difference of which give 

emn{B+lAB)eosiAB -> i Bin ((7+}aC7)cos|A(? {p) 
coo8(J5 + jA5)BinjA5-JcoB(a + jA(7)BinjA<7 (q) 

the quotient of these gives 

tan|AB tan (J + I ^S) ,ognx 

tanjA(7"tan((7+ JA(7) ^ ' 

By (224) we have 

a ■■ 6 COB (7 + c cos jB 
a + Aa — 6co8((7+A(7) + tf cob(B + aJJ) 

the sum and difference of which give 

a + }Aa -> 5co8((7+ }A(7)co8^A(7+ tf cob(B + 1 aH) eOB I AB 

-jAa- Jsin((7+jA(7)8injA(7+ <?Bin(jB + jAB>BinjAB 

These expressions are reduced by (p) and (q) to 

a + jAa— (?cos(jB + J aJ5)co8 jA^cot J A(7(tan JaB +tan Ja<7) (r) 
-}Aa>-csin(J3 + iA£)cos}AJB(tan|A8 + tan}A(7) («) 

and by division 

tan I A (7 cot (5 + J AS) ^ ^ 



DiitnnnM ot rum xbuholks. wh 

Id the mbm waj w« h»t9 

t^g _ _ a + i^a /095V 

tao|Ad cot ((7+ J AC) ^ ^ 

Binee the Mm of the three angles is constant, 

Ail + aJ + aO'-O 
J (Al? + A(7) - - J Ail 
therefore by (115) 



cos| A£eoe|A(7 



nbetitiiied in (•) gires 



ein I aJ. COS | A(? 



tad in tbe same manner 



|Aa ^ tBin((7-f|A(7) 



Snbetiiitting (t) in (r) we find 



rin|A(7 gcoe(jB + iAg) 

sin } ZlA a + } A a 



^ Atf fa sin (J. + I Aii) 

sin j^ Ail "" a + |Aa 



(0 



(892) 



(898) 



(894) 



whence also • i ^ a " \ , * — * (896) 

sinfAil a + }Aa ^ ' 

B7 differeneiBg the equation 

<^«(*4-e* — 2focosil 
we find iastead of (898) and (898) 



(896) 



200. Gasb IY. a and B constant. W#^luife\ 

ainvl ^ 

wnenoe Ao -« ^: — 7 Aa 

In this case t}i9^ tfedrd ai^le is also constant and there are bat 
three Yariables vekted bjf the eqaadon 



Aa A6 A(? 

smT ''WB " riS^ (^®^) 

This case is not strictly included in the gs&eraVpfoIikqillit'StMfeA^ 
in Art. 196, since the two triangles have not two parts in common. 

201. The second; memben of the equationi (880), (381), (382), 
{9SS), (884), (885), (886), (387), (388), (38^. (890), (391), (392), 
(398), (394), (895), (396), involve the increments themselves, which 
are the quantities sought. It is therefore neeessarji Ukjmmfc^H^f 
to solve these equations by %ucce%%ive approximations. 

V<at Sk first approximaHon we cfd^ider th^ morements in the second 
member to be ■> 0, eikiployiBg Btor B^-^ \^i &c., and taking 
cos \ aJB "> 1, &c. This will evidently produce but a slight error 
so long as the increments are small wt eecdpasid* trift thli SftriH 
parts of the triangle. We then obtain a second approximation^ By 
re<K>mputing the equatioti in its complete forin, employing in the 
second members the approximate valuesof^ tfa^ increments. With 
these second values we may, in the same way, obtain a third approxi* 
nmCion, &c. Th6m*etically, it requires an infinite number of tatM' 
approximations to arrive at a perfect resiiltf ;' but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation' is nec^sMnry. 

It is also to be observed that ip computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal ptaeefiMd^ti^t^^flA^jliV l^tfit^ 
nearest minute. This is in fact one of the chief advantages of com* 
poling by differential fbrihtiiafe, rftther thah bjr the direct formnbB 
applied to each of the two triangles successiv^fy. 
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Example. 

In a pUme triaagle whose parts ure 

a -6058 &-4082 <r -> 7068 

let J. and a be constant while b i& diminished hj 50-5; to find the 
change in the angle B. 
We have in this case a( -> — 50-5; and by (887) 

•^*^"6cos(B+jAfi) 





1st Approx. 


2d wiPPKOX. 


}A& 


-25-25 




6 


4082 


• 


5 


35° 11' 


86° 11' 


}/lS 





-16' 


^+ii^jS 


86° 11' 


84° 56' 


loglAi 


-1-4028 


) 


«r. CO. log. b 


6-3891 


V - 7-5620 


log rin £ 


9-T606 


i 


•r. oo.L oos(^ + 1 a£) 


0-0876 


0-0868 


log. Bin 1 aJS 


- 7-6896 


- 7-6888 


|a£ 


-16'0" 


- 14' 66''.8^^ 



It is erident that changing the angle B + ^ aB by only three seconds 
^onld not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally aJ5 = — 29'58"-6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art 115. 



Differential Yabiations of Plane Triangles. 

202. The equations (880), (381), (382), (383), (384), (385), (886), 
(887), (888), (889), (890), (391), (392), (393), (394), (395), (896) and 
(897) beoome differentidl by making the increments infinitely small, 
that ]0y liy omitting the increments when connected with finite quanti- 



in 



nua fmoaBOMOKr, 



t; • 



ties by the lignt + or — , and labetitatiDg the inerement itself for its 
sine or tangent, and nnity for its cosine, (Art 192.) The character 
(I moMt also be snbstitnted for A. These changes bebg made, we 
easily dednce the following differential relations. 

Casw I A mid c wn9tanu 





■ 


dBm, 


-dC 


^ 


da 


da 
'Id" 


aeot C 




db 


db 


m 




35-~ 


dC " 


sinO' 






da 
db" 

• 


cobC 


casb n. 


A and a eonttant. 








dB" 


-dO 




db 
dS" 


db 
'dO' 


bwAB 




de 
dC" 


de 
d^' 


ecot 






db 
de~ 


eosB 

eonO 


Casi IIL b and c ccMtant. 






dA + dB + dOm 


-0 




dB 


tamB 





dO tan (7 



da 
10 



™ — a tan B, 



da 

Jb 



■■ — atan C 



da 
dA 



« e sin £ ■■ ( sin (7 



dO 
dA' 



a ' 



dB 
dA 



— — cos (7 

a 



(S98) 



' (899) 



> (400) 



pnnEnnAL Tiiunom w flami trianglbs. Hi 

Casm TV. Tk$ angl$if Af B^ O^ etmdant. 

da ^ db ^ de .^yy 

mA wTB sin (7 ^ ' 

208. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successiye approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is suflbientiy aeenrate* 

The increments of the angles must generally be expressed in arc. 
Thus if djB is giren in seconds we must divide it by B" -> 206264''-8, 
or substitute dB sin 1" for dB. 

But in such fractions as -^-^ this substitution is evidentiy unne- 
cessary provided the two increments are always expressed in the 
$afne unitf as minutes, seconds, &c. 

EXAMPLS. 

In a plane triangle whose parts are 

^-68^41'48'^9 £-85°ir8M (7-86^ V 7".7 
a-6058 ii-4082 <t-7068 

suppose b and « to be constant and the angle A to receive the incre* 
ment dA -> 2(K'-6 ; find da and dO. 
From (400) we have 

da^dA sin V esinB 
,^ — dA ecosB 



log dA 
log sin 1^ 


1-8189 
4-6856 


logo 


- 1-8189 
8-8498 


log(? 


8-8498 


log COS ^ 


9-9124 


log sinJ3 


9-7606 


ar. eo. log a 


6-2180 


logcb 
da 

15 


9-6094 
0407 


logdO - 
dC- 

k2 


- 1-2986 

- 19".7 



IM VUXB TRIQOHOlfKntT. 

m Hm tmr of «mplo7iiig tht diffor«ntlalt in uij mm maj 1m detarained sp- 
pf»ili>ttjj bj d«Tdopiiig the equation of finite differeneet and eomp«ring it with 
Ikt Mfne|»Miilliig differential eqnation. We shall leleet a limple example. 

W« hM!9% tnm (887) and its eorreeponding diffveatial eqnation in (899) 

Aft M ftoot J?ABrinl'' 
lit tnt of which when dereloped giret 

tAft»ftcotJgrin>AB — ^^*^^^^^ dntABrin^AJg 

«r Nbetitnting tUn i aB mt i aB ^ 1", t&a ^ aB mm { aB tin 1", and also i? for 
B 4* } A^ in the seeond tens, wldeh will affiect ao amall a tenii bnt aUght]/, 

Coaparing this with the differential eqnation aboTO, the error of empl<^7ing the 
latter le i^qpfoiimatelj 

-i.(A2?rinr)- 

which for aB >. !<> ii — -000015 ft. 

It appears from this example that the error is expressed bj a term invdlTing the 
igwure of the increment ; and if we dcTdlop all the equations of finite differenoea we 
shall find that thej differ from the corresponding differential equations bj terms in- 
TolTing the squaree and higher powers of the increment Henoe» •mpk^img Ifts lii^- 
ftrtnUdU uutead of ihs finiU differeneet emo%inU to negUetmg the terme imoMtg tk$ sfVorM 
tmd kifher pataere qftke meremeiUt. 

205. The differential relations abore obtained could hare been deduced more di- 
recUj from the fbrmula of plane triangles l^ differentiation, employing th« Tslnes 
of the differentials giren in Art 192. Thus in Cass I, A and e being constant^ if 
we differentiate the eqnation 

a MB e sin .^ eoeee C 

we haTe da mt etiaA d cosec C 

^ — e sin ^ cot (7 cosec C dfy 
a. — a cot CdC 

as in (898) 
The stud«it maj exercise himself hj deducing the other relations of (898), (899^ 

and (400) in a rimilar manner. 
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CHAFTEB Xm. 

TBIGOHOMETBIC 8EBIES. DEVELOPMENTS OF THE FUHCnOKS Of AH 
ABC IN TEEMS OF THE ABO, AND BEGIPBOCALLT.* 

806. Ttta investigtttioii of trigonometrie series is most readilj 
carried on with the aid of a few elementary principles of ifie Differ- 
ential Calculis. All that will be required here will be no more than 
is genlttndDy giyen in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
XheoreHU We shall employ the following expression of this theorem : 

in which fy denotes what / (y + A) becomes when A «■ and 

d Ai tP fv 

—^^ —r-^ ft<^9 lure the soocessire differential coefficients, or de- 

rifativescf ^* 

207. To develop sinrr and cosrr in terms of x. 

We shall first derelop sin (y + a;) and cos (y + a;) by (402). By 
(861) and (862), if 

- fy^fsoLy 
€P.fy dewy 

<l«/jf dewy 

* Tlie toadiiif reniltf of this Ghftpter b^ng of rwj gpiuanl utilily and eoMi 
•ppB«fttioa ai« printed in thtlai|^^jpe,lraiMilMjimiioi-s^ •^■ths 

ftqoiat laiye print of tliif wturk, and morearw raqnir* a Uaift 
Hm P Mtofwitfsi CUsshii, <ht ftcdfit oaa smift th«m tl the 
dbeotitj to Fid IL , 



80 that the Yalnefl of the eoefficients of the series (402) reeiir in the 
order + einy, + ooey, — mny, — eoey, and therefore/(y + «) — 

sin(y + a;)««siliy + coBy-j- — 8iny-|-|p— ooeyj^ + fce. (408) 

If we oommenoe with 

/y-oeey 

ike coeffieients will recur in the order +eeefi — «ny^ — «oey, 
+ iinyi and (402) wittgiTe 

008 (jf + «) ■• ootjf — giny -J- — coey ^py- + sin y Y^ +*€. (404) 

. If BOtriro{»t^*-0iB(408)uid(404XHay^0, «My«il»«lM 
alternate term* of the series vanish, and we hare 

"" * ■ T "* rSFS + T2¥f5 ~ rf^TBrS^ + *«• (*^5) 

«o«*-l-"iT + r5^""l-2-8-4-5-6 + *^ (408) 

It may be observed that (406) can be deduced from (406) by dif* 
ferenttation. 

208. Hie series (405) and (406) are directly available ht Ae con- 
struction of the trigonometric table. For this purpose « in the series 
must be expressed in arc, since (861) and (862), upon which the pre 
ceding demonstration rests, require rr to be in arc, Art. 9. 

BXAHPLB. 

Find COS. 10^. Beducing 10^ to arc, by Art. 9, we have 

« - 10 X .01T4S829 - -1745829 
and computing separately the positive and negative terms of (406), 

1-1. - -^ - - .01628086 



i^ - -oooossae 


~ j^ -- -00000004 


1.00008866 
- .01528090 


- -01528090 



tltte^g intli the tables, vUolk ^ve 4)848078. Sb* atucUBt mi^ 
for practice, Terify any other sine or cosine of his taMei • 



m 



If^ it9d^ tea 9 li fmnf ^s. 
EinniwiimHi>i mOdiirtilfttlM mM (106) adl (40^ %gr MliN» irt kiiv* 



t * 



^ _ f — 4i,«f + •,«• — •» g* + lte. 



(107) 



Saidiidi 



If we ptrfimB tiM ditiiloii of tht uamerator bgr the deaoMfawlav, ira pm iift *■• 
till jrwnlt villbe 4 t < t Ui oontoin!^ •nlj^cicf loiters of s, wi4 oitfiondrfi wit^ tht 
Im's. Bvt M IN iMT to tho t u iaoti i Tt fofiMlioii of ^ eocgdlMiti li iwl CMilijr 
ihownintliltwajyirt shallreiorttothefollowiBg^roeoM. ^UfUMt^^jOiiiil^tif 



ttdcBirartiitiAteit; wtftad, Igr (86a)| ftft«r4iTidiiig bj d^, 
or, lineo front tht diTision of (407) wt ^ow th»t e, as 1» 
Hm iqwrn if («i) ii 



(«) 



W 



tan* « ■■ c, Ct a^ -f" ^ ^ 



«•+«»«. 



+ i»^ 



x» + e.e, 



+ «b«i +^«. 



which eompared with («) flwMi 






«* + &«. 



} 



e, ■■ y (e« 0b + ^ ««) 

ft «pi Y (iH fli -h «« ^. + ^ fli + <f «•) 

v)|«rt tlM Uw of dfiviTfttton !• 4iM0iit. W« hwv* pMMrvti tte tolir «b ^Mniifk 
U 11 equal to unity, in •»!» to rendtr thia Urn more apparent. 

Biaea tha firat and Uat tennt td ikaae txiireaaiana are equal* aa alao the termi 
^oaOj diatant from them, we maj write them aa foUowa : 

ft — J («i ft) 

* 

^^• — x (2ft ft) 



I(i^y(2«fft4-<ftft) 

«a -■ jj (2ft ft + 2c, Cb + ft «*) 

■ 

Ite. *•• 



Jtt 

in iddrii lifm miff piilidwt v»4>t •Jbi mk mm, U wprttitdly y taav au of 

^<M^oo«ad«iittM#M2;vMi4titofi^|i4idUl1^ allof i^om MtA- 

eitBtt ar« 2 tzMpt ill* Uft, wldeli is 1.* 
If m now fobtlitQle tlM mlM of 0^ ■■ 1, and di^tM i^ nannrignl tnfaMt of Uit 

210. 9b iIimIcji eot s <» fmnf ^ ««. 
H w« inTtrt (407) wt liftTo 

ladllMtartteniflf llMactaaldhiaicinii— , tiit MMid i«n «— (o^ — 4%) s^ and 
the foooMding termi eridoitly inTolre only tht odd poir«ni of s. llMMm Ult 

i 

wtx wm — ^'diX — d^x* — rf,«» — Ite. (•) 

Tho ooeAoiMlf eannoi be determined hj the method of the preee^Bng nrtiele in 
ooneeqnenoe of the negatiTO exponent in the llret. term ; bnt thej are direetij de- 
dneible from thoee of the leriee for tan x. We haTo bj (li2) 

tansHBOOtx — 2eot2s Qi) 

Now the eeriee (0) being true for anj Talne of x wUl giTO oot 2s bj enbatitatiag 2s 
fors,ir]i«Boe 

2oot2d — 2«<f.« — 2«d;s' — 2'<f.s* — fto. 

X 

Bnbtraoting thia from (0) we haTe hj (p) 

tana -. (2» — 1) rf,« + (2* — 1) *«• + (2» ~ 1) d;«« + Ac 
Deaignating the eoeflleienti of (40B).by e^ «b» '» Ae.-we^haTe also 
tanaaa e, s ^ i^ps* ^ e^x^ + ke, 

Hii tiWieoppatiaJn of thoee two Talaia of tan « gitea 



* ; 



^' ¥^^ (2 — 1) (2+1) "^ T» 

6 

• srzrr (2«— i)(2»+i) 7-9 

fto. fto. 



* Eulor, and after him Cagnoli and others, meka these ooeAeiaitB depend i^on 
those of the aeriea sin x and 00s «i bail ike 'nimber of'glren qnantitiea bj wMoh 
each ooeffident is expressed is double the number required in the method of the test 



,'jjr. ,(fji 
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SubstiUtiBf tlM T^Mt frOM (406) 
nd MdMiag tib« McfliilAili to thdr steplest formi, ir^ And tht Mrits (o) to bo 

Sll. Bj A prooiit timilAr to tlutt of AH. 209, but whioh wo loftTO to tlio itadoat. 
wo find 

x* 6«* 61a* 277 «• 

And front (406) tad (410) bj moanB of tho formola 

eofoe s ■« } (oot } s 4- ^^^ i ') 
IN find 

1 , X , 7x» , 81x» , 127 X* , . ,.,_^ 

^^'*^*— r + T8" + ypT+ S^'g'&.V + y>i|*^;t.y + *•- («ia. 

212. 7a deveb}^ un*-^ jf tn Urm$ ofy. (See Art. 87). 
Let X •■ em"*y (or sin a; ">y) ; then by (878) 

Developing the second member by the Binomial Theorem, 
d» 1*8 1*8'6 

As this contains only even powers of y, the series from which it 
irovld be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

a: •— a,y + ^ay* + ajf' + a,y^ + ke. (n) 

ISiere wiU be no term independent of y if we limit x to Talnes be- 
tw e tii and db 90^, for then when y ^ we must also have x ^ 0/ 
IMTeretttiaiiiigy ire bate 

jL. ■■ <h +8 ^ly* + 6 «fty^ + 7 o^ + &«• 
which compared with (m) gives 



^ ^EhMpnioi, fflB) obiln2ao4, aador thU Umitotion ozproMos bnt ono of tbo Taloos 
of rin~^|f, but if wo doaoto tho aorioo bj «, wo ohan hATO bj (95) tho following oz- 
gn iiw i i j i fc i ao ladfaig rt tho Tnlnoo, 

•in'^jf aBnfr4-( — 1)"* 
t boiac na iatoftr, poiitiTf or aogntiTO, or stro. 



lao 

thertfore (n) beoomas 

It/* 1*8 «* 1«S-S ^ 

It is mm ee e wM j to devdop cos"^ anoe tre here 

«o»-'jr - -2" - """'y 

218. To devdop tui~*y. Let 2 — taQ-*y, tboi by (875) 

flrom which we iniw, as in tiie preoediag problem, that the required 
series contains onlj odd powers of y ; therefore lel 

a; — a jf + ojf* + Ob^* + o^^ + kc (n) 

then ^ — ^i + Sn^+Sd^+To^+ic. 

which, compared witii (m), gives 

flj-1 8a,--l 60.-1 7ar--14c. 
so that the series is 

»-itan-^y-iy-iy» + ijf'-*y^ + *c (4U) 

214. To tfofnptite the rcftio (■> t) <>f the drewfi^erenee of a eireU 
to it$ diameter. 

We have heretofore assumed this ratio to be known from geoosetiTt 
where it is foond bj means of circumscribed and ansoribed polygOM 
which are made to differ from the circle by as small a quantity as m 
please ; but (414) enables us to express its value in a series. We 

have tan-^ —1, therefore if we make jf «« 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series y must be a small fraetSon. We ndglit em- 
ploy tan ^ -> — -^ (Art. 2d\ but in consequence of the ndieal, H k 

O \r O 



simpler to resolve -j- into two or more arcs whose tangents are known, 

and to oompate tlie valne of eaefa of these arcs by the series. To 
eftefc tUs let 

then bj (128) 

whence ''"fTi ^*"^ 

from which, usnming any value of t at pleastire, the oorreeponding 
vaKie of f is foond. 

If we take ( — |, we find f — ^; thwefore by (416) and (414) 

^-t8n~»J + tan-»J 
4 

11 i/iv^i/i\' I, 
7-i(4)*+T(T)'-**} («*) 

A few terms of these series give 

1. - -4686476 + -8217606 - .7868983 
4 

^-8-14159 
more accurately tt -> 8-14159 26686 89798 

1 8 

If we take ^ «■ -nr^ we find ^ ■> -7-, but llie above supposition is 

evidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. T9 re9ohe dn x tmd oos x mto/aeton. 

The Mffitt (406) iIiowb that « ii a faotor of dn x, and glTts 



* Set Non at tlM end of tldi ehaptor, p. 124. 
IS L 



•ad Um h/fHan of tht Mritt witUa tht pMrwtheiit wui tfy«aUj b« of thtfom 

il btlag a ooMtfl, Vtrt h^TJng a diifarmt Talne in —eh factor. ThtrtqviMdflMlin 
«raft bo fodi M to r«diiet tbt Moond member of (p) to i«ro wbtneTer tht lint 
■MBbtr is Mro. Now lin s is lero for the raliie « ■■ 0, whence x is a feotor m al- 
fMid^ Men, tad aleo for s «■ db mw, n b«af aaj integer; therefore the feneral 
?afaM ef (f ) it 

11* «v* 

whtBot A ■■ fi^«* 

which, tabttitnttd ia (q)^ giTtt m tht general faotor 

1 1__ 

Makiaf a iocoetttTtly ■■ 1, 2, 8, &c., the equation (p) beooaiet therefore 

'^• — (l-i^)0-F?r)(l-i^)- (*1») 

The fhctcrt of coc s ia (408) most also he of the form (q) ; bat cot s is tero for 

X ■■ itr (2 «-{• 1) -^, a bdng aaj integer or lero, and tht gtaeral TahM of (g) is 

Jl.2* 

which, tabstitattd ia (;), gjlTtt the geaeral factor 

* (2ii+l)«ir» 
Hakiag a saccetdTelj ■■ 0, 1, 2, 8, &o., we hare 

-- ('-?5)('-K)(-l$)- <"" 

216. LoffarUkmk iimet tmd eotinet. Bj meaas of (419) aad (420) the logarithmic 
riaes and eotinet of tht tobies are readily computed. 

Put « ■■ « Y» ^^^^^"^ 

— ?-t('-f)('-?)(-?)-- 

aad taUag the logarithait 

i<>gita^-i«f|.+iog»+>g(i-5)+i<«(i-5)+ •• 



u» 



i^tvtlofiif Umm kfk hj tiM known formiila 

kf(l~ii)--irCii+}««+Jn« + A€.) 
I ModafaM of ooBBOB logo.) and omiginf «ooofd&if to tli^pinrimrof 



% W«bftTO 



-•••T{? + i + T- + *^) 






fur 

log OOi-x- ■■ — 



f(T« + ■? + •?+**) 
|(T. + -i + P + **) 



•—Ite. 



Bjr nuaadag tlia ooostant nnmerioal lorieo, and subotiiating the Talno of the mo- 
^CMtti if ai -4842944819 nnd nlM of ^» thoM fonnnbi bMom 



log iin -1-- i» 10-19611 98770 + log « 



«-* «^ X 0*17869 64471 
«»M* X 94X146689690 

— «^ X 0*00280 11796 

— «• X 0-0004258460 
-^ »'• X 0-00008 49076 



— »» X 9HMXN>1 76768 
^m'«x 0-0000087870 

— »•• X 0-0000008284 

— m" X 0-0000001841 

— &o. 



(421) 



log 000 



2 



10 



— HI* ^0*6867898412 

— fli* X<HSa08846^ 
^flri" X 014497 48181 

— HI* X <>'10859 04688 

— in'* X 0*0868608766 



— iii**X 0-0728826602 

— HI** X 0-06204 2081§ 

— m"* X t^-05428 68115 

— m» X 0-04825 49426 

— &0. 



(422) 



In thoM iKpree ii o nB 10 is added to render the logarithms positiTe, as ts tUMal in 
the tables.* 



* See the prefiMe to Callet's Tables, for the ooefficients of these series oarried to 
|0 deeimsl plaees, and for other iianw giT«n them bj whloh thegr are rendered still 
mere 



Cofffvte )0f lift 9*« ¥• ham 



«iXM^««^ *'**?7^ logmaB — 1 



aad ik«rdbrt bj (4S1) 

log da 1^ «i 10-19611 98770 — 1* 

^O-mrS 60846 
— 0-00000 14689 
^O-OOOOO 40988 

wm 1019611 98770 — 1-0017874867 
logdn9<>«i 91948814418 

217. If is (419) wt pat « . y, wt ]iAT« 

».i-.-f(.-i)(>-i)(i-^)- 

^ r (2^1)(2 + 1)(4--1)(4 + 1)(6--1)(6 + 1)... 
T 2 . 2 ; J . 4 . C . 6 . . . . 

v'224466 ,^„ 

whioh is FoOii't txprttrioii of sr. 



^»M^»«.W^—>— »^— ■»« I I II t^**— — >— ^W^— »|H»^i^Wpy 



Non to psge 121. dmputathn of ir, Manj other aeriei betidM thott of Art 
214, maj b« ghrta lor •oMpuMng «r. One aitllioA of obUlttiilf llMm is to resoWt 
un"^! ftnd tfta'^f Sato two ot^srt, «Bd thus BMlei («'io4<fSAi«fMi throe or more 
ai 08. From (194) we eaiOy 4id«oe 



tan 



11 » 

tan-* — MB tan-* tan-* -3; — ^, , ^ (6) 

in whioh m beiag fdim • migr ke assumed at |iU>sars» Th# numerators of the 
fraotions in the bit terns vill vediiee to nni^ when si*+ 1 is ^visible bj »; if 
therefore we asnine n aadp so s« to satisfy the QondUi«n 

•/i-m^+l (c) 

woahi^haYO 

tan-' — — tan-* — J 1- tan-* — i— (<l) 

i — twr^-i— — tMr-~i_ ^4 

m m^-n p — si ^ ' 



TtlQOMOMiniO SBRUBS. ItS 

Vor mmfiibf Itl « ■■ 8; tiMii fi^+laBlOaBlxlOaB8xSf«o thftt wt may 
ta2ki# ft Mi 1,^ iik M; MTU Ml 2,/ Ml 8» wImbm ^ (i) aad («) 

Sabstitntixig li (118) 

i.Un-i + Un-4 + Un-i 

— 2Un-l— Un-y 

-2Un-i+ t«|-'i (/? 

— Un-l+twi-'i + twi-^j O) 

Tlie equation (/) iTtt employed bj ClauibiT of Germany, !n eompnting fr to 200 

^eeiaud plaees, and (y) was employed by Dais, alto pi Qmmnajf in Bi iniriii< w U 

%lie same number of flgores. Thete oompntaUoM wera eairiad on ki d e p > w ! | a ft1y of 

^aeh other, and the results when communicated to SoniTMAOHiBy (who gires them in 

the Astronomisoht Naehrichten, Ho. 689), were l»und to agree to the last figure. 

Thtj proTO the tilna proTiously found by Mr. Rutherford to be erroneous beyond 

the 150th figure. 

By means of the formulae (a), (6), (c), (d) and (e) we may again subdiyide the 
ares as often as we please. Thus, it is easy to deduce 

^-2tan-4 + tan-^ + 2tan-.J 

-2tan-l + tan-i + tan-i + ^-'2i^ 
«4Un-l-tan-i + tan-i+tan-^ 

« 4 tan-' — — tan-* -? U tan-* -— 

6 879 ^ 268 

«■ 4 tan—' -7 — tan— ' — — 
T 289 



wUeh last is known as Maehm*t formula. In deducing it we haTe redueed the iff' 

/ermee of two ares to a sinj^e are by means of formula (a). 

Another method is, to find by trial, or otherwise, an are a multiple of which is 

If 
atailj tqual to -j-, and whose cotangent is a whole number; tad then deduce the 

&2 



SUkmgim b et w t a HUm — ll^ and -y Tkm h i« ^amoi (ttmrn thti trigoamngtei^ 

taUM) thai Ml IP 1^ ■■ SiMarly; therefort Iqt tka laai fofmula of Art. 79, pnttiag 
1 



1 IW 

5 '^ 119 



and by (194) 



thfrvfoft 



ta& —-— .. _ SB taa — — ~- tair^ 1 ■■ taiK^ 
119 4 119 



— ■■ 4 tan"' ^- — lai&~^ — — > 
4 •*" T 2«9 



at waf fbimd abore. 
If wa raaolTa tan"' ^»> by meana of (e), (<Q and (e)» wa bava m ■■ 289, 

m* 4* 1 ■■ 67122 mm 2*18* ■■ np, which offeri aoTeral tappoaitiona for n and/; if 
wa taka » ■■ 18* — 169 uidp — 218* — 888^ wa find by (e) 

•7- ■■ 4 tan^ -9- — tan*"* — -4- tan — 
4 '*~*T70^99 

widdilpaaa Mplay adbyBntharibtd. 
If wa taka ««■ 1, i^ w 67128, wa find by (il) 

4 •»■— ^ war' ^^ tan 
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CHAPTER XIV. 

EXPOSSSTIAL FOBMTOJB. TBINOUUL OB QUADKAIIO lAOXOM. 

218. To demomtraU SuUr'$ formula 

ooe » - J (« -f-' + « --f ->) (424) 



Bin X 



1 



2^^ («•"--«—'-') (426) 

m f^AicA « tf ^Ae Naperian ba$e of hgarithmij or. 

It 18 shown in the theory of logarithnm that 

*"-l + (l) + |)+(^+(^+*«- (*2«) 

wbere for brevity we write 

(1) .1 (2) - 1.2 (8) - 1.2.8, kc 

We have by (405) and (406), employing the above notation, 

«>««-l-(2) + (^""(^ + *''- 

^Mi ^m9 ^^Jm iftbV 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
As two would be equal to (426) ; and it is evident that we shall mabi 
^m positive by substituting 

a;*"" — «* or »■■«• — 1 
^kich gives 



««*-i + ^+^+(i)+** 



19ft FLAKB TRIOaMOMKTRr. 



whence 



Bnt 
1 -1 



— -• — 1, «—-7 — r- — — a?%/— 1 



therefore 

cos a? — \/— 1 sin ar — «-•»'-* (^^7; 

If in this equation we substitute — x for Xj we have, by (56), 

C08a: + %/ — l sin a? — «•»'-» (428; 
The sum and difference of these equations are 

2 COS* -«•*'-» + «-»»'-i (429) 

2^/ — l sin a: — «•»'--* — «-•*'-» (480) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

^-Itanrr^ ^,,^,^^,,^^, - ^,^,,^j^ (481) 

220. If we put 

y ^ e*^-» — C08a?+%/ — Isina: (482) 

we have y"^ = «~* »" "^ ■■ cos a: — \/ — 1 sin a? (488) 

and (439) and (430) become 

2cosa: — y + y-' (484) 

2 v/ - 1 sin a? -y — y-i (485) 

If mx be substituted for x in these formulse, we have 

yma.^m«|/--i « COS fiM? + \/ — 1 siu wa: (486) 

y-«* B. ^_.n«y-i a« COS ma: — \/ — 1 sin fwa; (487) 

2 cos mx^y^ + y~** (438) 

2 v/ — 1 sm mx — y~ — y* (489) 



fOBMouL m 

221. Mai9M*$ rammh. The ralae of y* from (4t^ oompur^ 
with (486) giTM 

(coi* + %/ — 1 aim;)" «* COS m* + • — 1 jm mot ^4^0) 

which if Moifre*a FonDiil*. It shows that the ioYolutioii of the ex- 
ptapsiea eot# + \^^lsia9is effected by tbc roltipycitipii of 
the angle. 
Ag|[fa^ if we mnUiplj (4S2) bj 

cosy + %/ - lein«'«^'»'-» 
wehaTe 

(coea? + ^-lsin«)(oo8«' + ^-liiii»0-«^**-^*'-' 

vUch shows that factors of this form are miiltf pliei by the addition 
of the angles. 
We have also 

(coex+ %/— 1 sinaj) (coea?— •— 1 sin a?)»«cos*a?+sin^«"M^— 1 (441) 

ftt. Omer^J^tm qf Moimr^i j fbrmuh , AskmMaissaMWfhsth 
of (MD) esa hKn but oM-nbrnt tat if «• *■ -^ tke flvit mefl|(b« beeoiMt 



wUflk hM 9 diflinriBt irehns* ia siM^nMefe «f tta radlMl of 4ta iegrM f, wUlt 

oos-^s + v^ — Itln^x (i) 

f ^ f ^ 

hfti tat one Ttliw. 

In order ttat both memben may taTe the samt giMnilHtfy m fh<ml4 be thaeast 
wi& everj analytical « qpf eiri <m, it it naeaesary to lappoie that we take for the aro 
enat aareiyllie aie last fliaii the dieniaCerenee whi A haa the ^ce ainaendeocine, 
b«t alao all the ares which have the same sine and cosine ; that is, e denoting the 
ihislMfciMiiii, sn ibiiiM . 

How there is an ininite nuiber oi theee arcs, bat only q cf tfiesi can glre different 
fiaaasto(a>; te «a «hs «slaea of tha are in («) win ta 

f ff ff ff 

JL. + 2£i, i.+ ii+ile. to. Ac. 

f f^ f f 

* Ttat is gTslnee fiilaed IsnyJMrjf; ttaa itia Aowainalgilbfathat^i* » + • 
Md-a; ;/«•« + «, a (=ll+^^^) and a(~i-"-v^r:J), 
^••-i + «,-a, + ai/-^l,^«V^«.l5 40. 



9 9 9 f ' . . ,- 

■0 liiftt •ftar |li9 int jr t«rmt of .the abore tertes, th< ttttii Vdm'd^ th« ilM imi 

tlM •qnftlion it entirely general under the form 

(0MX + ^^lrinx)^,^eM^{2nit+t)+\/*^tlkJ^\l2%it'i^ (142) 

in which n it anj nnmber of flie serlee 0, 1, 1, 9 ..... f -^ I* 
228« Trigwumttrie expnmiont of the rwl and JmajfiMrjf rooti ^ i i w rf ^ y . '..r ^ 
If s — in (442) it i^ves . 

(1)« •.eofZ2iir+^--lsiBii2iir (443) 

or (l)««»oot2Mr+v/— leln2«fir . >C^ 

» being firnetioiial or integraL If j^ ■■ 1, (448) giToe 



f '' • 



whieh expreeeee the q roote of nnitj bj making n ■nooessiTelx 0, 1, 2, 8 . . . ^ — 1. 
Vbt «i«iyte^ kt fr M 4, (445) gH«B ^ 

«-l, C/l-ooe^+^-lilnj-^-1 

ii»8, v^laBeoe-j- + \/ — l>^-j^ ■■— y^— 1 
ai fonnd in algebra. 
If«»-|-ia(442),l«g|m 

(•-!)- -eoel^il^Jil)^^ (ii6) 

which ihowi that an imaginary term of any degree can bt Mdooedto • MmhW «f 
the form ^ + -^ \/ — 1* 
If • win (442) we find 

(— 1)* — 008 » (fi« + 1) ' + \/ — 1 eiwv^^SM^h 1) » (^Mr> 

224 2b Ttduu an magmofry fumUUjf of the form (« -f. & ^ — 1)* lo tka furm 
A + By^^l. 
Let k and x be determined from the equations 

kwMxmKO, ktkixmmh 

oy Art 174 ; then, by MoiTre's Formula, 

(• + *%/r- !)•-■*• (««i*+v — i*»«r 

■B IP (eoe fax 4- %/ -— 1 i^ mc) 
and putting A^k^ooamx, Bmah^t^mx, 



. . . . ■ T 



TRmoMttii m imMJUve f ACTOM. m 



TbOQMUL OB QVADEAflO FaOTOBS. 



'• •• .. . .. -1 



Bj (4S8) Mia (4N)^MMt 

9 

Thtttfor* If im p«i |raB^iinMi8iir4*^or*«" — ■ ^^ , wt kftf* 

<» — 2««Mi#4.1»0 (448) 

iP —2s eog ^^*"*'^ +l»0 (449) 



iiiihm9U»^(ffuMMB Mdtt *»«li« iHM ti»«, tli^ 1»T« waimm jmiti, %id ik% 
•Moad ii therefore a diTisor or fSMtor of the ftnt f bo* thk HntM h»M m Telnee Im 

coBeeiilMi^ ^ llM « xehMe of eee ^'**"*"^ (Art 222), fonad by mekSag 

» ^ 0, 1, 2, 8 . . . m — 1. Therefore the m qvadralie ftieloiv of (448) are tfl 4z* 
JXTMaed 1^ (449), ttMl «• h«pe 



— 2|"«M#4-1 — (i^ — 2f eoi^ + l) 



X 






• • • 



x(«'-2»«o. M"'-^)«-+V l) (460) 

^26. To obtain the simple factors of (448), we haTe onlj to find the two simple 
^^tors of eaeh of the qnadratie fsetors In (460), or to find the two factors of the 
^*^^*Ursl qaadratio (449). Kmt, 1^ the theory of ecjnations, if Sg and i^ are the twe 
s of (449), the first member is equal to 

ire haTe by (482) 
s — f #»ecii» + v^-*^labigiieea ; ■ ^ ■ T -fy^^liiii T^ 

SI M 

^liieh glres the two Tshies of i Igr the donb)e sign belonflng to v^ — 1. Therefore 
^ rimple fiMlors ef (4i2) are aQ indnded la the Ibrm 



. i. ' . . 



ttt 



1. llad tiM q;«ftdnktl0 and dmple fiMton of 

••—2^+1 

f« — 2^+1 — (#^2fm« + l)<^ — 2feosr+l) 
-(J^-.2#+l)frf»+2*+l) 

X [f — (ooiO — v^ — liinO)] 
X [« — («>•» + v/ — 1 ifan-)] 

••+2di + 1-i(^+l)(^ + l) 

f* ^ ^+ 1 9 (i* — 2f 008 80» + 1) (i* + 2f •«i«0^+ I) 

X.(f+ J%/8 + J v/-l)(«+J%/8 -»•-!) 
4. Find «h« ft^tocf of if — ^s* + 1- 

If — 2«»+l -■(^— 2f+l)(i* + f+l)(i« + f4.1) 

-(*-.!)• (f +} + »•- 8)* (f+ J- J%/-3)* 
227. 3hJM ik€ quadraHefaetart o/ f" — 1 wkm m it odd. 
In (450) lot ^ » 0, it booomeo 

(f--l)«-(f-l)«X (^-2fcoa Ap+l) 

x(if-2ffl0f-ip + l) 

X • • • 

x(^-2.cos^i=^llr+l) (4K) 

Kow f» Mag adfl, oi *^ t to ovM, Mid tbofHwlnr of liiaoBdal iMioii te (i62)» 
ozelnsiTO of (s — 1)*, is OTon ; but 



fOlMiat iho lint and lift of thoto ISmIom uroJiqvoL 1m tkoMiaoBaiinor it if shown 
that any two of tilioso fuiton oqnallj distant froas tiM first and last aro oqual ; 



TBINOiaAL m VBTAMAflO riCTOBS. l|t 



thereftnre, vnitliig ihm9 •qiul fiMton and eztraotiiig tfM wfmK% ftol ff botb 
berty we 1iat% wkm m h mU^ 

f 

X • • • • 



228. Jb>Mra«9iMMirai<0yMM#qfc»<-^l9ii>AMfliii< 

WliMi » if tfen, m — 1 is odd, the nnmber of feoton in (452), ozelmtiTe of (i •— 1)*, 

is odd, tad tho adddlt factor irill aot oombino with anj othor. This fieotor it the 

(Hi.) Mdeontdnt 



I oofa- ^ — 1 

m 

ttftd li tfNfftflMr HiHdlo 

^ + 21+1- (!+!)• 



•• IM^ «iMif fh» rmyriiij ft^ton, nd tzinMllnff <bo Mqmn fool» wo bate, 



X (^-2,00. if + 1) 



(^-.2foo.{5:^+l) (160 



220. n^MllieySMftfrti^^+lyiiAMMliMUL 



x(^-2,oo.ii + l) 



• • • 



x(*-..-e==2i+,) 






}S4 mam meovonKM. 

*-H.i-{f+i)x(*'-a»«o.^ + i) 



X • • • . 



Th« MM proMM i^na 

X • • • • 

x(^-2fO(wte=ii5+l) (4M) 

281. Tha dmpU AMton <tf (468) and (464) nrt olytainad firoa (461) by pvttiiic 
< ■• 0, nd thoM <tf (466) an<» (466) by pnitiiig ^ — «. Umm will b* taai fiOft 
of •qval fiMton m in the pi^oeding Mrdoles, bat all tb« difirmU ilmpto fJMtan wfll 
b« fiNind by taking only th« poaitire aign of the radical ^ — 1, 

$9$. iU^ flifiol(att of tho fom 1^ — 2ii a" + f miy ilea be l aaa lfi IbIo qrn^ 
ratio tn/okfn. It ia only naoaasary to radnea it to ona of tha praoa^Bng iMM» Wf 
vaaolfing tha aqnatioB 

i^^2pif» + qm^ (467) 

w% ahall ind froai ita two Talnaa of i^ 

and if wa pat tha abaolata tarm in ona of thaaa fitetora ■■ =b i^ (aaoovding to ita 
llgn) it baeoMoa 

a-»=b4r — tf«^^=bl) ■■ir(j^=bl) 

in whiah #■■«/, and tha fiietora of thia laat axpraadon may be foond %f (MM of 
tha praoading artidaa. 

U, howarar, tha ralaea of (^ in (467) ara iaagfaaiy, L a. if ji^ < g, thia aMthod 
faila to diaeorar tha raal quadratic factors, and wa moat prooaad aa fbUowa. Fat 
9 ■■ 4^, than tha propoaad fiination baoomaa 

Inwhleha ■■ 41*; and afaiea In tha faaaant aaaa#< <r» 4| ia a proper frnation. 



9i>d wi Mf f«t ^ «■ «w ^ vhiah fadaoaa tl» glmiiymotiofi ta tl»llNn»(46Q> 



♦ • • • 



limmMM. 



• t 



IM 



CHAPTER XV. 



TBIGONOMETBIC 8R!BS CONHNUSH MULTIPLE ANGLES. 

288. Thi, tff«i dftmiUff m n kU iii rfn mx and emmt la Miieo. wken m it not 
•tiietod to iatcgral tsImi, ti«r« first obtalndd bj .Miim»I, and fbrm th« fal({oet oi a 
ntaoir read by him before the French ^Mdemj of Scienees, in 1828.* The fol- 
lowing problem la the basis of these inyestigations. 

284. To ditvtSep (k -f- y^Af— 15*» ^ o^ ^^'^ ^f (uceiMiff p&»er$ of i. 



tad 



dk 



f-i(*+V^A^.*-ir 
I>iffer«ntiatbif (a) and putthMt 

^e square of whieh giTos 

^^'tttfinfiAtiiur JHly and puMng 

s^ 






w 



di' 



^ find, after ^Tiding bj s', 

m*f — */ — (A* — l)i" ■■ 
-^l^gain, diffSnrcBtiating {b) twio«^.ift ftMt; 

< «« 4t-f* 94,ik+ 8-d,A* • . . . + *^**^* r ♦ f :• 

s* — 1.2^ + 2.8J,* + 8.4-^4 A*. . . + («T-l)ii-d**»-« 

^abstitafingin (d) the Tallies of s, s', s^, giyen by (5) and («), He haVi 



<* 



} w 

. . . / 



m*^ 






*• . 



•> • 



» • . 



-4. 1 J A +r^«A I +>* A 1 . ^ -k /• + n (IT -h2) 4*^^ i 

which each of the coefficients of the powers of k must be sero. To diseoreslhi 
"'^^^^ whi^ SQTfi** jMmsc eoeffiol^ts, U will f office to ^eT^inine that of the general 
^^-^m, or the 0<URdtot of iifc*, which Is ' 

^•"iitnce 



^nH ^ — 



{m + X)\m-\ri) 



» > 1 



.:.r 



■ "I 'f " T" 



■■ ' ■■■ ■ ■I' ! ■■ 



'■" ^ ' t > ' T r. 



••.^^■^•i^»<W*WW«i.^" 



* See the p«blished memoir* *« J2«di«rdU« «iir VAnai^m det SieHont AM^/mhtm, 
^•iii,1826. 



) 1 



i 



IM PLAXB iSiaOBQMnmT. 

10 that firoa tlie lint eo«fBoi«it, A^ w« iknd by aikiBf » ■■ 0^ 2, 4, 6^ Ac, 

jLmm —A^ 

^- i4 -*♦" ti^sjHRn — -*• 

Ibe. 
and Arom tke ■•eoad eodftei«it, Ag, w« ind by makfaig « m 1, S, 6» A««. 



A. 



2*8 



"*•" iT""*'" mTS -^^ 

. m* — 5* ^ (m*— y)(m*— y)(m* — 5^ ^ 

&o. 
Thertfore, if w« put 

^"■^-•lT*^+ 12.84 *^ l-8^4Vd '*" + *^ 

^-* 5:5-*^ + MTB *^-*^- 

t^A.K+A.K' 
a»d U only maalni to tnd jl« and if.. In (a), (5), (e) and (•), put A Mi ; ire ind 

« — (^ — l)"- — ^ t'-mC^-.l)*-* — ui. 

. Tli«reliBlr« iM haifii^ Anally, 

. - {*+^T3rT)- - (• - 1)- r + (• ~ l)*-- m JT' (468) 

285. Jb i fai il y (^1 — i* 4* ^ \^ — 1)* «i a Mrlit qfo H n M i g powentflL We 



(^-m« + » ^ _ 1)- -(^ - 1). (* + ^/srri)* 

UMnfore by (468), txtkaagiftf i ftr A» 

in wbieh JJ and ff' are wbat it ind Jf ' beeome wben A it pnt for k, Cosbining 
tbe imaglnarj fketon in tiie eeoond member, obe efi ing tt«i 

(^-irx(v/-ir-(%/ir-a)^ 
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{yAMi mxm MUlbi |>iil %qfuA to viity, iliiM m say h% %' fmolkm, mU mitf him 
imaginary roots,) and also that 



wehaTe 



inwUck 

M m.k ^:j— A + ^f^ ^A»-.»IU 

286. lb dlsMJqp tA« MM oiuf eoHne ofths muU^U wngU in a teriet of atetniing powtr$ 
oftk$ ffftiJwt of tk$ < fci jrf< owyfe. 
WkeB » It an integer, tliU problem reqtdres us sunplj to dotalop tf« mb» aftd 

eoe fiMf in a iorief of powers of oos x ; but when m is a fraction ■■ ^^ the a a gkm w 

l&at 9 Talues whleh hate die same sine and cosine, (Art 2^), if we consider x tc 
^^present all the angles which haye the same sine and cosine as the simple angle, 
^e shaU thereftNW employ Mofrf e's Formula in its general form (i42)» er 

(oos « + \/ — 1 sin «)** aa« cos m (2 n T 4- a^) + \/ — 1 sin m (2 a r + x) 

Pattiag ifc -i oos 2 we kaTe by (458) and (44&), 



;oos« + ^--lsinx)"»-i (jfe4.^jfc«— l)m 

« (^ -. 1)* jr + (^ — 1)-^' m r^ 

Comparing the real and imagfaMury terms of these two IrafaMS of (cos x 4-v^ — 1 sin x)"*, 
WihaTt 

p 

If m is a fraction ^ ~, each member of these equations recelTes q yalues by 

taking snoeessiTely for n, er %% the numbers of the series 0, 1, 2, 8, . . . q — 1 ; but 
we are now to show what yalues of n and n' correspond to each other in the two 

memben. Let x ^ -^t then ib ■■ 0» iT «■ 1, iT' «■ 0, and we hate 

m(4n+l)r m(4ii-+l)r 
•^ J — ooi 2 

^e>(4^+l).^^ m(4n-+l)r 
IS m2 
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«(4ii+l)r tii(4>i-+l)r 

— ^ ' ^' I " ■! ^ rj >.-trsirr 

wktOM m (» — fiO ■■ n" 

iMi m biiag a flrtctioii ^y tad n, i^ amnVerfl of tlie terlM 0^ 1» 3, • « . f — 1, we 

i 

oannai iiATt » (n — n') equal to an latogar n", unloae it it s«ro ;* tlierafore 

n — si' ■■ 0, a MB si' 

and iha aba? • dflTdopmanti aro 

CO.«.(2.,+ ,),oo.( '"(*'+^)'- ).jr4.co.(<J;^=ia-^J^±l>-').^> (460) 

K'm.,MX _j^«of«+i -L^ i.W.-.*^ 

It henoo appears that, in general, it requires the combination of two teriei to ex- 
press the cosine and sine of a moHiple angle in ]H>were of tiie eoslne of tka rtttple 
angle, when m is fractional. 

287. When mU an integer^ one of the terms of (460) and (461) wiU alwa^beoome 
sero, and we shall haye bat a single series to express the Amotion of the Multiple 
aagle. Km first tteubera become in all cases 

cos (2 ma r 4- <"2) ■■ cos sax 
. sin (2 fftJiir -f- "*x) ■■ sin laa 
and the second members yary according to the form of m. In (4601), if 

eiMi4«i'9 ceaaNKMBjC 1 

m aa« 4 m' 4- 1> cos euf aa« mK' I y^-^i 

m — 4m' + 2, oosnw — — JT ' ^^^' 

m^4«i'4*^ cosmxaaB — mX* 

and since when la is CTen, the series K terminates, and when m is odd^ the seriea K' 
terminMes, these foor equatioaa are all tnite expreseioae, ai|d will gita 4he mtantAmM 
of Art 76, by making m ■■ 1, 2, 8, &c. 

Im (461), if 
m aaB 4 m', sin mx 

M SB 4 fa' -{- If sin fax MB JT 
saHB4m'4*2» rinmx^ saJT' 
fli««4m'-f.8y sin «a Me •<« 4r 



p 
* Sinee— is supposed to be redaced take lowest ienBi,|» and jr ere prime te each 

n (n — n'\ 

Other , tnerefore, if ^ ^ ieaot sero, 9 mnsidividea— «^; whieh if impotable, 

riaee the greatest Talue of either a ora' is f — 1. 



(462) w« ted Ibr 






^ MSf «■ — » siB X (OOi X -s^ OOi" 9 + Ac.) 



«• — dfii'+l, 9imwmmm9ttM(l^!!!L^mm*x + k^) 



1-2 



— 2* 



« «■ dw'-fS, ffai «x a* « ifai X (oos X K^s — eoi^x-{-&e.) 



»• — r 



(468) 



« ■Bdff'-f'^ tk^mxmm — giaxfl r^^ — eof^x-f- fte.) 

iU of wkieh iirmliiftte attd givt tli« eqnstions of Art. 75. 
S88. lb Sm4tp tkt §ine tmd cMmt 9fik% wnMiflU 9mgU in m $triet of Mc md h i g j mww i 

W« tftk« M bctert 

(oo» X + v^ — 1 tin x)"" ■■ 008 m (2 «»• + z)4- v^—l tin m (2 nr + x) 
Pmtiag A .. ^ s, m KsTt^ }^ (46») nd (444), 
(o«i«+ ^ — 1 rinx)« — (^T=P + A ^ — I)- 

— (l)* JJ+^ — 1(1) • mJJ' 

MB eocMfiV. JJ4* \/ — iBinmnV.^ 

+ V'— 1 cos (m — 1) n'lr . mJST' — iin (m — 1) nV . w-BT' 

« 

Compwing tho real and imaginaty terms of these equations, 

eoeiii(2iifr-|»x) m» eoa »»'«>. JST — sin (m — 1) n'w ,mH' 
■in m (2 nr 4* a;) ^ sin m fi'r . JST-f- cos (m — 1) n' v • m iST' 

«nd to tedwliatTahies of « and »' correspond, let x ^ 0, then &■■ sinx as 0, iST ■■ 1, 
JSf' ■■ 0, and we haTe 

cos 2 mar as cos mn'ir 
sin 2 mar ^ sin mn'ir 

from wUeh ire iaiBr that 2 amir ^ m a'r, or 2 a ^ a', and hence 

•ea at (iair -4* a) aMeoa2aMi]r . iST— sitt2 (ai — 1) ar • aiiT (464) 

ain m (2iiflr4. x) m sin 2 laar . J74- cos 2 (m — 1) ar . mS' (465) 

in which m heinf a fraction ■■ ~, ais anynomber of the series 0, 1, 2, 8, ... ^ — 1 ; 

tad ' 



y-ainx^"'-^^.l»»x+("'--,^;M':'-^?rin'x^Aa 
MM MM « 2^g •» • -1 2*8*4-6 •« • •« 

289. lf3Ua ai <i aa iniUgw^ the first members of (464) and (465) become cos sia 
luid sin m» ; and the ooeffleients of the second members contain only mnltiplea of 
2r; theaafore we hM* 

ega aNK «B iST sin aix ■■ mH' 

<■! the itrlta gtawlBitaa only whan ai i> eren, and the aariea S* oaly when mia 



Mi 



PLAKB momouinir. 



oM, iMd IN filial alto «KplojtlMi«riTaliT«8 of tlMte^qtttteft 
prtttiimf in aU cmm ; thus we h«Te also 



ta #NaiB iiite «z- 



sin MX ^ — 






0M1II2 



iU' 



ThertforediffereBtUrtiBttlMiiriM JSTaiid JT', w* aUH kcf% wliiii 



ni«B2»', 



eoi«x-l-^aW.+ 



WMBSfli', aim MS MB M OM s (sift « — • — m — aia'«-|»4o.) 
mHB2m'4*l> 8iiiiiix"«m (ain % 5^^. — rin* % + *«.) 



• (466) 



(467) 



all of which terminate, and giTo tha aqualkma of Arte 77 aad 7&i 
240. To dmelop ths nne and etume of tho ma/l jp fa Ofytf in a mnB$ qf M 9 omik i0powtn 

of the Umgml of ike tingle angle. 
He haTo 

eoam (2fir + ») + v^— 1 ain ffi (2iiw+ s) — (ooa s + v^ — 1 ain s)" 

■■ aoa"* jc (I 4. ^ — 1 tan»)« 

Expanding b j the Binomial Theorem, and patting 

r»l- *(*7^) i«>'«+ '"^"'~'\<^4^*^t'"'*^ tea'*- to. 






wa haTO 

eoai}i(2fiT + 2)4.v/ — lainffi(2fiir + x)-«ooa<*s(r+v^~ir'). 

Ikrt the imaginavj aid real (juandtiea are not yai dladaet^ aeparalad in the se- 
oottd member* for m being fractional eoa"* x haa a namber of imaginary lalnea. If 
we deaignate ita real valne bj cos*" x, all its yalnea are indnded in the ezpreaaion 

008"*«(1)"* ^ eo8"*x(do8 2iiiii'r-{- v^ — Iain2aiii>) 
which, anbetitnted aboTC for eoa"* x giyea 

co8fn(2fi«'+a;)4-^-^lnn«i(2fiir-f x)aBC08«a(ooa2aMiV. T-^^timfnm'ir. T') 

4- v/— 1 COB*" X (ain 2 amV . r4- 00a 2aifi'r . r') 

Comparing the nal and imaginary terma, wa saw haye 

COB m (2nir -^ x) ^ cob"* x (cob 2 aut'ir . T — ain 2 mnr . T') 
aiBa»(2iir-f a) ■• eoa"*x (ain2aMfw. r4-oaa2aM'r. T') 

and it ia shown aa in the preceding problems that n am n\ wbanea 

eoam (2fir + x) « oo<*x (coa 2iiiit3r . f^ afai 2 mnr. f") (46fl) 

•uiaB(2iiar-4-K) «■ eaa** a (ain 2 laiir . f-f aaitaMe*. 2*^ (4lif 
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ia iHiiek • ^«iBg A teetioa tm -^^ ulta^jaiUilMrof tkeMriit,0» Ij S» . • .f •— 1; 

tad 008* s d«iotM only thtrMl Taint of ^{ttm %y. 
841. B7 tht diTiiloa of (469) ^ (^ 

242. Wkm fl» it m tn^^rff*, both tht series T and T' terminate, and in all oases 

fm^fimw wm\^^2imw wm^\ aad (408). (469) and (470) gl?e 

< 

eos mx ■■ eos"* x . T (471) 

sin iiisi« oes" a . F' (472) 

tan mx - y (478) 

whieh last expression embraoes all the equations of Art 79.* 

248. Before the memoir of Poinsot, deyelopments were giren for the multiple arcs 
in seriea of detemimg poireia of tte sina «r oosiae of tke simple are ; bnt he has 
■howntiuii these derelopmevti ere hspossiUe, axoepi iHien m is integral, and in this 
ease the series ere the seme as the preceding, with tha tenaf wxUtaa is i&Tfmff 
order. 

244. To develop any power o/thecoeme ^the eimpU angle m a eeiiee ofemee or coemet 
^ <ft# muMpU angUif the eoeme of the empU angle being poeiUve, 

If y ■■ eos X 4- \/ — 1 sin X, we haye, by (484) and the Binomial Theorem, 

(2 eos x)"* — (y + y~M« — y* + m^^ + ^^"^^-^^ jT"* + &a 

and bj Hf^mi's Formula, 

y* ■■ aes ai (tue* 4- *) + \/ — 1 sin la (2 ar -f x) 
fiiy^«-moos(m— 2) (2a«r+x) + m^— 1 sin(m — 2)(2a»- + x> 

"^pDy^^ !L(^=L) COS (m-4) (2 n t+x)+ '* ^'^^^ ^^l sin (i»-4)(2a «+«) 

&e. &c. 

Tlierefore, if we pat 

P^^n^ Ml COS m (2 Mr 4- ^) + ''^ ^ios (m — 2) (2 ar -(. x) -(- &e- 
'P • •• »4« ■■ >in « (2 A r -f a) + fa sin (la — 2) (2 a r + x) + &c. 
We hare 

(2 cos X)^ wm P„,^ + v/ — 1 P'.«,4. (a) 

Blow m Mog a fraction (2 ces %y* has imaginary yalnes, bnt when cos x w poeiUee^ 
it will haye at least one real positiye yalue, and then (2 cos x)"* being understood to 
lenote only this real yalne, all tiie yalues are included in the formula 

(2coex)"»x (!)*-» (2cosx)"« (cos 2 mn'r + ^ — 1 sin 2 mn'r) 



* Although the formula for multiple angles require, in geaeral, the cenbinatioa or 
two series when m is not an integer, yet there are certain cases, eyen when m Is a 
fraelioB, la which one or the other of the series will disappear. See the memoir of 
Potmot, dted at the begfoBfaig of tiiis chapter. 



(2 OM s)** (oM 8 am »4-^ — 1 datmn'w) mm 1*,«,4.» + ^ — 1 P',«»+. 

Compariof tiM tmI and imagiiuury ttnu, 

(2 oof x)"* eo8 2mn^T wb l^«a«4« 
(2 «•• «)• flm 2 iiii'r — /%, ,+, 

tad to iiid tb« c<nmtp<mdiBg Taluw of « and < let s «i 0, than (2 eoa x)"* «i 2"*, 
and t^e icriaa baoooM 

l\„-ooa2fim»(l + ia+!Li!!L=^ 

i-ieoa2iimr(14-l)« 
■■ 2*" cot 2 Mil ar 
and In the taaa iraj 

1%., ■■2*"iin2iiHia' 

Tharafora oar finraiiiliB baoona 

2* aoa 2 aaif ri« 2* aoa 2 MM r 
2« ain 2 aM'r w 2" rin 2aHir 

aad at in fonMr aaaaa, It la thoim tiiatfi ■■ < so that wahaTailnanj 

(2 00..)— .^•-^;- (476) 

From this it appears that tharaalandposltiTeTalQeof (2eoax)*mi^baazpras8a<l 
either by a series of oosines or by one of sines of the mnlttple an^aa, and by 
comparing (474) and (476), «a have the following eonataat raUtioa between these 
series. 

^•nw+m ^ ■In2mny 
P^nn^m wm2mmw 

245. If ni-i 0, (474) giyes 
(2 cos z)*««P, ■■ cos «ix + f» cos (m— -2) x^ ^-^ — ^cos (m— 4) « + &c. (476) 



which may be employed as the general deyelopmant of the real rahia ef (2 cos z)"*, 
when X < •^-. 

246. The same supposition of » ^^ 0, {^tcs sin 2 am a* w 0, and (475) gbatf 
thereforei 

-« P*. — sin aw + « sin (la — 2) X + ^ ^^^' ^^ sin (« — 4) x + &c. (477) 

a remarkable proper^ of this series of sines of multiple ares, which holds fSsr all 
Yalnea of ai, provided s < y* 

247. 7h develop any power of tk$ eonne qf the HnpU angle in a Hnu^mm$ 9t 
of ike mutt^te um^Im, tl^ecotint of the tingle an^k My a i y a tf a fc 



manru atcuml m 



w aegfttiTt ; Imt m may pvl 

(S aoi s)* «> (— «aoi«)« (— !)• 

«.(.Soo0s)*"[eofiii(2ii' + l)r + ^~ltiBfii(2ii' + l)r] 

whieh, inlMtilaltdla •q«Mi(m («) of Art 244, glTM 

(— loos «)« ooim (2ii' + l)r -I P,„+, 

{— 1 odi «)• tin m (2 *'+ 1) r — /*.„+. 

lUking s w «*, oot s «» — 1, (— 2 oof z)"* » 2<", and tiit stries beoooMy I)/ (k« 
prooMt wkomm ia Irt 214^ 

/%•+•)» -■2«c<»m(2ii+l)» 
-Po.+Or ■-2«tmiii(2ii+l)r 
ind w« ha,r% 

i» eMM (2fi' 4- 1) r «> 2'" eoi M (2 « + 1) r 
2» tin M (2ii' + l)m 2«> sin m (2ii + l)r 

wbffMe, M b«forf^ « «i af, tad oor fonaaUB are 

hf wUoh it appears that the real value of ( — 2 oos x)^ ia also expreeaed rither \fj 
a itriea of eocines or of sines of nraltiple aros, whlek Mries hare tha ooastaat re- 



^«.i>4> ^ iiani(2a + l)r 
i»««+« ■■ooaia(2a+l)»- 

248. If a » 0, (478) tad (479) giro 
(— 2eos«)">i« -^i«— L-{oos«(E+iaoot(M — 2)a;+fte.) (480) 



^-1 -1 

mr sin III r 



(— 2eos «)• i-i ^^"^ -''^^ (sin WW + la sia (« — 2) « + fto.) (481) 



la this ease sia mr is aot sero» unless m Is aa iateger, so that the series JP^ does 

aot beeome lero whea x > -a-t aad both (480) and (481) may be employed aa tha trne 

dtvelopmeats of ( — 2 oos s)"*. 

249. Whm m ii an iniegtr^ the series (476) aad (480) always termiaada at te 
(•i4*l)t^t«ni; aad, aiaoaia (480) eoamr wm'±z\^ aeoordiagassiiseifiaoroddt 
aad (— 2 eeaa)» i« db (2 oos «)"> ia the same oasea, both (470) aad (480) baeoara 

(2tosap)"'MiOoasig+iaeos(m — 2)a + '"^"'^ * eos(m — 4)g+ Aa> (482; 

Bat the series (481) baoomes sero, so that (482) ia the only serias Igr whieh 
{2aoi s)** eaa be dereloped ia fWaetiims of the maltiple area, whea la ia iairrrt? 
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of thi mmUiph tmglu. 
If yweoss + v^ — Itins, ire liATe, bj (485) Mid th* BlaginUl Th^orait 

JV^ ^ !)• (2 iin «)« -P (y -. jr*)"« 

Ia whioh |r» y"^, he harm ftke tiiiM taHmm m i» Aft Hi» but the dgnt of dM 
0e9i&oiei|ts are alternately 4- <^d — t *o ^*^ ^ ^* P^ 

ftiiw+«-»co»"»(2*«' + «) — «««•(« — 2)(2l•r+*)+fc^ 
e.-»+. -» ■inm(2iir + x) — Jiiilii(»— 2) (2iiar+ «) + Ae, 

we hare 

(^-.l)-(2sin«)"« — C.^w + .+ v/— 1 C«i.r+« . 

tfubetitoting the Talae of {y/ — - 1)"* by (446), and eo^ftpaciivi thtteal and imaginary 
terms, we ibid 

/n^ w ••(4ii'+l)«r ^ 

(2 sin a?)* eoa ■ V ^f . ' mm ijkww^m 



(8ri.»»ii.*'.<%-^^>^»y. 



«ttd If we make z ■■ -^^ we aknil Ited bj the proeeie ftre^oently employed aboTO. 
that n «e n': whence 

■0 that the real Talae of (2 tin x)"* may be deyelc^ped in either .the oeeinei or «iMi 
of the multiples. The two series have the constant ration 

Q%nw^x cob}i»(4ii+ !)«■ 
:af^l. If n «> in (488) and (484), 

(2sinar)«-^-^^-^j^ji^(cos«»-moos(m- (486) 

^•^'J^-sisl^-isrii;^ (««) 

both •! vhleh eeriee •!« eppHoabie whenm is ftmetlonaL 

^2. Whm mittm inttff$r^t>x» or the other of the series (485), (488), will always 
be MTO, aeeording to ^ torn ef «, and there will be bat one series te ei^rees 

(2 On x)*. 

Tf mwmim*, (2sinx)*«i eoe mx — Meos(in— t)x4.&o. (487) 

iiiaB4m'-f 1, (2sinx)"*«i sin mx — in sin (m — 2)s+&e. (488) 

m-i4f»'+2, (2sinx)*«i — (cosmx — ••cos(ii»— 2):p + fte.) {498) 

mwmim'+S, (2shix)"»-i — (rinmx — ••rin(si— 2)« + 4i.) (490) 
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tSt. Hm tvitt (486) Md (486) beeome s«ro ithm m is aa iBttgtr, m fbHowt: 

V mmmtm^, O — tiniRx — mtiii(iii — 2)s4.fte. (481) 

»a>8fli'+l, Oi-iootms — Meo8(M — 2)s+fte. (402) 

Tk^ TCMon lAj tiMM itriM «r« s«ro U obTiont, tfsM tli^ t«r»iBftU aI flit 
(»4* l)fli tana, tkt ttfwi •q^aaXiy diftant from the Ibrti Mid iMt «• •qval with 
oppotllt aigna, aad th« middle term of (491) is sero. 

854. Oiomths^qmMm 

tanxwjttany (498) 

MbflUaflBf the TidMe eT tea s and tan y glTen bj (481) 

wkeaee 

^.i'-. . (/>4-X)^*'^^-'-(P~l) 

or potting 

Taking the Hapefian logarithma of both members, 

^ (« — y) \/— 1 ■■ log (1 — 7 «-•«"'-•) — log (1 — y^fV-«) 
aad dsffibping the seoond member by the formula 

log (1 — n) ^m — fi — J n* — J n" — &e. 
wehaTe 

2 (« — y) .\/ — 1 -» — f <-nv-« — J / «-• f r-« — J j« tf-.fV-. -. A«. 

SabstitBting in the seoond member hj (480), 

« — jr ■■ f 8ln2y+ } J*»"*^y + J J*«l»8y+ Ac (Aj 

The aquation (a) miglit hsTe been pat under the form 

1— i^i'— 



iW>m 1rhid^ by taking the logarithms and sabsdtating as before, 

sin2y sin4|r sin6y . ,. 

In this inTSstigation, we haye, in efTeet, used Moiyre*s formula, in its limited or 

Ims g e n e ra l form; but the reqidsite generaHtj may be given to our results, by ob- 

aerring, that (498) would hold if we were to substitate tan « = tan (ii'v4-s)f tany 

»vtMi (w^'sr+y)! and therefore we may substitute for the first member of (ft). 

18 K 
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fiV4.«^ (ji^'r+y) »s^f --(fi''» A') V.I «*.9*^fi9^pbiiH On»«'«»<ia>^» 
•rbltnurj iatagtr or i«ro. Hence, the required genenl derelopmest of x — jy la 

Mrieiie 

«~yaBfir+f tin 2y+}^ tin 4y+i^ 11110^4- fte. (495; 

hk Hke amimer, ibee tan t. hb Un (x~ nV), tany mi tan (y — fi'V)» we mej-ei^^itjr 
tnWin tfie tort member of (e), x— iiV-(-y^A''yiM f-fy^iir, awl tlit fe«mJ.4»> 
Telopment of r-4- y in seriea is 

, tin^ir rin4y aln6y , . ,.^. 

x + y-mr j-2^ ^ J^+&«- ("^^l 

In these formiil» x and y are aiipjpoeed ie be en fr iei l in ata^ and to. eblafa 
s qi y in seconds, the terms of the series most be divided by sin ]".. 

266. The preceding problem is particularly osefUl in finding z when p and y are 
giren, and z is nearly equal to y ; in which case p ts nearly equal to unity, either 

f or — is a small fraction, and one of the series (495), (496) couTerges rapidly. 



Examples. 

1. OiTen y ■■ 60° andp 'm 1*00065, to find x from (498). 

Taking only the first term of the series (495), and assuming n wm 0, 

;y««ie9» iDfdBSy t»99S85 

^-T06665 ^^^ ••^^^^^ 

ar CO log nn 1" 5-81448 
c _ y ,« 65''*995 lef(s^y) 1*«1«M 

2. Gireny — 50»and;»»i — l-00065|tofindxfrom(49a). latbisoMia 

2-00065 
^"* -00065 

and tha oottputatien by (496), if we aseiWBe n » 0, it 

2y««160o log sin 2y 9*99885 

1 -00066 



log(— 1^—6*51174 



9 2-00966 

ar CO log sin 1" 6-81448 
jr + y «. — 66"*995 log (x-4- y) — 1*81962 

X a. — y — 66''*995 » — 590 1' 5"-995 

or, if n n l,r «s ISO** — SO® 1' 6". 996 = 1 29*» 68' 64^.006. 

In general, (498) is to be solved by (495) when p is positaye, and by (496) irhimp 

it n^atire. 

256. CHiven th$ ea uat hn 

■in (« + s) ^ m sin s (497) 

h aipreuMin aieriet ofnmUlptm^^ 
We deduce as in Art 168, 

tM.(» + |«)-t;j3:Y^** 



vU«k U Mattid to (4M) Iv F"t^ 

uid (495) bMOfliM 

*-iiir+-jjp + -5^ +-jy +&C. (4Mi 

wlOoh it to bt employed wH6ttfii>l; ud (496) beeomee 

s-l- «i-i fur— main «—}m*sin2«—i f)i^8in8«—fto. (499) 

wkAA ii to be employed when m < 1, ti being any integer or i«ro. 



Wf BIO « ,«yw»% 

tanfew ^ i. ■ ■ ■ (600) 

I -f- m 008 flc ^ ' 



/« eipretM Mm a tenet of muA^pftt •/«. 
TUa equation in the form 

008 S 1 + « 008 « 

^▼ei iia f 4- *» fin f oea a ■■ HI eoa f sin « 

ain f Ml HI sin (« — s) 

tan (f —}«)«. —py tan i a 

Vhieh 18 redneed to (498) by aubstitating 

» — 1 



m + I 



whenee q ^m ^"7 <■ *» 

p+l m 

and th»««rifa (496) and (490) beeeme 

8in« , sin^a sindst . . .._. 

,_.„„,___,+ __^__+4«. (801) 

iat.iiT+ i»ma — if}i*ain2*+}iii*8in8 a— &e. (602) 

268. Oi»en the equation 



te»»«i, -* (608) 



to eaqprete tin aeeriee o/muU^tlee of*. 

The equation (600) beoomes (608) by ohanj^g the signs of both m and a ; the 
tame ehanges in (601) and (602) giye 

8in«un2« 8in8« . ,_^.. 

. + ._„,__ _^_ __ 40. (604) 

2 man ^+ mtin A+ im*siiL2*'^' ^m* Bin Z* + &0, (606) 



r4» PLAHB nieOHOlflTBY. 

269. InafikmiirkmgUA£C,ii9ma^band0.io/MAorJfk^mMrim€fmmU^ 
of a 
Bj (262) 

tMnAmm r 



1— -T-ooiC 



i^hleli, eompartd witk (608), gi^M, bj (606), 

^-yflii(7+^.— J- + -JI.— 5-+A«. (606) 

M being aeoatMurOj ■■ in this ease, i? it found bj tht Mine teriiii inteiehniig&if 

a nnd 6. 

260. InapUau triangle^ A BC, gwm a,h and O, to fnd ehff mmHm^ m m H ^ \n ifC. 

We bATe 

e»i.a« + ^ — 2«6eoeC7 (607) 

c» ft* 26 -, , 

«• a* a • 

bj(461) 1 [-i— (eoeC+^— IfinC)] 

X [-i-(ooeC7-.^-lelnC7)] 

Taking the oommon lognrithms, employing in tbe leoond member the tewdt 

log(l-ii)--if(ii + }ii^+iiiF+&e,) 

and Applying Moifre't FormnU (440) in expreering the powen of eoe(7 db ^«» 1 (rii(( 
webmre 

2 log e — 2 log 6 Ml 

— ifr-l(coi(7+v'— 1»^C') + ^ (ooi2(7+V— lrift2C)+Ao.] 

— if [ J (coi (7— V— 1 «^C') +-^ (coe2 C—V — 1«^2 C) + Ao.] 

lege — log6-.if(^yCOiC+^.— g— + J5.-— g— +*«•) (W8) 

. This ieries WAf tint giren by L^endre. Tke eeriee (496) and (490), npett vidok 
are based those of the snbseqnent articles, (Arts. 266, 267, 268 and 269), IM dai 
to Lagrange. 



PART 11. 

SPHEKICAL TRIGONOMETRY. 



CHAPTER L 



GENERAL FORMUUE. 



1. Spherical Trioonomstrt treats of the methods of computing 
the nnknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
'^1, be eontitrueted when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
^ investigate the methods by which, in the same oases, the unknown 
I^itTis may be computed. 

IVe sludl at first confine our attention to such triangles only as 
^i^e treated of in geometry, namely, those whose sides are each less 
^Haa a semiciroumference, and whose angles are each less than two 
>^i^t angles; that is, those in which every part is less than 180^« 

2. It is shown in geometry, that if a solid angle is formed at the 

Center of a sphere by three planes, the three ares in which these 

planes intersect the surface of the sphere form a spherical triangle. 

Kow the real objects of investigation in spherical trigonometry are 

the mutual relations of the angles of inclination of the faces and 

^dges of a solid angle ; but, for convenience, the spherical triangle 

"vvhich forms the base of the solid angle is substituted for it. The 

ddes of the triangle being proportional to the angles of inclination 

of the edges of the solid angle, are taken to represent those angles ; 

4nd the angles which those sides form with each other are regarded 

* The itodent is Imn lapposed to be ftoqnainted with Spherieal Geometry, at 
W so mueh of it as ii to be foimd in Legendre's treatise, or in that of Prof. Peirce, 
tf HanaxdllBiTendty. 

9 2 149 
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as identical with the angles of inclination of the faces of the solid 
angle. Bat, since varying the radios of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulse from a direct con- 
sideration of the solid angle itself. 

f 8. In a spherical triangle^ the sines of the sides are proportional 
to the sines qf the opposite angles. 

Let ABCj Tig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes AOB^ 
AOO and £ (7, to each other, and 
will be designated by J., B and (7; 
their opposite sides respectively will 
be designated by a, h and «, as ia 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the^ angles 
BOCjAOO^AOB^ which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point B^vnOB^ let fall B'P perpendicular to the plane 
A00\ and through B'P let the planes B'P A', B'P Che drawn 
perpendicular to OA and 0(7, intersecting the plane OAO in the 
lines PA', PC, and the planes AOB, BOO in the lines A'B', B'C. 
The plane triangles A'PV, RPO' are right angled at J?; and 
OA'B, O OB are right angled at A' and C. The angle B'A'P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AO B, AO 0, or ot the angle A\ and 
VCP is the measure of the angle O. 
We have therefore, by PL Trig. Art. 15, 

JffP 
sin ^ >-> sm B'A'P -■ -grp 

B'P 
sin C'^mB'OP » m^, 



whence 



sin J. B'P B'C B'C 
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Again, 



una 



sine 



whence 



mas' 00 


, BO 

"bo 




iiaB'OA' 


BA' 
B'O 




BfO' 

V 


BO 


BO' 



8in a Jtrw 


JfU 


Bint? "* B'O 


nd (w), 




sin a 


sin^ 



BA' 



(n) 



sin c sin O 

wbich in the form of a proportion is 

sin a : sin <; n sin A : sin Q 



(1) 



which is the theorem that was to be proved. 

4. In Fig. 1, ^ O) (7 and <;, are each less than 90^, bat the con- 
•truotion would not vary if any of these parts were greater than 90^, 
ooept that the points A' and O' might be found in the lines AO^ CO, 
predweed throng 0; and one or more of the right triangles A^B'P, 
Ao.» would contain the supplements of A^ a, (7, or e insftead of these 
qtumtities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
TiUd, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
-the nature of the trigonometric functions themselves, and the demon- 
•tration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle^ the cosine of any side is equal to the 
jfrtfduct of the cosines of the other two sides^ plus the continued pre- 

duet of the sines of those sides and the cosine of the included angle. 

Let the plane B'A'C\ Fig. 2, be 
drawn perp. to O^ intersecting the 
planes -405, BO (7and AOC, in the 
Unes^'J?', -B'C'and^'C". Then the 
angle ffA'C - A, and B'OO' = a, 
and by PL Trig. Art. 119, in the tri- 
iM^mA'B'O^ OBC, we have 

WC*^ - AB*^ + AC'^ - 2 AW . AG' cos A 

BfO^^OB^+ 0G'*'--20B'.0 0'xma 
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Snbtrseting the first of these equations from the seeondi and ob- 
senring that m the right triangles OA'B!^ OA!Q\ 

we have 

(i^2 0A'* + 2A'B.A'G'cMA-2 0Bf.Oa'Gwa 

, OA'.OA' , A'B'.A'C ^ 

whence cos a - q^'TOC'- + dB'.6& '^^ 

Subetituting the trigonometric functions derived from the right tri- 
angles OA'R, OA!C\ 

cos a « cos ( cos (? + sin ( sin (? cos ^ (2) 

which is the theorem to be proved. It may be regarded as the fon- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred dedueing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both ( and o are supposed less 
than 90^, while no restriction is placed upon A and a ; but the equar 
tion (2) is no less applicable to all the other oases if the prindple of 
PL Trig. Art. 49 be granted. As that principle may not be suffli- 
iif. 8. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABQ, (Fig. 8), let ft < 90"" and 
e > 90^. Produce BA^ BO to meet in B*, forming the 
lune BB'i then ^ JS" -> ISO"" — <r, and ( are both < 90^ 
and the preceding demonstration would apply to the 
triangle A B'O. Therefore, applying (2) to AB'O, we 
have 

cos (180® — a) -» cos J cos (180*'-<?)+sin J sin (180^— (?) cos (180®— il) 

or by PI. Trig. (64), 

— cos a>-> — cosftcostf — sinftsintf cos A 

and changing all the signs 

C08a«» cos( cos(? + sinft sin^ cos^ 

the same result that would hav^ been found by applying (2) direeily 
to ABO. 




* Hyattr'i SplieriMl Trigonometry. CamMdgSt IHL 
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2cL In the triangle ABC, Fig. 4, let 6 > 90^, (? > 90^ ; 
produce AB and AC to meet in A' ; then A'B khAA'O 
being both leie than 90^, the formula (2) is applicable to 
AfJBC. Therefore 

cos a - COS (180^ - ij cog (180^ - e) 

+ sin (180° - 6) sin (180° - (?) cos il 
«■ (— cos 6) (— cos c) + sin J sin e eo^A 
>->cosi cos(? + 8in( sine? cosJl 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes* 
dvely to the several parts of the triangle, give the two following 

groups: 

sin a sin £ » sin ( sin A 

sin (sin (7 « sin (? sin B I (8) 

sin cAikA^ sin a sin (7 

cos a B cos ( cos c + sin ( sin (? cos A 

cos ( s cos c cos a + sin c sin a cos £ I (4) 

cos c » cos a cos ( + sin a sin ( cos O 

€. Let A'B'G'j Fig. 5, be the polar triangle 
of ABC, and designate its angles and sides bj 
A\ B'f C'j a'j V and c\ Then, by geometry, 

A' - 180° - a, a' « 180° - A 
B - 180° - J, V^ 180° - B 
0' « 180° - c, c' - 180° - (7 ji 

Mid applying the first equation of (4) to ABfC\ 

cosa' » cos V cose' + sin V sin (?' cos-4.' 
orbyPl. Trig. (64), 

— cos J. «-» (— cos -B) (— cos (7) + sin B sin C (— cos a) 

— cos -4. ■■ cos 5 cos (7 — sin -B sin C cos a 

(^ging the signs of this, we have the first of the following group : 

cos ^ « — cos -B cos (7 + sin B sin (7 cos a "^ 

cos ^ >-> — cos C7 cos ^ + sin (7 sin ^ cos ( > (5) 

cofl(7>-> — cosJl cosJB + sin^sinJ? cos tf J 

20 
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It it tkus tbat) by means of the pokr triangle, any furmvla of a 
sphdrioal triangle may be immediately transformed into aii(>th«% in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of fbrmniss are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cosa cos(? » cos ( cos^ c + sin ( sin^ cos c cos A 

and the second of (4) is the same as 

cos a cose + sin a sin c cos £ ■■ oosi 

the difference of which is 

sina sine cos £ » (1 — cos'c) cos ( — sin ( sine cos e oos A 

Since 1 — cos' e » f!vo?Cj this may be divided by sine, and gives 

sina cos£ n sin e cos ( ^ cos e.sin ( cos A 
whence sin ( cos (7 » sin a cos e — cos a sin e cos ^ ^ (6; 

sin e cos J. » sin ( cos a — cos ( sin a cos 

If we interchange B and (7, and therefore also ( and e, the group 
becomes 

sin a cos (7 » sin ( cos e -*- cos i sm e cos Jl 

sin ( cos ^ B sine cosa — cose sin a cos J5 J- (7) 

sin e cos £ » sin a cos ( — cos a sin ( cos Q 

10. If (6) and (T) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 



sin ^ cos ( » sin (7 cos £ + cos (7 sin B cos a 
sin£ cos e = sin-4. cos C+ cos ^sin (7cosi 
sin (7 cos a ■■ AnB cos ^ + cos jB An A cos e 



(8) 



and 



sin^coseoB sin£ cos (7+ oos J? sin (7 cosa 
sin^cosa » sin (7cosJ. + cos(7sin J.cosft )• (9) 

sin (7 cos 5 « sin^ cos £ + cos^ sin jB cose 

11. Dividing the first of (6) by the following deriyed from (8), 

sinasin^ . . 

; — 2 — «■ sin 6 

sm^ 
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we find At first of the foUoving group 

sin^cot J? « sintf cot( — ooBtfCosA ^ 

sinJ^cot 0^>-> 8inacot(? — -cosacoSjB > (10) 

din cot A ^smb cota — cos i coa (7 J 

And in the same way from (7)| or by interchanging the letters B and 
Oy b and e in (lO), we find 

sinJlcot (7« Bin5cot<; ** cosicos.^ 

sinfcot^s sine? cota— cose COB £ )- (11) 

sin (7 cot£ "B sin a cot ( — cosa cos 

TS (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding fonnulse are sufficient to famish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the firtBt of (4) substitute, by PI. Trig. (189), 

cos -A — 1 — 2sin* J -4. 

ire find, by PI. Trig. (39), 

cosa »■ COB ((— c) — 2fian6 amc sin'^'il (12) 

and we have similar expressions for cos ( and cos c. 
If we substitute in (4), by PI. Trig. (138), 

cos J. —» — 1 + 2 cos* JA 
we find, by PI. Trig. (38), 

cosa >-» cos (6 + c) + 2 sin b sin c cos* } A (18) 

and, of course, similar expressions for cos b and cos c. 
18. Substituting in (5) ,. ;> 



I 



cos a » 1 — 2 sin* J a -» — 1 + 2 cos* J a 

we find by the same process 

COB Jl — — eo&{B + (7) — 2sin J? sin (?sin* | a (14) 
ooBjl-»-cos(J?-(7) + 28in-Bsin(7ooB*Ja (Ifi) 

which might have been obtained by applying (12) and (18) to the 
polar triangle. 
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14. IfS»(12)werabttitateeo8aMl^2flii«i«,oof(6:*«)»l~SAi*|(§->c), 
we obtoln the tint of the following equations ; and the othen art obtained hj a 
similar proeess firoit (12), (18), (14) and (16). 

8iii^iai«sin«i(6— «)4-sin6Bia« tin* i A (16) 

iln* i a i« sin* } ( 6 + e)— sin 6 sin « eos* i ^ (17) 

coi^}ai«eoiP}(5— e)— BiB6iine sin*^^ (18) 

eoii*i«i«eoiPi(6+«)+iin6BiB« eo^i^ (19) 

•in* iA^eo^i {B+ C)+ sin S sin (7 sin* ^ • (20) 

8in«i^i«co8*}(S— (7) — 8inS8in(7eod*j|« (21) 

X ew^iA^iAn*i(B+C)-^9^BtinO^*im (22) 

C06*i^i«8in«}(S— C)+sini9sin(7eo^}« (23) 

15. By PL Trig, we haTe 

li«co^}il4.sin*}il 

cos j1 IV COS* i ii — sin* i A 

whenee 

cos^oosemeosfteose eosP } ^ -|- cos ^ cos e sin* ) A 

dnftiine oosiliMsinftsine coii* iA — sin 6 sin e sin* } A 
the smn of which is, by (4), 

cos a i« cos (6 — «) cos* i ii + cos (6-f e) ali^ i^ (24) 

and snbstitating 1 — 2 sin* } a, &c., for cos a, &o. 

sin*}a — 8in*}(6 — e)co^M + B^*H^+«)nn*i^ (25) 

cos*ia — coe*}(6 — c)oos*}il + cos*i(6+«)sin*i^ (26) 

In the same manner we deduce firom (5) 

oosilM— eos(B-— (7)rin*}a~co8 (B+ (7)eoiP}« (27) 

sin*i^— C08*i(^— ^)«i&*ia+co8*}(S+(7)co«*i« (28) 

C08*i^— 8in*}(^-~C7)8in*}a + 8in*}(^+C)cod*ia (29) 

It is hardly necessary to add that each of the equations (12 to 29) giTce a group 
ot three, by applying it sucoessiTely to the three sides or three angles of the triangle. 

16. From (12) we find 

. ,, - co8(6 — c) — cosa 

8in*J-A » o - n ♦ 

' 2 8in 6 sin c 

m 

If, in PI. Trig. (108), we put 

JC—O, y — 6 — c 

whence 

i(*+y)-*(« + »-«), j(*-y)-i(«-* + *) 

we find 

cos (5 — c) -^ cos a — 2 gin J (a — 6 + c) sin J (a + ft — c) 

which, substitnted in the above equation, gives 

Bm»i^-'^*^""^'t1"°^^^'^^~'^ (80) 

* sm Bine ^ * 
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Xet 9 denote^the ktV raai of the aid«6, thftt is, let 

a + i-.<! — 0+J + ^ — 2c — 2f — 2tf — 2(f — c) 
irluch sabstitated fai (80) giTe 



' Bm6 Bine 
w-lience also sin* J J5 " — ^ — s — ^— r-^ ^ 



sine Bina 



(«i) 



rin4(y-'^<*7')Tif--*> 



sina sm( 
17. From (18) we find 

ti J cos g — cos (ft + c) 
^ *-^" . asinJsino 

and from FL Trig. (108), by making 

«— 6+e, y"« 

i(* + y)-*(« + *+^), J(a:-y)-J(6 + c-«) 
ire find 

cos a — cos (J + tf) ■■ 2 sin f (a + J + c) sin J ( J + c — a) 
^hioli, sabstitated above, gives 

»m|(a + t + c)8iu|(& + c-a) 
■ Sin & Sin c ^ ^ 

Introdadng, as in the preceding article, « — } (<7 + 6 + 0), 

. , . sin « sin (# — a) 



sin} sine 

, - ^ sin « sin (# — b) 
cos* J -a — ; i ^ 

* sin e sm a 

^ , ^ sin « sin (« — c ) 
■ sm a sin 6 



ym 
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18. The qaotM»t of (81) difidwt bj (88) j^ 

' Bin « Bin (• — a) 

*"*-^" flintWtt(#-4) 

* sin « sin (« -* c) 



K84) 



r- r^' 



/O" ' ^ ^ ' 
't^rom (14) we fin^ ' ' - 

' Ssinf Bin (7 

from which, by PI. Trig. (107), we dedoee 



. « 1 -cosi(^+J+(7)co8|(J+g-^) ,-i-v 
Bin' t a «— ^-^ . p . // ^ — >^ (86 > 



snd if we put 



J(^ + 5 + -(7)-/Sf 

• St — COS A? COS (/S— -4) 

Bin* J a — . p . ^ — '- 

* sm j9 Bm c7 



Bin4 6 - -^S^SS'-B) 

Sin (7 Sin A 

• IX *^ceeiyeoB (i8 — C^ 

fim J <? ^ ; — 4 — ; — p 

sinJ.BUiJ9 



\ (86), 



The first member of each of these equations being a square, the 
Beeond member must be essentially positive, aUhoogh ita algebraic 
sign is negative ; in fact, since by geometry 2/S> 180°, 8> 90% 
cos 8 is negative, and — cos /S^ is positive.. 

20. From (15) we find 

cos J. + coi^jR -- (J) 
^^* i«" 2sin5sin(7 

from which we deduce, by a process similar to the preceding, 
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' BinBsmO 



) 



^*"' 8iiiAiinl» 

L From (86) and (88) 

,- — cos aS cos (aS — ^) 

^ * • "^ COS (/?- J) 008 {S-'O) 

tan*l'j- -co8/yc os(/Sr--J) 

tnn«lr, -COS/yCOg(g-g) 
^ *'^ C0S(AS-^)c08(/y-^) 



(88) 



(89) 



6 might have dedvced (86), (88), {Z9\ by applying (81), (88^ 

to the polar triangle* 

• Napier' % Analogies. Dividing the Ist of (84) by the 2d, we 



tanJjB sin(« — a) 
irding this as a proportion, we have, by composition and diiiwMt 



tan I ^ + tan I jg sin (> — ft) -f ain (• — a) 
tan } J. — tan I £ "* sin (« — 6) — Bin (« — a) 

PL Trig. (109), if we put a; ■■« — 6, y — # — a, whence 

a? + y ■■ 2 « — a — 6 »« tf 
a? — y — a — 6 
are 

Bin (t -^ b) + sin(t — a) tan^tf 

sin (« — 6) — sin (« — a) " tan J(a — J) 

by PL Trig. (126), 

tanjA + tan^J Bini(^-f Jg) 
tan}Jl-ta&}J? " sin}(^— JS) 



(m) 



.7 
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Tlierefore (nt) becomes 

sin 1{A + B) tanj^g 

sinji^-i?) " tanj(a- J) }^ (40) 

or Bm}(^ + J5):8in}(^— £)i-tan|c:tan}(a— 6) 

which |s the first of Napier's Analogies. 
28, Agam, the product of the 1st and 2d of (84) gives 

s, 1 >! * 1 i> sin (# — ii) 
tan t ^ tan t jS -■ — ^i • 

■ ' sm « 

« 

or l:tan}^ tan}£»sin«:sin(s— tf) 

whenoe, by composition and division^ 

1 — tan|^tan| J sint — sin(t — c) 
l+tani^tan}jB " sin# + sin(#- c) ^*^ 

By PL Trig. (109), if a? — «, y — t — c, we have 

sint — sin(t'— g) tan|g 

sin« + sin (#—{?) "* tan|(a+i) 

and by PL Trig. (127), 

1 — tan|^tan|J oos^{A+B) 
l + tanJ-4tanJ5 "cosJ(-A — 5) 

Therefore (n) becomes 

cos|(ii+jB) tan|g ] 

cosJ(Jl-JB) "tanJ(a + 6) V (41) 

or co8j(-A+jB):co8j(J. — jB)««tan}g: tan|(a +6) J 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shaH find 

sinj(a + }) cot J (7 

sin J {a - b) " tanJ(i-jB) } (42) 

or sin} (a + i): sin|(a — £) — cot} (7: tan}(^— J9) 

cos I (g + &) cot} (7 

cos}(a-6) " tan}(^ + ^ }. (48) 

or cos}(a + i):cos}(a— &) — cot}(7:tan|(^ + J9) 

which are the third and fourth of Napier's Analogies. 
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fmm9Mi€wmi(A + B) , Q ^ ^ i C wm ^(m + b) 

r mmdmitdmHA'^B) Jl «• oot } Cite } (« ~ 6) 

FxQfPxJt,PxS,QxJt,QxS,MxS. 
fkwL Vrom (8) ire liaTt 

Bin e (tin il dbtfai ^) « ria (7 (tia « dbriad) 

^iHd^ I^PL Trig. (106)» (106) and (186), art rednoed to 

aiB}«OM}eeoti(il + S)nBi(jl-.iO<-tlni(7oof}CoMi(«+5)iiBi(«— &) 

or 

f9tm FS viA fr ^ QR 

Aeami. From (6) ftad (7) 

^« (eot^dbeotil) iv (Iqpeot (7) rin («^&) 
vUflh, 1^ PL Trig, irt rednoed to 

4a}«eM}«ri]i}(^ + ^)tlni(it— ^)— ooiiCoo8}Criii}(«— 6)oMi(tf— »} 

or 

qitm Q8 and pr ^m FR 

mtd. from (8) ud (9) 

(l=keote) rin(it db/^ wiin (7 (eot 6 =1: ote «) 

wUeh, I7 PL Trig, are rodoood to 
«M}eoot}eBini(^+S)ooai(^+ir)i«BiniCcoti(7eoiH<i + ^)oo«i(«— ^) 

or 

pqm^PQ and r « m jB5 

86. I%«iioto<iofi ofthepreeedmff orHeU hmng tHU mphytd^ th$ guantUitp^^ f, f*, iP, 
9n rttp^ethdjf equal to P*, Q^, J2*, 5*. 

pqXpr^PQXPR 
tlie qnotiait of whieh is 

J^im P* whonOO pirn dtp 

Md ia tiM Muao wmy f*'"^' 9««^Q 

n 08 



m 
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27. In ihsH hut equathiUf th$ pantwe tiffn muit be used kmU^ f^MH^ m^iii^n^ or 
th$ negadH «^ inattiff tkim. For If we take 

JI- + P 
Hie eqnfttioni 

r§9mF^ pr^PM, #f e>f P^ 

being diTiaedli7tU%#^ 

« — +9? »• — + * • — + ^ 
and if we teke 

the BAine eqnationfl, divided bj tliii, give 

We heTe therefore the fqUowii^lt ^1^ W |^l9i?*iUj ^^ M ChumU ^q^aUta^, 

ewk \ c f&SL \ {A '\^ B) m» eo^ \ C to% \{a — 6) 

tiM\ c t6%\ {A ^ S) ^ ^\ C e9%\ (d •\' h) 

fi» i e tin ^ (^ — B) — 008 } O siA } (« — i) 

sin i e 008 } (^ ~ ^) ■■ Bin } C sin i (a + 6) 
or 

008 i e sin } (il -f S) ^ — 008 i (7oo8 i (tf — 6) 

008 }e 008 i (^ + ^) n _8in } Coop } (a -{r &) 

sin } e iin. } (4 — ^) — ~ 008 i C sin i (a — 6) 

sin } e 008 i (il — J?) M — flin ^ C sin i (a 4- 6) 

If, howoTer, we oonsider only those triangles whose parts are aH less than 100^, the 
first of these^g^lfPi, (i^}rif aWe app^fiahle, for we m^sttiienhaTe|» mm-^rPy W^, 
008 } e, sin ) (il -{• B)t oos | C, cos j[ (a — 6) are th^n all positlTO (j^oantities. The use 
of (45) win be seen in the ohapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 

AnniTIOHAL FOBHULJE. 

28. We shall'here add some formulee which, though not so frequently used as the 
preceding, are either. fMarkaUe for their elegaiiee.aii4 ^ymmet^ or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (80) and (82) g^Tes 

(47) 



m 



(«) 



_, , ^ 4 sin frin (« ~ a) sin (« — i) sin (« — e) 




^^^ sin*^Sin*« 




Put 




ft* ■■ sin « sin (# -r a) sin (# -r 6) sin (« — c) 




tlian aSn i ^ 


• 


sin 6 sin c 


and in the same manner 




sin J} 19 




sin (f sin tf 



the quotient of which ia 

<in^ sina 

ain^ "2^ 

which is our first theorenw Art 8. As (48) w%i obtained from (4B) tad (tt> iMIr 
these from (4) without the aid of (8), we migr eonsider tlM whole fabric of spherical 
trigonometry as resUn^upon the ftmdamental formuUs (4). 
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SO. We htkft alio from (86) tad (87) 



undif 



•In* — 4eoe5e»s(5— ^) eoa (gf ^ if) cae (5 — C) 

*" sin* ^ sin* C 

iT* » ~ CM 5fot (B^A) MS (ifir^ ^) COS (5— C) 

2iV 



From (48) and (M), 



rina iM 



8ii&« 



sin S sin C 



y niaA 



8in6 
sin B 



ring 
sin C 



(49) 

(60) 
(61) 

(62) 



81. If we dsTelop (47) and (60) by PL Trig. (178) and (174) 

4 n* ■■ 1 — cos* a — oos* 6 — cos* c -(- ^ cos d cos 6 cos e (68) 

4iV^«« 1 — cos*^ — co8*S — co8*(7— 2cos^eo8^cosC (641 

82. The folloiiiiq^ rimple results are easify deduced firom tlit equations (81 to 88) 

cos I ^ cos } ^ sin# 
rin} C sETc 



cos}ilsin}J9 rin (# ■— a) 
eos}(7 "* sine 

sin } ^ cos } Jg sin (» — h) 
cos iC sin e 

sin } ^ sin } iT sin (# — e) 



siniC 



sine 



■ (66) 



sin } g Bin }^ 6 — cos 8 

cos J c sin C 

sin j^ • oos } & cos {S — A) ^ 

iSnTl "" sin C 

• (M) 
cot ^ g sin } & cos (5— Jg) 

sinje ^ sin C 

cos } g cos } 6 cos (8-^ C) 
cos } e sin C 

89. By means ef (66) and (66) we can dednoe ejqpresricmt for the ftinctions of 
#, « — g, Ac., in terms of the angles, or of 8, 8 — A^ &e., in terms of the sides 

2JV y 

■^ * — wSuTSTS ■" 3sinMMeiilain}^eo»(J9 



yfkkhf snbstitated in (66), gires 

sin« 



IT 

2slni>lsiniiSBini(7 

y 



^i^-^)'^ 2coeMcosi^rini(7 
wh«nee, bj interchanging the letters, we hare also sin (« — g) and rin (t — > 6). 



(67) 



(68) 
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Again, we liftTt 

■iii(ff — e) Bsiiateote— >eotffiiB« 
wlitnoe 

liateoec — iia(f — c) 



whioh, bj (65), is redaoed to 

}^008}^ 

15777 



^^^eoi^^eai^^coie---ri>fiiiim|B ^^^^ 



cot 



and from the eqnation 

001 (« — c)iMOoi«ooie4-ii>'*in« 
we And, bj subttitating (65) end (59), 

(t--e)«"''^M'^»^y«^+<>o«Mooi»i? 

^ ' Binf (7 ^ ' 

To eliminate e from the second members of (59) and (60), we hi^Te, bj (5), 

008 (7 4- COS ^ cos S 
*^~'= sinirinJ 

■ 

whence 

J J . o COS (7 + COS ii COS B 

. ... . „ cos (7+ cos ^ cos ^ 

6infilsiniBcose=: — j t— i 1-^- 

' ' 4oos|^cosf^ 

whioh, substituted in (59) and (00), giro 

cos ii + cos jg + cos (7 — 1 1 — sin*}^ — tin*} ^ — sin*4(7.>,. 

. 008^4-008^ — COS (7+1 cos' lil -4- 008*1^ — •<*'l^/fiO 

COS(#-C)=: 4o08j^008}S8injO' = i MS J ^ COS ^ •!» J ^ ^ 

From the preceding we easily deduce 

2 jy sin e ,^ 

cos^ + oos^ + oos{7— 1 — cose — tan^iltanfJV ^ 

. 2_iV[^ ^bc .^ 

'•*^*""*^*=C08il4.C08JJ — 008(74.1— cot J ^OW J ^ — W^ ™ 

84. The equatioBS (57 to 64) applied to the polar triani^ gire, 

^cos}aoos}6cos}« ' 



^^g sin I g sin } ft COS (7 + cos } a coe 1 6 

cos ) e 



(6' 
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••* l + Mt«+eot6 + ooic *^ oanr+ooTITootpf ^ " 

85. Fron (78) ire And 

, . -. 2e<Mi}«oosl5eotle — cos* } « — oo«« J * — cot* J « + 1 /*q\ 

2 oofl i a 008 } 6 001 jl e ^ ' 

-fHBA^ - 2oo8 J tfooa J6oas Jc ^ ' 

the Bumentora of whieh maj be rednoed by PL Trig. (178) ftad (174), by making 

x^ia,fmmih,M^^e, whence »iM|(a+5+e)ea}«,« — sai(«-.a); 
fto. • Uiereforey 

ooiifacos|Tooife * ' 

1 I gia J ^«««*>«'^ >(*-') '^.H*-*) ««**('-«) (76) 

^^ 008 } a 008 } 6 008 f e ^ ' 

ThepvoteeioftlMMe<iiiaUim8reprodaoe8(69); their qaoUent It, I7 PL Trig. (164), 
tan« (46» — J iSf) -• tan J f tan J (« — a) tan J (• — *) twi J (• — «) (77) 
80. Ctigm^i XqutOum. — ^Mnltipljing the first equation of (4) bj 00a ^ we And 
eoaaeoe^^eoi6ooeeeo8^ + *^^*^^ — sin^sine iin* A 
and from (5) in a similar manner, 

O08«oo8iiss — oosSeo8Cco8a4-iinS8in(7 — sin^iinC iin* • 

Obsenring that bj (8) we hare ein 5 tin e lin' il iv sin B iin (7 sin' a, 

theea two eqoations glTO, 

•in ^ ria e 4* Mi & ooi e 008 ^ x= sin j9 sin (7 — 00a ^ oos C7 eoi a (78) 

a relation between the six parts of the triangle, first glren by GAonou. It is * 
oropertj of this equation that either wienAer ie a function which Kae the eame value in a 
ytvea tpherieai inimgk and ite pdar triangle. Thus, if we distinguish the sides and 
angles of the polar triangle by aooents, we hare* 

lAahtiaC'i-eoBhewieeoBAimibk ynne^'i-wMywMe^wmA^ (79) 

• 8m Matbematlcal Monthly, (Gunbridge^ ICaM^ toL Lp. 282. 
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87. 3fb tMum A$/brmutm •/ flmm trimigUt fi^m IhHi 4/ q^htHmi trim^let. 
The analogy of Baay 9i tiia ptaoeding formilit ifkk llMaa of j^aaa triao^ea is 
aoffioimtly obtiooa. We can, in fact, deduce the plane formnUB firom thoaa of this 
chapter, bj regaHfaig Ilia plane triangla aa tk H riM t^pom a yAsrs wlum radim tt al- 
JMU, the triangU htmgan n^/MUlf tmall partumof iks tpher§. The qnantitiaa a» h and 
€, musty in this case, express the absolute lengths of the dldes ; and the aaglea which 

m h § 

ttaj subtand at Hia aaniar af the sphere, ax pr aa s ad ia me€, iHU be — , — , — , r be- 
ing the radius of thasphere. When r is Tery large, •— , — , — , are Tcrj small, and we 
maj express the rahies of sin — , cos — , &c approximately, by one or two terms of 

their expansions in aeries, PI. Trig. (405) and (406), and if their y^ikam be avbsU- 
tuted in onr spherical f)irmulsB, we shall obtain tqjprazimaie reUtiona between the 
aides and angles of the triangle. If we then make r iniinita we shall oht^ ssad 
relations between the sides and angles of a plane triangle. 
Th«s we haTa 



sin — •"" — ' ft o -« "I" ^» 
r r 2.8 r* ' 

and making r infinite, we ind the formula of PL Xiig. 

EhkA a 

In the same manner 



a— 




+*•. 


*- 


• i.8f* 


+ &C. 



cos j1 



a he €^ / y ^ y^ \ 

y+<f-.i^~^^+*a. 

8f* 
and making r infinite, we haTc the formula <^ PL Trigir 

FormulsB that inToWe only the sines or tangents of the sidea may !mi radneed im- 
mediately to the plane fonamln by subatitntii^ a, h, fte., Ibr sfas a^tmi a^ &•« Thus. 
(81 to 84) giTC the corresponding formul» of PL Trig, by omitting the i^ymbol Ma. i 
and (40), (41), by etnitting the symbol tan, when these symbols are prefixed to i^des 
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CHAPTER IL 

SOLUTION OF SPHERICAL RtDET TBtANOLliS. 



88. When one of the angles of a spherical triangle is a right 
angle, the general formalae of the preceding chapter assume forms 
that are remarkably analogous to the relations establisned for the 
solation of plan^ right triangles, and equtilly simple in their appli- 
bation. 

89. Let (7-90°, Fig. 6. From (8) we '*« •• ^ 
kaVe 

. sina . 

sin A B ' — sin O 
sine 

bnl since (7— 90'', sin (7^ 1 ; ihefdfote. 




sin^ 



aiidy in the same manner, 



AAB 



Bin a 
sine 



sin( 
sind 



}■ (80) 



J 



that is, the $ine of either oblique angle of a spherical H§hi indngU 
is equal to the quotient of the sine of the opposite Side dibtded b^ the 
sine of the hypdtenuse. Oompai^e PL Trig; (1): 
40- From (11), we find 



cos^ 



i 

sin 6 coit? — sin J. cot 



but if (7 - 90°, cot (7 - ; therefore, 



' ■• 



i sin 5 cot e 4 . ^ 

cos A ■■ ..=■ i — — tan 6 cot e 
cos 5 



or 



cosJl^ 



tan 6 
tan c 



ho^S 



tan c 



(81) 
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that iBf the eoeine qf either angle is equal to the tangent of ihe afje- 
cent eidej divided hy the tangent of the hypotenuee. Conpm 
K. Trig. (1). 
41. From (10), we have. 



cotji 



sin&oota-*oo8icos(7 



sin (7 



kat 

4-: 

xrrc 



which, when » 90^, becomeB 



cot Jl»sin& cot a 



sinft 
tana 



or, taking the reciprocals, 

tang 
'ein b 



tan J. 



^ tan6 
tan-B — -r 



Bina 



(82) 



gu 



COI 



';tf 



that is, the tangent of either angle is equal to the tangent pf the of' 
poeite eide^ divided hy the eine of the a^f'aeent eide. Compare ls3 
PL Trig. (1). 
42. From (5), we find, 

cos^+coB OqobA 



sinA «» 



cosftsin O 



and if (7- 90% 



sinA <" 



cobB 



COS b oosa ^ 

that is, the eoeine of either angle^ divided by the eoeine qfUe oppo^S^ 
•ids, w equal to the eine qf tAs other angle. In PL Trig, we h^'^^^ 
sin J. ^wmB. 
48. From (4), we have, 

oosc"»cosaco8 6 + sinasin&eos(7 

or, when — 90®, 

coscocosacosi ( 

that is, the eoeine (f the hypotenuse i$ equal to the product of tiU 
•inet of the two eidee. In PL Trig, c* » a* + &*. 
44. From (5), 

cos O+oosAcobB 



) 



006e<" 



sinAsin^ 



or, when (7— 90^ 



cos^cos^ 



coec =■ "^ A >:^ i > ^ootiloot^ 
nn^ sin J9 



c 



^) 
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hMt iBj the eoiine of the hypotenuse is equal to ike produet iff the eth 
Camgente qf the two angles. In PI. Trig., 1 <« cot ^ oot ^. 

45. No difficulty will be found in remembering the preceding for- 
xanle for spherical right triangles, if they are associated with the 
conresponding ones for plane triangles : thus, 



In plane right triangles. 



sinil"» — 
e 



sinjB«« — 
e 



cobA^ — 



e 



COSjB 



a 
e 



texLA^-T- 



a 
h 



tan^B — 
a 



mkA^conB, sin jB — cos J. 
1 ^cot^cotjB 



In spherical right triangles. 
sin a . ^ sin 5 



sinA 



sm e 



sinjB 



. tan 6 -. 

cos -A — : COS-B 



tan^ 



tan e 

tana 
sin b 



tanjB 



cosjB 
sin-A— r sin-B 



sine 



tana 
tanc 

tan 6 
sin a 

cos J. 



cos 6 cos a 

cos c <« cos a cos ( 

COS0«»COt J. cot£ 



46. Najner^M RuUt, By patting these ten equations under a different form, Napier 
ooBtriTwl to ezprest them all in two rules, which, though artificial, are rery gene- 
rallj employed as aide to the memory. 

In these roles, the eomplements of the hypotenuse and of the two ohlique angles 
art employed instead of the hypotenuse and Uie angles themselres. The right angle 
pot entering into the formulsB, they express the relations of fire parts, hut in tiie 
roles the Ato parts considered are a, 6, co. c, go. A and co. B. Any one of these 
parts being called a middle part, the two immediately acUacent may be called a<{^ei- 
tmt parU^ and the remaining two, opposite parte. The right angle not being considered, 
the two sides ineloding it are regarded as adjacent parts. The roles are : 

L The MM €f the middle part ie equal to the product of the tangents of the atffacent 
peaie. 

IL The eine of the middle part i* equal to the product of the cosinee of the opposite parte. 

The correctness of these rules will be shown by taking each of the fi?e parts as 
aiddle part, and comparing the equations thus found with those already demon- 
strated. 

Ist. Let 00. e be the middle part; then co. A and co. B are the ac^acent parts, 
a and b the opposite parts, and the rules give 



or 



cose 
cose 



! cot A cot B 
cos a 008 6 



sin (co. e) tm tan (co. A) tan (co. B) 
sin (co. c) »s cos a COB 6 

which are (86) and (84). 

2d. Let 00. ^ be the middle part ; then co. e and b are the acQacent parts, oo. B 
and m the opposite parts, and the rules giTS 

shd (co. ^) KB tan (co. e)tuib or oobA « cot c tan6 

sin (co. il) IV COS (oo. S) cos tf wMAtmtinBwmm 

22 P 
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In Ikt mmt mtamr, tf m. ^ is itken m the middle put, 

fliii (eo. S) tm tan (oo. c) tin a or om 1? ■• oot e tan « 

•iik(eo. i^Meoa(oo. il)eoe6 ootJIlMlrfiiiteoa^ 

lid tlMM f<ra^ equations are the asme as (81) and (88). 

8d. Let a be the middle part ; tiien eo. B and b are ikt a4t>g»* puiM^ eo. A 
and eo. « the opposite parts, and the roles giTe, 

•in«sBtan(eo. J?)taa6 or Ana^tniBUnh 

sin a ■■ 008 (oo. A) oos (oo. e) sinaKBsii|ii8in« 

In the same manner, if 6 is taken as the middle parti 

sin 6 OB tan (oo. il) tan a or sin6 ■■ eot^tana 

sin b 3s 008 (co. S) cos (oo. e) sindvsinjSiiiie 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ten equations proTionsly 
prored ; and thej include no others, since we haTo taken each part tuooesslTely M 
the middle part 

In the application of these rules, it is unnecessary to use the notation eo. A, oo. B, 
00* Cf finoe we may write down at once sin A for cos (oo. A), &o.^ 

47. In order to solve a spherical right triangle, two parts most 
be given, and from the equations of Art. 45, that equation most be 
selected which expresses the relation between these two parts and 
the required part. 

When Napier's Rules are employed, it is only necessary to determine whiok of tiM 
three parts — the two giTon and the one required — is to be taken as the middle pvt 
** These three parts are either all adjacent to each other, in which case tbs mdiMU 
«as is taken as the middle part, and the other two are adjaoent parts; or oaa is 
siparated from the other two, and then the part whioh stands by itself is the mid- 
dle part, and the other two are opposite parts. "f 

48. in order to distinguish the functions of parts less than 90^ 
from those greater than 90°, it will be necessar j carefully to observe 
their algebraic signs, according to PL Trig. Arti 40. But whed a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the eomple> 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Bulks. — I. The eonne o/tke middle part ie equal to theprodmet of the eo- 
tangente of the adjacent parte, 

XL t%4toHheof^middUpmiitequaltotkeprodmctitfik$$iii4toftiUefpoekepmie, 

With a little attention at the commeaeement, ho^eter^ and by obserrinf the iaa- 
logy exhibited in Art 45, the student will find that he wiU hare Uttle use for eithw 
of these artificial rules. 

t Petree's St>herieal Trigonometry. 
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49. In a r^kt 9plmieal trumgU^ «fi m$igk amd iU 4pp69ii9 tjdc 
9r$ oliMgft Ml the Boms fmadramlf iktU Uj either hath ku or batk 
greater than W. For, by (83), 

unJl "■ r 

coso 

m yMAf moe afaul is alwmyi poBitlf«, (il < 180^), om ^ and 
cos 6 must have the same sign; that is, B and b must be either both 
leas or both greater than 90"". 

50. When the two eidee meluding the tight angle are in the eame 
foadrantj the hjfpotenuee ie leee than 90^, and when the two eidet 
are in d^erent quadrante^ the hypotenuH ie greater than 90^. 
for, by (84), 

cos tf «■ eos a eos 6 

in which, if a and i are in the same quadrant, cos a and cos h have 
like signs, and cos e is positire, that is, <? < 90^ ; but if a and h 
are in different quadrants, cos a and cos h have different signs, and 
cos is negative, that is, c > 90^. 

We proceed now to the solution of the several cases. 

61. Casb I. Oiven the hypotenuee and one angle^ or e and A^ 
Jig. 6. 

/ To find a. The relation among the three 
fart% e^ Ay and a, (as in K. Trig, with the 
same data), is given by the sine of A ; and 
C by Art. 45, 

. . sin a 

sin Jl «■ -T — 

I sine 

, from which we find* 
/ sin a "■ sin e sin A (86; 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find (• The relation among the three parts, cr, Ay and (, (as 
in PL Trig, with the same data), is given by the cosine of A^ or, 

. tani 

^^^-tiiri 

fromwhichf tan 3 «■ tan (^ cos J. (87) 




* This equation would bo found bj Napier't Rules, taking a as tlio middlt part 
t Wo find tho samo rofolt by Napier's Bules, taking eo. ^ as the middU part 
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To find B. We hsTe, by (86),* 

COS tf «■ eot Jl eot JB 

from which cot B ■■ — — , «■ cob c tan Jl (88) 

The qoadrants ia which h and B are to be taken, will be deter- 
mined by meani of the signs of tan & and cot B^ aocording to PL 
Trig. Art 40. 

Chech To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods* In many cases, howerer, we may test the accoracy of 
seyeral operations by a single formula, which may be called the 
cheek. In the present instance, when the three parts, a^ i, and By 
have been found, we should haye, by (82), the relation 

sin a "■ tan i cot B 

so that if the work is correct, we shall find 

log sin a "■ log tan h + log cot B 

Examples. 

1. Given e - 110° 46' 20'', A - 80° 10' 80", to solve the triangle. 

By (86). By (87). By (88). 

<?, log sin 9-9708106 log tan — 04210061 log cos — 9*5498045 
A, log sin 9-9985888 log cos + 9-2820794 log tan + 0*7616088 

log sin a 9-9648989 logtani — 9-6580855 log cot B — 0.8118088 

log tan i — 9-6580855 

Check, log sin a + 9^^S988 

Ane. a - 67° 6'52"-7, h - 166° 46'42".7, B - 158° 58'24".5 

2. Given c — 120°, A — 120° ; solve the triangle. 

Ane. a - 181° 24' 84".7 I - 40° 68' 86"-2 B - 49° 6' 23"-8 

52. If A M 90^, yf% must alto have, by (86), e ai 00^, and then 

tan & Bs -rr- tan B^'^ 

•o that 6 and ^ are both indeterminate; that is, there is an indefinite number of 
triangles whioh satisfy the given ralues of e and A ; bat since 

cos B tarn cos 6 sin ^ ^ cos b 
we always have Bvoib; and since 

Bin« SB sin e sin ui ^ 1 
we haye a » 90^ and all the parts of the triangle are equal to 90^, except 6 and B. 
If only e is given » 90^, all the parts of the triangle are equal to M)^, except A 
and « ; and we have A^a, 

* Or by Napier's Rules, taking co. c as the middle part 
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To fmd A. We ham hj {80\ 



an Jl «■ -: — «■ eooee e liii « (39) 



To find B. B^(81), 

^ tW^ « //VAX 

008 J9«-^ "-eotctma (90) 

tine ^ ' 

To find h. Bj(84), 

006 tf "■ 006 a cos i 

from wliich 006 i «■ ■■ oo6 c seo a (91) 

cosa ^ ' 

Cheek. We haye between A^ Bj and i, the IreUtion 

008 JS "■ sin Jl 008 & 

Examples. 

1. Giren e — 140"^, a — 20^ ; solve the triangle. 

By (89). * By (90). By (91). 

c,logcosee 0-1919825 log cot — 0*0761865 log cos — 9-8842540 
0, log sin 9-5840517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B - 9-6872524 log cos b - 9-9112682 

log sin A + 9-7259842 

Cheek, log cos B - 9-6872624 

Ant. A" 32» 8'48'M 

J?-115<'42'28".8 

ft-144»86'28".4 

2. Giren e - 101* 16' 16".7, h - 115« 42' 88".5 ; find A. 

An$. ^ - 65« 82' 66"-4 

64. When a^e uid wmMqueiitly both ^ ttO-, tin il ^ 1, A^ 90-, and 



•0 th*t Bwmh, bmt both tn iBd.temiii.to •• ia Art C3. 
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We shall have 



Bin Jl 



Bina 
taac 



Whence an c p> eosec A sin a 



m 



tan J. 



tana 
eini 



sin 3 "■ eel ^ tan a 



(98) 



sinJ? 



cos jI 
cos a 



sin J9 "■ cos Jl sec a 
Check* sini ^sincsin^ 



(94) 



In this case, there are always two solutions, all the required parts 
bfii^ determined by their sines, and the unbiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB %ni AC he produced to meet in A'f ABA' and 
AOA are semicircumferences and A^A'; the triangles 
ABC and ABC both contain the given parts A and a, 
but </, V and B^ are respectively the supplements of c, 
( and B. It must not be inferred that in every case all 
the required parts are less than 90^ in one triangle, and 
greater than 90^ in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 




Examples. 

1. Given A — 100^, a » 112^ ; solve the triangle. 

Am. tf- 70^8' W.2 ) f (?-109°4r49".8 

6-164° r26".5 > or < 6- 25°52'83".5 

5-162^28' r.8 J I 5- 27°36'68".7 



%. GHiveft A ^ 80"^, a » 68"^ ; solve the triangle. 

An9. tf- 70°18'10".2 ) ( c« 109°41'49".8 

25^52'88''.5 > or ^ 6-164<» 7' 28^-5 



tf — 
&- 



27° 86' 



5-162^28' r.3 



3. Given B — 150^ 8 =- 160** ; solve the triangle. 

Ans. c-186*^60'28"*8 1 f c-p 48° 9'86".7 



a 
A 



89° 
67° 



4' 
9' 



or 




140° 56' 9''.8 
112°50a7''-8 
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56. Oin ly. CK90H one angU and iU adijaeent iUej or A and ft. 
We dull find the required parts bj the eqoations 

eofl J9 «■ sia Jl 008 ft (95) 

tan a ■■ tan Atinh (96) 

eot c » oos il Got ft (97) 

Cfheck. 008 J9 « tan a oot c 

Examples. 

1. Giyeiui - SO'^ 10" 80'', ft » ISS"" 46' 42''.7 ; solve the triangle. 

^iM. J5-168*>68'24''.5 
a- 67^ 6'62"-6 
c-110^46'2(r.O 

S. Given J8 - 162^ 28' 1".8, a - 112<> C 0" ; solve the triangle. 

An$. 4-100*^ 

ft -1640 r26".6 
c- 70oi8'l(r.2 

57. Case Y. CHven the two sideSj a and ft. 
We find the reqoired pairts by the equations 

cos «■ cos acosft (98) 

cot J. «■ cot a ain ft (99) 

cotjB— 8macotft (100) 

Chech cos c "■ cotilootJB 

Example. 

Qiven a — 116% ft ^ 16^ ; solve the triangle. 

An$. tf-114O66'20"4 
A^ 970 89'24"4 
J5- 17*^41'89"-9 

58. Oasb YI. (fwen the two angUey A and B. 
The required parts are found by the formul» 

cos (? — cot JL oot J9 (101) 

cos a »■ cos Jl cosec B (102) 

cos ft — cosec Jl cos jB (108) 
Check, cos c — cos a cos ft 



-» # 



€ 
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BXAMPLB. 

Given A - 60<> iV 24".8, B - 67^ 16' 20^.2; scire the triangle. 

Am. tf - 68<> 56' 28^9 
a - 54<> 82^ 82^'.! 
b - 6r 48' 86".l 

Additxoxal Foemul^ roB thi Solution or Sphxkioax. Right Teluiolbs. 

69. As in pUne trigonometry, cmm ooonr in which partionlsr lolationi of greater 
aocnraej than the ordinary ones are required. (PI. Trig. Art 112.) 

ea Vroa (80) we find 

1 — tin^ sine — sin ai 
IHpj^irZ ^ sine 4- sin~7 

whioh by PL Trig. (154) and (100) is reduced to 

Un.(«--M)-^-ji^> (101) 

which win giro a more accnrate result than (89), when A is nearly 90*. 
61. From (91) we find 

1 — eos b cos « — oos e 
npSosi ^ cSTiT+oosc 

•r ^.^ 1 tan«i5a.t«Bi(«+«)*^i(* — «) 0^) 

^wldd^ iHfty be employed instead oC (91) when b is smaU* or nearly 180°. 



^ From (90) we find 

^\ 1— eos B tan e — tan a 

"\ l-|*-oosJ3 " tane+~taara 



which may be eo^ployed instead of (90) when B is small, or nearly 180*. 
68. By similar transformations the formulss (101), (102) and (108) become 

-oo^(£+J) • 

tan* } a — tan [} (^ + 5) — 46<»] tan [46* + } (^ — B)] (108) 

tan» } ft -Bs tan [J (^ + j5) — 45<»] tan [46*— } (A — B)] (109) 

We hare also, by (14), 

,,, — eos(^+J?) — eoaC 

sin* } e a a A ' D 

' 2 sin ^ sm i^ 

which, when C ^ 90*, becomes 

rin«Je--=^!^+.;f> (110) 

' S Sin ^ sin ^ ^ 

and from (16), in the same manner, 

cos(-4— -B) . 

cos' } e SB n 1 ^ • o 0^') 

' 3 sin ^ sm iT ^ ' 
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m 



of wUA (110) makj b« OMd wIhii e ii tmmll, ud (111) whtn e Is iitwlj ISO*, in- 
•tMMl of (101). 
64. Xh« •qwUloBa (92), (08), and (04), of Casb UI. giTo 

Un JK^ — g) 
"taiiJ(^ + «) 



tMi«(46*r-}«) 



(112) 



W(450-.i6), ^j^^^j 



(118) 



tea* (460 — i J9) . ton } (^ — a) tan } (^ + a) (114) 

Tlio roots of these .equations haiing the double sign, we maj take the angles 
46® — } «^ ete. either with the positiye or negatiye sign, whenoe the two solutions 
«f the problem, as in Art 56. 

66. BoBM of the solutions may be adapted for oomputatloa 1^ the taUe of nstn- 
raldaM. Thus from (86), (05), and (98), 

sinaai}[&os(e — ^) — oos(e + ^)] (116) 

oosS «■ Hsin (b 4- ^) ~ sin (& ~ ^)] (116) 

coae mmiltiM(a+b) + coB{a-^ »)] (117) 

66. The following relalions are oooasionall/ usefol : 
Ifoai {88) we hsTe 

sin ^ eos ^ A^ffiA 



oos a 



eos b sin^cos B 



From (80) and (88), 



(80) and (84), 



sin^ 
sin c 



tlbkA QO§A 
sin a oos a 




(118) 



(11») 



(»*) 



sin A sin a oos a sin S-a 
eos b sin c cos c sin 2 s 

67. Various relations may be deduced from the general formula of the preoe^g 
ehaptsr by making C m OO^. The following are easily obtained : 



sin (6 •— a 

sin (e -f f 
oos (s — s 

oos (e-f-a 
sin (a — b 
sin (a + » 



cos e tan b tan iB mx cos a Sin & tan ) B 

oos e tan 6 oot } J9 ^ oos a sin 6 oot } J9 

9(m b + §bi m Bin b taoL i B : 

008 6 -4 sin a sin 6 cot } J9 

2 sin e sin } (^ + B) sin KA—B) 

2 sin e eos jl (^ -f P) 008 i (A — J3) 



sin5» ^i^^ i^ 
cos f e 



cos i9i 
tan i8 ^ — cot } a cot } 5 



sin } g Ai jf 6 
eos jf e 



(la) 



QUADmAXTAL AMD ISOSOILBS TkAJTOLBS. 

68. The polar triangle of the right triangle is a gwubxmi4U triangle, one mcb (the 
side opposite the angle C) being equal to 90®. The solution of such triangles Is as 
limple as that of right triangles, the formuln for the purpose being obtained ftmn 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided In practice, and when unaroidable are 
readily soWed by means of the polar triangle. 

An isosceles triangle is easily solved by diriding it into two ri^t triangles by a 
|S>pi»disuliv from the anglt inoluded by the equal sides. 

28 
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CHAPTER IIL 

SOX^UTIQN OF SPHSBIGAIf OBUQU£ TBIANQUSS, 



69. In the tohttbn of spherioal oblique triaagle«y a ?e<|iwed pwt 
may sometimes be found by its atney in which case there will h% two 
values of that part, answering to the conditions, unless the proper 
Yalue can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol* 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180^. 
I. The greater side u opposite the greater angle^ and conversely. 
II. Sach side is less man the sum of the other two. 
HI. The sum of the ^fies is less than 860^. 
,<* / JTV. The sum of the angles is greater than 180®. 
^- * ' y. JSaeh angle is greater than the difference between 180* and 
the sum of the other two angles. 

yor, by lY., A + B+ 0> 180*> 

whence, A > 180® - (-B + (7) 

But if J? + 0> 180% we bave» in the polar 
triangle, A'B'G', Fig. 8» by IL, 

a'^V + c' 

180® --^ < 180® -5 + 180® - 

-JL<180®-(B+(7> 

-l>(JB-f (7)-180® 

YI. A side which differs more from 90® than another side^ is in 
the s€nM^uadrant as titt opposite angle. 
For, by (4), we have 

cosa — cosicosc 

cos JL ^ ! — 7 — ! — ™ — 

sinftsuaic 

in which the denominator is always positive. li^ then^ a djffNf 
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more from 90® thaa b tr thaa 0^ we liaye, (neglaeting the signe for 
m Qioment)^ 

COS a > 008 & or >€oec 
Mud still more oos a > cos 6 coe c 

Hence cos a being nummc^aKy greater than cosb coi^i the sign of 
the whole munerator, and therefore the sign of cos Aj is the same 
as that of cos a; that is, A and a are in the same quadrant. 

Vn, An angle which differ$ more from 90° than' another angUj 
din tie iome fuadrant a$ iu opposite eide^ For, by (6), 

COB A +co8 5cos(7 

cos a ■■ ; — n~~' — 75 

sm £ sm C 

in which, if A differs more from 90° than By or than (7, cos A deler- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIIL In every $pherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VL and VII. 

IX. The sum of two sides is greater than, eqtMl tOj or less than^ 
180°, aseording as the sum of the two opposite angles is greater than^ 
equal to, or less than, 180°. In other words, the half snm of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan J(a + 6) cos J(-4 + J?) — tan Jcoos J(JL — -B) 

like second member of which is always positive^ so that tan^(« -^ 5) 
and cos ^ (jI + ^ must hare the same sign. 

70. Casb I. CHven two sides and the in* ng.9. 

elttded angle, or &, c and A. (Fig. 9.) 

JFirst Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts 6, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a » cos <? cos & + sin (? sin b cos A (m) 

by which a may be found by computing separately the two terms of 
the seoond member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by tbe table of log. sines exclusively, we employ the process of 
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PL Trig., Arts. 174, 175. Thus, let A be a number and ^ an aux- 
iliary angle such that 

ibsin^^sintoosJl ^ 

ifc C08 ^ «■ COS & J ' ***' 

then (m) becomes- 

coea » ifc (co8 c CO0 ^ + sin c rin ^) 

— t COB ((? — 4)) (m') 

so that Te and ^ beingfoond from (m) we may find a by (m^ Butwe 
may eliminate k by dividing the first equation of (m) by the second, 

and substituting in m! the value of A; » « whence we have, for 

cos $ 

finding Oj 

tan^ ^tan& cosJl ^ 

co8((?-<p)cosft I (122) 

cos a ^ — ^ ' I 

cos^ J 

which are the formul» commonly employed.* 

To find B. The relation between l^ c^ A and B^ is, by the first 
equation of (10), 

" sin <? cot h — cos c cos A ^ ^ 

cot B ■■ -. — T Iv) 

This may be adapted for logarithms by the process above em< 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin i, whence 

cot B » si^ <? <^8 ^ ^ 008 c sin ft cos jj 

sin ( sin A 



which by (m) becomes 



-. *sin(<? — ^) , , 

cot B - . ^ . 7 In) 

am h am A V / 



or substituting the value of A ■« — ; , the formula for find- 

» ° sin ^ ' 

mg B are ^ 

tan $» tan i cos J. 



cotJg^ ^(*^'"»)^^-^ [.(128) 

sin^ 



1 



* We might liaye aBsnmed Aisin^^cosft, ^co8^aB8iii5eof^» iHiioh would 
have reduced (m) to coa a a A: sin (c -f- ^). In this way aU the f olutions that foUow 
may be raried. 
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In the use of these formuln, m indeed of all that follow, the 
AgQs of all the functions must be carefully obsenred, according to 
PL Trig. Arts. 87 and 40. 

We may take $ between and 180^, less or greater than 90^, 
according as the sign of its tangent is positiye or negative ; or we 
may take it numerically less than 90^ in all caseS| but positive or 
negative according to the sign of its tangent, (PL Trig. Arts. 87 
and 174). 

Oheeh. The quotient of (n) divided by {mT) is 

cot J9 tan(g — ^) 
cos a sinisin^ 

which multiplied by the following, from (8), 

sinasin£»s8in(sin^ 

gives tanacosJ9«"tan(c — $) (1^^) 

by which the values of a and J9, found by (122) and (128), may be 
verified. 

71. If a and were required, the solution would evidently be 
umilar, only interchanging I and c, B and C. By the fundamental 
formute we should have 

Cosa""cos(cosc + Bin&sintfcosj. 

sin 6 cos <? — cos 6 sin g cos J. f (0) 

^^" sine sin ^ 

and denoting the auxiliary angle in this case by ;^, the logarithmic 
solution would be 

tan ^ « tan e cos A 

cos (6 — P^)C08C 



cosa> 

cos;^ 



. (125) 



Ohtek, tan a 008 (7 "■ tan (i — ;^) ) 

I 

Q 
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1. CHren b - MO' SC 80", « - 70» 20'20", ^ » 60" W W} 
find a and J9. 

By(M8). 

»- 120° 80' 80" log tan 5 - 6-229T0n 
A" 60*10'10* log COB ^ + 9.806S822 

4) - 1820 86' 44"-2* log tan $ — 00362898 
c- 70°20'20".0 
<._^»-> 62»16'24*.2 

By (122). By (128). By (124). 

log eM(«—») +9-6676898 logiiii(«— #) — 9-O47W04 logtaa(«— f}-.0-2798410 

•reologooay — 0-1698898 areo log rin#-|- 0-1881606 log ten* +0-4291648 

logcooi— 9-7066761 logoot^ + 9-9212088 logeooJS— 9-8601762 

log «oi a +9-6426662 log cot £—0-0018847 (Usek. —0-2798410 

«m69«84'66''-9 £_186*6'28"-8 

J. Given b - 120« 80' 80", « - 70° 20' 20", ^ - SO" 10* 10" ; 

find a and 0. 

Asu. a ^ 690 94f 6&'-9 
C-60»80' 8M 

8. Given ft - 99" iV 48", - 100" 49' 80", ^ - 65" 88' 10"; 
find a and B. 

An$. «-64O28'15".0 
B-95«'88' 4".0 

4. Given ft * 900 40' 48", e - 100« 49' 80", ^ - 65" 88' 10"; 
find a and 0. 

Am. a - 64" 28' 15".0 
<7-97"26'29".l 

6. Given ft - 98" 2' 20", e - 80" 85' 40", A - 10<> 16' 80"; 
find a and 0. 

Ant. a - 20*' 18' «0*.l 
a-80"86'66''.7 

72. If B, G and a were all required, we might find a and C by 
(125), and then B by Art. 8, whidi gives 

sin a : sin ft « sin A : sin J? 

. _ nn ft sin A 

or BinJr — — ,. ■ " • 

sin a 

»IVe may also t»ke»-«— 47° 23' 16*-8, whenee e— >>«117«48'N''-8, wUcb 
wiU glT* tho Mmo TsluM of a and B m fovnd in the text 
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Of the two values of B leM than 180° given by this formula, the 

proper one may generally be selected by the principlei of Art. 69. 

l!here are cases, however, in which all the conditions there given are 

satisfied by both values of JSj* and on this account it is preferable, 

in general, to combine (123) and (125), or to employ the following 

solution, when the three unknown parts are all to be found. 

Y^ 78. Case I. Given }, c and A. Second Solution ; when the two 

/remaining angles are required, or when the three unknown parts are 

' all required. 

We have, by Napier's Analogies, (42) and (48)^ 

rfn J (6 + e) : sin J (6 — <?) — cot } .4 : tan J (5 — C) 

cos I (6 + <?) : cos J (6 — t») — cot } -4 : tan J ( J9 + (7) 
whe&oe 

taoi(5-(7)-m^]cotM (126) 

wUch determine } (£ — (7) and ^ (£ + (7) ; then the half difference 
added to the half sum gives the greater angle^ and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c> 6, we may write c — J, (7— J?, in the place of 6 — <?, -B— (7. 

W© may now find a by either of Napier's Analogies, (40), (41), 
which givef 

^'^ i '^ " Im(I-^ J **° *(* - <^) (128) 

COB i(B+0) , „ , „„^, 

^^''- cobHJ~(;) *'^°H^ + <^) (129) 

* By Art 69, TL, if b difiTers more ft-om 90^ tkan c, B is m the same quadrant 
as ft, and all ambiguity is removed. If a difera more from 90^ than &, we may fina 
and B by (122) and (123), and then C by the formula 

t ^ sin sin ^ 

Bin t7tt : 

•IBS 

O befag taken in the name qnadrant as e» 
f We may also find a from any one of Oauss's Equations (44), which become, in 

the preeent case, 

cofl } a tin } (i? 4- (7) M cof } ^ COS j^ (5 --^ e) 
cotiacosf(J9-f(7):M8in}^co8i(&4-e) 
sin } a sin } (^ — C) «> cos } ^ sin } (6 — e) 
sin } a cos } (^ — (7) sm sin \ A fAn \ {h -^^ e) 
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Examples. 
1. Giren h - 120^ SV 80'; e - 70*> 2V 20^ A - 50^ IC KT; 



find jB| (7 and a. We have 

*(*-«)- 

By (126). 

«r CO log sin ^ (& + «) + 0-0019487 

logsin \{b — e) + 9-6278228 

log cot I J. + 0-3296529 

log tan } (£ - (7) + 9-9589244 
J (5 -(7)- 42'»17'40"-2 
£-185<' 5'28"-8 

By (128). 

ar CO log rin J(J5-- (7)+0-1720227 

log sin i(£-f (7)+ 9-9994824 

" logtani(6~ c)+ 9-6708471 

logtanl a + 9-8418522 
J a - 84'> 47' 28''.0 



95*> 26' 25" 
25° 6' 5" 
25<' 6' 6" 

By (127). 
*r CO log cos i (i + e) — 1-0244829 
log cos i (6 - ff) + 9-9569757 
log cot } ^ + 0-8296529 

log tan t(J? + (7) - 1-8111115 
1 (5 + <7) = 92° 47' 48"-6 
C- 50° 80' 8"4 

By (129). 

ar CO log cos ^B— (7)+ 0-1809469 
log cos|(£+ C)- 8-6888709 
log tan ^(i + e)— 1-0225342 

log tan 1^ a + 9-8418520 

^n».J?-185* 6'28''.8 
(7- 50«»80' 8"4 
a - 69« 84' 66".0 

2. Given h - 99° 40* 48", e - 100° 49' 80", A - 65° 88' 10" ; 
find J?, Cando. 

^n». J5 - 96° 88' 4"-0 
G - 97° 26' 29"-l 
a - 64° 28' 16"-1 

74. It m»7 b« r«m«rked with regud to (128) •nd (129) tli»t, when b uid e (and 
oonseqiuiitly B and C) an nearly eqaal, a small error in the preriona detannina. 
don of the amall angle \{B — O) may prodnoe alargeone in log dn } {B — C), and 
eoniecpiently in log tan \ a fbnnd by (128). In that ease, therefore, (129) most be pre- 
fisrred. 

In like manner, if } (& + e), and eonseqnently \(B •\- C), are nearly equal to 
90°, (129) will become ina«cnrate, and then (128) is to be preferred. 

Formola (128) would fiOI entirely if 5 » C, and formnla (129) would fail if 
\{B-\- C)mi 90°, sinoe the second members in these cases wonld assnme the inde- 

terminate form ^. 

75e Case I. GiTen h^ e and A. Third Solution. When the 
third side is alone required^ the computation hy (122) U in moat cases 
as convenient as anj other ; hut there are various other methods 
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from the formnlss of the preceding chapter, which have been 
employed with advantage in particular applications. Among the 
moat oonvenient are the following, from (12) and (13) : 

008 a "■ eofl (i — tf) — 2 sin i sin c sin' ^ A (^^O) 

cos a » cos (6 + (?) + 2 sin 6 sin <? cos* | A (181) 

The compntation of these requires the use of natural cosines and 
nunbens ^^ signs of which must be carefully observed. 

Example. 

Given h - 99*> 4^ 48", c - 100° 49' 80", A = 65*^ 88' 10" ; 
find Am 

By (180).* 

log sin' } ^ » 2 log sin ^ JL 9-4669752 

log sin c 9-9922023 

log sin b 9.9987722 

log 2 0-8010300 

log 9.7589797 



J A - 82^ 46' 86" 
l^c^-r 8' 42" 



-2Bm(sinc8in*ijl«- 0.5675181 
nat COS (6 — <?) « + 0-9998003 



64° 28' 15" 



JA- 82° 46' 86" 
6 + tf - 200° 30' 18" 



nat cos a - + 0.4322822 a > 

By (131). 

log cos* } ^ » 2 log cos i ^ 9.8498748 

log sin c 9.9922028 

log sin b 9-9937722 

log 2 0-3010300 



+ 2 sin 6 sin c cos* ^^ " + 1-3689240 
nat cos (6 + <?) - - 0-9366416 



log 0-1363798 



a - 64° 28' 16" 



nat cos a - + 0-4322824 

76. In Art. 14, we haye deduced seyeral formules by which } a may be eompated. 
^e auj adapt (17) and (18) for logarithmic computation, as follows : 

•in*^^ alB 6 tin eeot^^A 
8in«iaa8in«}(&+e) — sin*^ \ (132) 

s sin [} (i + c) + ♦] sin [} (6 + c) - ^] 

sin* ^ sai sin 6 fin e sin* } A 
oo^ia8B00s*i(6 — c) — sin*^ }- (188) 

asB cos [} (ft — C) + fl cos [J (i — c) — 0] 

of irUeh (182) is to be pfefenred when } a < 45^ and (183) when f a > 45^ 

* The computation of (180) is facilitated by the use of a special table (given in 
maaj treatises on aayigation), from which, with the argument A^ if taken the loga- 
rithm of 2 sin* i ul ■• rersin A. [PL Trig. (4) and (189)]. 
24 q2 
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77. Cask U. Given two emg^ €md the 
included eidej or A^ C and b. (Fig. 9). 

Firit Solution ; when the third angle mud 
one of the remaining eidei are required. 
^ To find B. The relation between A^ O^h 
and JB, is, by (6), 

eosJS "■ — ooa Ccq%A + mkCfAnAMkb (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 9- "« cos J. ^ 

Acoad-'M sin^cosi j ^ ' 

tiien (ii) becomes 

cosi a« A (sin (7 cos 9- — cos Csind*) 

-A sin ((7- 9-) (m') 

or, eliminating A ■■ . ^ ^ the formulsB for finding B are 

cotd""* tan jloosi ^ 

coaj- «"«?-») cos A [ (184) 

sin 9- J 

To find a. From the third equation of (10), we find, 

sin OeotA + cos (7cos6 



cot a 



sini 
sin Cqo%A + cos C%mA cos6 



w 



sin A sin b 

which, by (m), becomes 

A cos ((7- 9-) , . 

cot a — — : — \ . J in) 

sin ^ sin ^ ' 

-, , , _ sin Jx 008 
or, eliminating A « 5; — > we have, for finding a, 

cot 9" "* tan ^ cod 5 ^ 

cot«-^5i(£zii??*i [ (186) 

cosS" J 

As in the preceding ease, we may either take d* always between 
and 180^, less or greater than 90*^ acconUng tA its tangent is posi- 
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fire ot negatire ; or we may take d- namerioally leas than 90^ in all 
cttea» positiye or negative, according to the sign of its tangent. 
(PL Tr^. Art. 174.) 

Ckedk. The quotient of (») by (m') ie 

eota cot((7— &) 
cofljB sin J. sin ( 

whiehy tnnltiplied by 

sin JS sin a ■■ sin J. sin b 
gires 

tan JJ cos a — cot {0 — d) (186) 

by which the Tallies of B and a, found by (134) and (135), may be 
rerified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and e^ A and C. By the fundamental formulae, we 
should have, 

cosJB"" — cos Jlcos 0+ sin-4sin(7oos6 ^ 

sin -4. cos (7+ cos -4. sin (7 cos 6 > (o\ 

cot <? ■■ ' rt ' L I ^ ^ 

Bin Casino j 

and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot^«" tan (7 cos 6 

sin (A — ^) cos (7 

sin^ 

cos {A — ^) cot 8 

cot C ■■ 71 

oos^^ 
Chech tan JB cos c ■« cot (-4. — ^) 

Examples. 

1. Given A - 185^ 5' 28''.8, (7- 60« 30' 8M, b - 69° 84'66".9, 
find B and a. 

By (184). 
A^ 185** 6'28"-8 log tan^- 9-9986164 

b « 69° 84' 55"-9 log cos b + 9-5426558 

d' - 109° W 81".0* log cot & - 9.6412707 

(7- 60° 80^ 8M 
(7-^&-- 68° 40^ 22^6 

■ I I HI I - - - - - — ^ ' - - - ^ - -- .»- - ^MB*iHi^iMiMM*Miaa«M>Mi'B^^* 

* W« nuy also tek«^ ■> — 70<> 49^ 29^-0, whenoe C— 3^ — ISl^ 19 Sr*4, wbttk 
will eridcntlj giTe the mum rotnltt m thoM obtoiatd in tk« text. 



COS 



^ (187) 
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By (184). By (185). By (186). 

log liBCe—^)— 9-9816664 logooe ((7— 5) +9-7169886 logeot(C— ^)— 9-784872S 

ar 00 log rin^ +0-0247897 ar oo log ooid^— 0-4886187 log ten J? +0-0787962 

logeot ^ ^9-8601762 log oot 6 + 9-6708862 log eo« • —9-7066757 

log eot^+ 9-8066828 log oot«— 9-7702926 Ckiek. —9-7848710 

^a. 60»10' 10^-0 ai«120<» 8^29^-9 

Ans.B^ 60<>10'10"-0 
a-120^80'29"-9 

2. Given^-185° 6'28"-8, (7-60^80'8"-4, 6-69^84'65"-9; 
find B and e. 

Ani.B^ 60^10'ir-O 

tf- 70°20'20"-0 

8. Given A - 65° 88' 10", (7 =- 95° 38' 4'', b - 100°49'30"i 
find B and a. 

An$.B^ 97° 26' 29" 

a- 64° 28' 15" 

4. Given ^-97° 26' 29", (7 -95° 38' 4", J -64° 23' 15"; 
find B and a. 

Ans.B^ 65° 88' 10" 

a -100° 49' 80' 

79. If Oy c and B were all required, we might find B and e by 
(187), and then a by Art. 8, which gives, 

gin £ : sin^ — Bin ( : sin a 

Bin A s in 6 ^j.. 

sin a — — I — D — {l«o) 

Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.'*' Bat as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art 69, VH., when A differs more trem W* than C, • must be taken in the 
same quadrant with A, and all ambiguity is remored. It, then, 1^ ^ we alwajt 
denote that angle which differs more from 90^ than the other giTen angle, we may 
always aolre this case by means of (187) and (188), without meeting with any diffi> 
CQlty in determining ike qnadraat in which a it to be taluHu 
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80. Cass IL Giyen A, (7 and b. Second Solwticn; when the two 
remuning rides, or when the three unknown parts are all required. 
We hare, by Napier's Analogies, (40) and (41), 

•in}(^ + (7):Bin|(il-(7)-«tan}i:tan}(a-<^) 

eos}(^+(7):oos}(^— (7) — tan}6:tan}(a + c) 
whence 



^ - , . sin i (J. — (7) . . . 



X 1 / . X cos i (-4 — (7) ^ - . 
tan J (a + e) — 1 ) a ^ n\ ^^ J J 



(189) 



which determine } (a — «) and i{a +c); then the half difference 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> ^, we may 
write (7— -4, <? — a in the place of -4 — (7, a — <?. 

We maj now find B by either of Napier's Analogies, (42) and 
(43), which give* 



^ - j3 sm J (a + (?) ^ - , . ^. 
cot * -B — . , ; i tan i (JL — C) 



X 1 T> cos } (a + <?) ^ 1 / 4 . /7\ 

<5^*i-S — f-7 (tani(-4+(7) 

" cos i (a — (?) * ^ ' 



(140) 



(141) 



Examples. 

1. Given A » 185« 5' 28"-6, C = 50° 80' 8".6, 6 - 69° 84' 56".2 ; 
find a, e and £. 
We have J (il + (7) - 92° 47' 48".6 

J (^ - C) » 42° 17'40".0 

J6-84°47'28".l 
Then, by (189), 

ar colog»mj(^+ (7)+0-0005176 ar cologcos}(^+ (7)— 1.8116286 



log sin J {A- (7)+ 9-8279768 
logtan^( +9-8418527 

log tan J {a — c)+ 9-6703471 

J(a-c)-. 25° 5' 5"-0 

a-120°80'80".0 



log COS J( J.— C) +9-8690585 
log tan }i +9-8418527 

logtanJ(a + c) —1-0225348 

J(a + c)-95°25'25"-0 

e - 70° 20' 20".0 



* W* iMy also find JB by tny one of Oausa's Bqoations, (i4), interehknging B 
■Bd O, i md «. 
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By (140). By (141). 

«roologauii<a~e) + 0^726772 Mrookg<xw}< a •>«) + 0-0430348 

log nnK a + c) + 9-9980628 logeos}( a -ftf)-^ 8-8755171 

logUaK^->-<7)- f 9-9689284 log tMiJ(^+ (7) -1^8111110 

log ooti J? + 0-8296629 *log «ot | B -f 0-8296524 

J fi - 26° 6' 5"-0 

^M. a-120°80'80" 

tf- 70° 20' 20" 

fi- 60° 10' 10" 

2. Given ^ - 96° 88' 4", C - 97° 26' 29*, ft *i 64° 28' 15" ; 
find a, e and £. 

^M. a- 99° 46' 48" 

« - 100° 49' 80" 

-B- 66° 88' 10" 

81. Oasb IL Given A, and b. Third Solution. When the 
third angle B it alone required, the computation by (184) is in mo9t 
oases as convenient as any other, but there are other methods (cor- 
responding to those given in Art. 76 for finding a) which may occa- 
rionally be serviceable. By (14) and (15) we have 

co«£--co8(J.+ 6^ — 2sia^sinO'sin4i (142) 

oosB--cos(^-C) + 2siaj48in(7co8*Ji (148) 

the computation of which is similar to that of (180) and (181). 

EXAHPLB. 

Given A - 96° 88' 4", - 97° 26' 29", J - 64° 28' 15" ; 
find J}. 

By (142). 

|5-> 82°ir37"-6 log sinH & - 2 log sin } i 9-4581022 

a +(7-193° 4' 83" log sin ^ 9-9978967 

log sin 9.9968268 

log 2 0-8010800 

- 2 sm -4 sin Csin* J 6 - - 0-5602162 log 9-7488567 

- nat cos (^ + C) - + 0-9740715 

nat cos B - +"04188668 B - 66° 88' 9"-9 



* For U>« rtMoss ^ven in Art. 74, (141) is, in thii enuapl*, not n Motratt 
u (140). 



(144) 



(U5) 
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82. la Art 1^ wn^nX fwtmvilm ar« giTen» hj whioh ^ B may be oonpiM. Bhf 
;21) and (22) w* hftTt 

■in* } iB i« 008* H"^ — ^) — ^ ^ *^ ^^^^^'^ i^ 
00^ } Jl a. lin* i (^ + C) — sin ^ sin (7siii* } & 

wliSbii mj b« ftdaptod for logMrithms, thns: 

rin* ^ at sin ^ sin C cos* } 6 
On^iB mm COS* J (il — C) — fln*^ 

„ COS [J (^— (7) + ♦] 008 [J (^ — (7) — ^] 

sin* ^ Ks sin ^ sin C' sin* ) b 

90tiBmmBiD^i(A+C)-'M'^ 

. sin [i(A+C) + ^]«mU(A+ C) -♦] 

of whieh (144) is to be preferred when iB< 45^ and (145) when } ^ > 46o. 

88. Case IL might haTe been reduced to Case I. by means of the polar triangl% 
Art 8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
flite one of them, being the supplements of the given angles and side of the pro- 
posed trian^e. The polar triangle being solyed, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be tht 
two aides and third angle required in the proposed triangle. It is easily seen, alao» 
that an the formulas aboTO giyen for this case might haTe been obtained 1^ tbeot 
oondderationf. 

84. Case III.. CHven two tides and an n,.o. 

angle opposite one of them ; or a, 5, and A. 
Fig. 9. 

First Solution, in which each required 
part is deduced directly from fundamental 
formulae independently of the other two parts. 

To find e. We have, by (4),* 

008 c cos i + sin tr sin 5 cos ^ ■■ cos a (if) 

to solve which, let 

ib sin ^ i« sin d 008 J. ") 

* cos ^ a« cos 6 J 

then (m) becomes 

h cos (<? — ^) a« cos a 

or patting e -* ^ « ^', 

t cos ^' ■» cos a ") 

■ ■ ■ ' ■ ■ ■ I, . I ■ ■■ ■ ■ llll M I 1. 

* This formula has been already employed and adapted for logarithma in Gate 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transformation of (122) gires (146). It will also be obeenred that the giyen angle 
and the giyen aide a4}ao«nt to it, in each of the Urst four cases, are denoted by A 
and 6, in crder that the auxiliaries ^ and ^ may haye the same yaluea throughout 
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The auxiliary ^ will be fully determined by (m)^ being taken be* 
tween and 180^, and always positive (PI. Trig. Art, 174) ; bat, as 
the cosine of an angle is also the cosine of the negative of that 
angle [Fl. Trig. (56)], we may take ^' in (m') either with the posi- 
tive or the negative sign, so that ^ ■« $ db ^^ There will thus be 
two values of <? answering to the same data, both of which will be ad- 
missible, except when ^ + ^' exceeds 180^, in which case the only solu- 
tion is (T n ^ — ^' ; and except when ^' exceeds ^ (which would make 
c negative), in which case the only solution is c "« ^ 4 ^'* 

Therefore, eliminating kj we have for finding c^ 



tan ^ a> tan b cos A 

, cos ^ cos a 
cos ^ -• 1 

^ COS 






(146) 



To find 0. We have by (10), 

cos (7 cos 5 + sin (7 cot ^ « sin 5 cot a 

or, multiplying by sin A^ 

cos (7 sin ^ cos i + sin (7 cos J. •« sin A sin 5 cot a (k) 

to aolve which, let 

A sin 9- «8 cos -4 ") 

A cos 9- «= sm -A cos 6 j 

Iheu (n) becomes 

A cos ((7 — 9*) ■■ sin A sin b cot a 

or putdng (7 — 9 =« ^', 

A cos d*' » sin A sin i cot a ^ 

Here 3- will be fully determined, while 9-' found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of (7 «= 9- ± 9-', corresponding respectively to the two values 
of e; but, as before, values greater than 180^, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating A « jr — i we have, then, for finding Ci 

cos 9" 
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oo^d- "" ton J. CO! b 

COS ^— COB d* tan 5 cot a > (14T) 

(7-^±y J 

Tofimd B. We liare several methods : 1st, directly by (8), 

. sin^sini 

sin ^ «■ ; (lio) 

sin a ^ 

which gives two ralnes of B, supplements of each other, correspond* 
ing respectively to the two vahies of e and 01 We shall presently 
see how to determine which are the corresponding values of c, 
OmdB. 

2d. In (128), ^ has the same value as in (146), and therefore put- 
ting in (123), <? — ^ ■■ ^', we have 

_^ sin $' cot A ,..^^ 

cot J? i—r (149) 

am $ ^ ' 

which gives two values of B by the positive and negative values 
of $'. 

8d. By (124), 

008 £ >* tan ^' cot a (150) 

which also gives two values of B by the positive and negative values 
of ^'. 

4th. In (184), Qr has the same value as in (147), and therefore put 
ting in (184), (7-&-y, 

sin y cos A 

cos JS n -. — s: — (151) 

sm 3" ^ ' 

which gives two values of Bj as before. 

6th. By (186), 

cot JS " tan y cos a (152) 

which gives two values of J5, as before. 

The formula (149) shows that when ^' is positive, cot B and cot A 
ha>Te-tfae same sign, that is, B and A are in the same quadrant ; and 
that, when ^' is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to d^. Hence, that vahie of B which i$ in the 
$ame quadrant a$ A, belongs to the triangle in which (?"»$ + 9^ 
0^d'+ y ; and that value of B which is in a different quadrant* 
from Aj belongs to the triangle in which <? « ^ — ^V <7«" 3- — y. 
This precept enables us to employ (148) without ambigui^- " ^^ 

26 B 
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use of (149), (150), (151) 4nd (152)^ it is obIj necessary carefully to 
observe the signs of the several terms. 

Cheeks. Of the various formulaB above given for finding B, one or 
more may be employed for the purpose of verification. When c and 
have been founds the ttost tfanple oheck is the £61k>ving, from (S)^ 

sin C ain^ 

=^ - -. (153) 

sin € sin a ^ ' 

whkh, indeed, might have been employed to find (7, after e was 
fo«&d, and feeiprocally, but for the anbigiiity ^ttaohmg to the «nes. 

86. AcoordiAg to Art. 69, VI., if h differs more frotti 90"^ 4lian ^ 
B must be in the same quadrant as (, and, since but one of the twe 
Vidttes of B eain satisfy this conditioii, there will be but one fiolution. 
In that case c and will each be found to liave but one adnMSsibte 
value. 

SB. The problem will be altogether impioiBsible, when a differs more 
from 90° than 5, and is yet not in the same quadrant with A. In 
tmA case, we skodd ind that <p 4-^'> 180®, and ^ ^^'<(H 
^ + y>180S &-y<0. 

The problem will also be impossible, when sin ^ sin 5 > sin a, since, 
by (148), we shall then have 4wn -B > 1. 

1. Given a -40° 16', i = 47° 44', A =» 52° aO^ ; find B. 

By (148). 

ar CO log sin a 0-1896350 

log sin ( 9-8692449 

log sin A 9-8994667 

log sin B 9*9582466 

or "^ 

2. With the same data, find c and B. 

By (146.) 
u^ 40° 16' log COS a+ 9*8626489 

&- 47° 44' log tan 5 + 0^0414996 ar ^o bg «os 6+0*lT2SM7 

A* 62° 80' log cos ^+9.7844471 

<p« 33° 48'61"4 log ten4)+9.8269467 log co8<p +9>9l95204 
<p'«.dbl9° 80' Sr^O iQg^Gos (p'+d 0^48260 

(.^- 68°19'20"-4 
<?,- 14°l«'22"-4 



a ■■ 


40° 


16' 


h - 


47° 


44' 


A- 


52° 


30' 


j? = 


65° 


16' 35" 


5- 


114° 


43' 25" 
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By (U9). Okeak. (160). 

f — 38o48'51"-4arcolog8m<{)+0.25453281ogoota+O.OT20848 
(p'.x»5k 19O80'29".0 Iog6in(()'=b9-52366761ogtan(ti'±9-5498427 
Am, SS'SC 0" logcot^ +9-8849805 ±9-6214275 

iZ 114048'25''-1 } l«g«<>t*±9-«e«1809 logco8B±9-6214275 



Ant. 1 1*- 53" 19' 20"-4 ) j * .F W" 18' 22"-4 
* *- 65° 16' 34"-9 ( **^ 1 5 -. 114° 43' 25"-l 



3. .QiTAB a - 120°, i - 70°, 4 > 130° ; ^d (7 and ^. 

By (147). 
a *- 120° log cot a -9-7614394 

b— 70° log cos 6 +9-5340517 Ipgtan 6 +0-4889841 

j1«. 130° log tan A— 0-0761865 

& - H2°10'83".6 log cot 9- -9.6102382 log cos 9— 9-5768627 

y=± 53°13'13".8 log.oo83-'+9.7772862 

(7.=- 165°:23'47''.4 
(7,- 58°67'19".8 

By (151). Oheek. (152). 

3- = 112° 10'83".6 ar CO log sin 9-+ 0-0333755 log cos a-9-6989700 
y-± 53°13'13".8 logsin;3'±9.90360301ogtan9-'±0-1263669 

A= 180° 0' 0" logoosJ.— 9-8080676 :7:9 -82688^ 

f C "^S'lS'S^S } log«M^^^'7450460 logiMtJ?iF9.8253369 

Ant. C = 165° 23' 47"-4 "I f. <? = 58° 57' 19"-8 

.P*il23°46'37"-5 J ^ \ ^ ^ 66° 18' 22"-5 

4. Given a - 70°, b = 120°, A = 130°; find ft 

By (147). 
a — 70° log oot a + 9-6610659 

A «• 120° log cos 6 — 9-6989700 log tan 6 — 0-2385606 

A- 130° log taiU- 0.0761865 

^ - 59° 12' 87"-0 log cot 9- + 9-7751565 log cos & + 9-7091756 

y-±108°49'85".l log.CQBy- 9-5088021 

(7- 168° 2'12'M, taking 9^ with the positiTe ^gn onlj, sinoe 
its negative value would render negative. 



^ 
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5. Give* a -99° 40' 48", 6 - 64<> 28' 15", ^-96^ 88' 4"; find 

r, C7«QdJB: 

An9. c- 100^ 49^80" 
(7- 97** 28^29" 

6. GiTen a - 40° 6' 26"^, J - 118° 22'7"-8, ^ - 29° ^ 88".8 ; 
find c, and JB. 

An$. (?-168°88'42M) ( c - 90° 5'4r.O 
(7-160^ r24M } 0T< (7- 60°18'66".2 
i - 42° 87' 17"-5 J I J? - 187° 22^ 42".5 

7. Given a - 69° 84' 56", b - 120° 80' 80", A - 50° 10' 10" ; 
find e and 0. 

Ans. <?-70°20'20' 
(7«50°80' 8"4 

8. Given a - 120° 80' 80", b - 69° 84' 56", ^ - 50° 10' 10" ; 
find e and 0. 

An$. Impossible. 

9. Given a — 40°, b - 60°, ^ « 60° ; solve the triangle. 

An$. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin J.Bin£ 

sm B ■■ — T^—: — 
sin a 

and then by Napier's Analogies, (41) and (48), 



(154) 



*•"** "SS^t^^ *"*<* + *) 

* COS J (a — 6) * ^ ^ 

or by (40) and (42), 

^ - sin J (.1 + i) . , , . . 

t«^ i ^ ■■ ' l/A m tan J (a — 6 ) 

' sm J ( A — jB) ■ ^ ^ 

^-^ sinJ(a + 6)^ -,, ^. 

cot i (7 -• . * ; A tan * (-4 — B) 

■ smj(a— 6) "^ ' 

• 

in wbioh we employ snccessively the two values of i?, and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for } e and i being less than 90°, their 
tangents must be positive. 



(156) 



exftmples. 
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) it to the student to apply these fonnabd to the preceding 



S8. Jh i i im ' m k u h^ M^^adim qf the data a, h and A, wh^hsr tkert aT$ two 9obUion»^ 
orimiatm, 

lit It hM alreadj been teen, Art 86, th*t when b diffen more from 90^ than a, 
£ mwt be in the s«me qosdrant as b, and there can be but one solution. It remains 
to dHnr, 

2d; That when a differs more from 90® than b, there will neoeesarilj be two soln- 
tioDS. We hafe, by the first of (4), 

cos a — cos b cos c 

sin Cob ;— r -z 

sin 6 cos A 

Two solutions exist so long as both yalues of e are positiye, and less than 180®, that 
is, so long as sin e is positiTC. Now when a differs more fr^m 90® than 6, we hsTe^ 
(neglecting the signs for a moment), 

cos a > cos b > cos b cos e 

therefore the numerator of the abo^e value of sin e has the sign of cos a. But by 
Art 69, YL, a and A are in the same quadra|^ and cos a and cos A have the same 
sign; MBMqventiy also, the numerator and denominator hare the same sign, and 
the Ttfaie of the fraction, or of sin e, is positiye, as was to be proyed.* 

Henoe, there it butaneaoltUion when the aide oppotiu the gwtn angU differt letefrom 90® 
Qtan the other gwen Hde, and two eolutione when the tide ofpotUe the given angle difere 
more from 90® than the other given tide* 

89. Oasb rV. CKven two angles and a side apposite one of thenij 
otAjBnxii b. (Fig. 9). 

First Solution^ in which each required tig. 9. c 

part is deduced directly from the fundamen- 
tal formul». 

To find e. We have, by (10), 

i 

sin <? cot 5 — COS tf COS J. ■■ sin J. cot jB 

or multiplying by sin 5, 

sin tf cos 5 — cos tf sin 5 cos ^ a sin J. cot jB sin & (m) 

to solye which we take 

i sin ^ ■■ sin & cos J. 

i cos ^ «■ cos 5 

* The same proportion may be otherwise proyed thus. By the equations (m) 

lad (flO ^^*^ ^> ▼• ^'^▼^ 

cos & , cos « . sin 5 . 

cos ^ ■■ —7— cos / ■■ —J — * ■■ -5 — cos A 

k k sin ^ 

from ^ third of which we see that k has the sign of cos ii ; if then a differs more 
from 90^ tiian 5, that is, if cos a and cos A haye the same sign, eoi f' Is posltiT% 
sad f< 90®. Also sinoe, (neglecting signs), cos a > cos ^, we have cos f' > eos fi 
ory differs more from 90® than ^. Henoe ^' < and ^ < 180® — f, or ^ — ^' > Q 
and ^ + ^' < 180®, or both ralues of e are between and 180®. 

»2 




(m) 
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theft, pottinf # «-^ ^ «■ ^, (m) bftomet 

I sin $' a sin J. oot jB sin & 

or ^Hmliiatiiig kj ira hare, for dntSBg e, 

tan^ « tanicos^ 

din ^' i^ sin ^ tanJt cot J^ } (156) 

Here ^' being determined by its sine, will have two yalaes, sup- 
plements of' eaob other, whioh being suecessively added to ^, ^ve 
two values of e. 

When the second member of the formula 

sin ^' ■■ sin ^ tan A cot B 

is negative, sin ^% and therefore ^' is negatiTe^ and the two supple^ 
mental values of ^' ttiust be successively subtracted from ^. there 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180^, or when one of them is negative. 
To find 0. We have, by (5), 

sin (7 sin J. cos & — cos (7 cos J. "ii^ cos £^ (K) 

whence, if we put 

A sin d- ■■ cos A 

A cos 3 «- sin J. cos } ' ^^^ 

and also <7 — d" ■■ y, we have 

Asiny — cosJ? 

(7 « 5 + y y (**') 

Eliminating A, we have 

cot 3 "■ tan A cos b 



mny 



sin 9* cos J? 



cosx^ r(i»7) 

(7 - 9- + y 

As d^ is alse determined by its sine, it will have two supplemental 
w$iam^ which will both be added to or both subtracted from ^ (ac- 
cording to the sign of sin d^,) thus giving twQ values of (7, except 
Irhen one of them exceeds 180^, or inrhen one of them is negative. 
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To find a. We have seyeral methods : Ist, directlj by (3), 
wiueh gives 

sin 6 sin -A 
wn a « — -. — j,— (158) 

2d. By (146), where ^ and ^' have the same valuee as in this case, 

eos $' cos i 
^ ^ " cos^" (15^) 

8d. By (150), 

cot a « cot ^' cos B (160) 

4th. By (147), where S- and 9-' have the same values as in this 
case, 

cos 9^ cot J . 

5th. By (152), 

cos a « cot 9-' cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by ike two values of ^' or 9-', employed in the second members. 
From (156) we have 

cos A « tan ^ cot ( 

which with (159) give^ 

COB a sin b 

The sign of the second member of this equation depends upon 
that of cos $', since sin ( and sin ^ are always positive. Hence 
when cos ^' is positive, cos a and cos A must have like signs ; and 
when cos $' is negative, cos a and cos A must have different signs. 
A like result foUowi from the first of (157) and (161) with referenee 
to S^. Henee, that value of a which i» in the eame quadrant t&ith 
A belongs to the triangle in tfihi^h cp' < 90°, 9-'< 90® ; and that value 
of a which i» in a different quadrant from A belongs to the triangle 
in ttr*A?A (i)'>90®, 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs pf the several terms. 

Checks, Of the various formulae above given for finding " '^"e f^ 
more may be employed for the purpose of verification. ^ 
(7 have been found, however, the most simple check is 



200 8PHEBICAL TBIG050METBT. 

8in sin B 
sin c sin h 



(168) 



whieh might have been employed for finding O after e was found, or 
reciprocally, bat for the ambiguity attaching to the sines. 

90. According to Ajt. 69, VII., if A differs more from 90^ than 
B^ a must be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and will each be found to have but one admissible 
value. 

91. The problem will be impossible when B differs more from 90^ 
than A^ and yet is not in the same quadrant with &. In such case 
we should find both values of c (and both values of (7) to be greater 
than 180^, or both negative. 

The problem will also be impossible when sin 5 sin J. > sin i9, 
since by (1^8) we shall then have sin a > 1. 



Examples. 

1. Given A - 182<> 16', B - 189° 44', I - 127° 80'; find «. 

By (158). 

B - 189° 44' 0" ar co log sin B 0-1895860 

A - 182° 16' 0" log sin A 9-8692449 

I - 127° 80' 0" log sin h 9-8994667 

a - 65° 16' 86".l log sin a 9.9582466 

or . a « 114° 48' 24".9 

2. With the same data, find C and a. 

By (157). 
JS- 189° 44' 0" logoosjB-9.8826499 

A^ 182n6' 0"logtan^-0.0414996arcologoos-A-0.1722647 
i- 127° 80' 0" log cos 6-9-7844471 

a-- 56° ir 8^.6 log cot9-+ 9^8259467 log sin i^+9.9195204 

yC+lJSogS;!^^^ logBiny+9.9748260 

(7,- 126°40'89".6 
C;- 165^41'87".6 
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By (161). Chech. (162); 

*— 66° ir 8".6 ar CO log cos 9-+ 0.2545828 logcotjB-0.0720848 

y -109» W^'-li } '°« '^ ydb9-5286676 log eot y± 9-549842 7 
« '-127° 30' 0" log cot 6-98849805 ^=9.6214275 

a'l^Sne'S^J} lo«««t«=F9-66S1809 log cos a=F9.6214276 

An*. (7-126°40'39".6 \ f C-165»41'87"-6 
a-114*48'25"-l j ^"^ \ a- 65''16'34".9 

8. Given A - 110% B - 60°, 6 - 60° ; find e and a. 

By (156). 
B^ 60° logcotB+9-9614894 

il- 110° logco8^-9.5340517 logtan J -04889841 

6 — 50° log tanJ+ 0-0761865 

(p — 157°49'26"4 logtan((>-9-6102882 log sin (p+ 9-5768627 

4,>- 86°46'46"-2 1 log sin ^'-9-7772862 

$;— 143°1818".8 J "g V 

c, - 121° 2'40"-2 \ 
e, - 14°8612"-6 J 

By (169). Cheek. (160). 

(J) — 167°49'26"-4 arcologco8<p— 0-0338766 logco85+9-6989700 
t\ I-148°1318''i8 } l°g««8<P'±9-9036030 log cot<p'=F04268669 
b *— 60° 0' 0" logcos b +9.8080676 q:9-8258369 

«i " 128°46'87"-5 1 j ^ :p9-7450466 log cot a=F9-8268869 
a,- 56°18'22"'5/ *5 "^ e 

^JM. «-121° 2'40"-2\ / c =. 14° 36' 12"-6 
a - 123° 46' 87"-5 / *' \ a - 56° 18' 22"-5 

4. Given A - 60°, B = 110°, 6 = 60° ; find e. 

Ant. e - 11° 67' 47''-9 

5. Given A - 115° 86' 45", B = 80° 19' 12", 6-84° 21' 66" ; 
find a, e and 0. 

Ant. a -114° 26' 50" 
c- 82° 88' 81" 
C- 79° 10' 80" 

6. Given^-61°87'52".7, £-189°54'84".4, 6-150° 17' 26".2; 
find a, e and 0. 

Ant. a - 42° 87' 17"-5 ) fa- 137° 22' 42".5 

tf-129°41' 4".8 [■ or < «? - 19°58'85"-6 
C— 89°54'19"-0 ) I C- 26°21'17".6 , 

2« 
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T. Given A » 70°, B » 120°, J — 80° ; solve the triangle. 

An». ImpoeBible. 

8. Given A ^ 60°, B «- 40<», ft » 50° ; solve the triangle. 

Ans. Impossible. 

92. Gasb IV. Given J., B and (. Second Solution. We find a 
bj the formula 

sinisin^ 



sma 



sinjS 



and then by Napier's Analogies we find c and (7, precisely as in 
Case IIL, Art. 87, employing successively, in (154) or (165), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

1^ 7b determme hy mtpection of the dcUa A, B and 6, whe^sr there are two eoiuiiom 
or but one. 

1st. It has already been seen, Art. 90, that when A differa more from 90° than JS, 
a most be in the same quadrant with A, and there can be bat one solution. It 
rematnt to show that, 

2d. When B differs more ftrom 90® than A, there will necessarily be two solationi. 
We haye, by (6), 

, ^ cos B-\' COB A eoBp 
sin A cos b 

Two solutions exist so long as both values of C are less than 180°, and both positiTe, 
that if, to long as sin (7 is podtive. Now when B differs more from 90° than A, we 
have, (neglecting signs for a moment), 

cos j9 > cos ii > cos ^ cos C 

therefore the numerator of the yalue of sin C has the sign of cos B. But by 
Art. 69, VII., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there is but one eolation when the angle qppoeile the given eide differe leee from 
90° than the other given angle ; and two eolutione when the angle oppoeite the given tide 
differe more from 90° than the other given angle, 

94. Casi IV. might have been reduced to Case III. by means of the polar triangle 
of Art 8. For there will be known in the polar triangle two sides and an angle 
opporite oae of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and its 
two remaining angles and third side found, the supplements of these pMrtt wiB be 
the required sides and third angle of the proposed triangle. 

* It may be shown that both values of C will be admissible, by a process of rea- 
Boning similar to that employed in the note on page 197, applied to the equations 
•f Art. 89. 
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(164) 



(165) 
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9S. CAmV. €H9m the three rides, or a, b ^^ 

ittd 00 (Kg. 0.) We haye three methods 
for computing the half angles : 

Ist* By the sines, from (81), remembering 

that A 

" ^i \ sm 6 sm (? / 

Bin i 5 - J (!M!Lr-_^.L«|L(iZLf)) 

* >• \ sm <? sm a / 

* ^ \ sm a Sin 6 / 

2d. By the cosines^ from (83), 

/ / sin « sin (s — a)\ 
^*^">i.( mibBinc ) 

* '^ \ sm {? sm a / 

* N \ sm a sm / 
8d. Bj the tangents, from (34), 

^ ^ \ sin « sin (« — a) / 

^ V sm « sm (« — 6) / 

^ V Sin 9 sin (« — c?) / 

When only one of the angles is required, the simplest method will 
be by (165), but if the required angle is less than 90^, it will be 
found more accurately by (164), for then J J. < 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin a, sin (, and sin c, are not then required. 



^ (166) 
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No tmhigaitj can arise in these solutions, sinoe the half anf^es 
must be less than 90*^ ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given a - 100°, b - 50°, c - 60° ; find A. 

a - 100° 

h - 50° log eoseo 0.1157460 

e — 60° log cosec 0-0624694 

2 • - 210° 

«-105° log sin 9-9849438 

c — a - 5° log sin 8-9402960 

2)9-1034552 

lA" 69° 7'52"-T logoos 9-5517276 
^-138°16'45"-4 

2. THth the same data, find all the angles. 

By (166). 

•—105° 1. cosec 0-0150562 1. cosec 0-0150562 1. cosec 0-0150562 

i-am. 5° 1. cosec 1-0597040 1. sin 8-9402960 L sin 8-9402960 

,—i . 650 i^ gjQ 9.9133645 L cosec 00866355 L sin 9-9133645 

,_<.- 45° 1. sin 9-8494850 1. sin 9-8494850 1. cose c 0-1505150 

2)0-8876097 2)8-8914727 2)9-0192317 

L tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 

J ^ - 69° 7' 52"-7 iJJ- 15° 35'37"-0 JC- 17° 54'59"-l 

Atu. ^-il38°15'45"-4 5-81°ll'14"-0 C- 35° 49'58"-2 

3. Given a — 10°, & — 7°, « — 4° ; find the angles. 

^w. ^-128°44'45"1 
J?- 33°iri2"0 
C- 18°15'81"-1 

96. The method by (166), may be pat under the ibllowing eonremMit fbnn. Let 

J> // Bin (* — a) sin (t — ft) gin (t — e) \ 
WV 8in« / 

th«B !> (167) 

P P P 

' ein (« — ay ' sm (« — by ' gin (« — c) 

whieh are simQer to the foHnnlie of PI. Trig. Art 146, aad areoompated in the Mime 
Minner. r 
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97. Cum v. GiTta a, h and e. Second Sotution, If the whole uigle U re4iiired 

COB a — 008 b COS e 
Bin 6 Bin c 
vMeb msj be ftdftpted for logarithms by an auxiliary thus : 

•Oa ^ an OOB 6 OOB e 

2Bin}(» + a)8iii^(^-«) 



Orthos, 



VUWXl 






sin 6 Bin « 


cot A 


- 


COS b COB 


e 


Bin a 




eo8^ 


- 


sin (ip — a) 
sin 6 sin e sin ^ 



(168) 




■ (169) 



98. Cask VI. GHven the three angles j or ^•*- c' 

Ay B and OC (Hg. 9). We have three methods 
of finding the half sides : 
Ist. Bj the sines, (86). 
2d. By the cosines, (38). 
8d. Bj the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A - 120^ B - 130^, (7 = 80^ ; find c. 

Ans. c =- 41° 44' 14".6 

09. The formulsB (89) may be arranged for conyenient use in the same manner as 
the oorreeponding formulsa of the preceding case, Art. 96. 
100. Cabb VI. Giyen J, 3 and C. Second Solution. We haye, by (5), 



josa 



ooB A 4- eoB B eoaC 

sin B sin C 



which may be adapted for logarithms by an auxiliary, thus : 

COB ^ as COS ^ COB C 

2 COB } (^ + »)COfl}(ji— ^) 



COB a 



(170) 



or, 



tan^ 



COB a 





sin B sin 


J 


cos B cos 


C 


- 


sin^ 






cos (A 


-*) 




sin j9 sin 


(7C08^ 


M 



(171) 



* See NoTB at the end of this chapter, p. 211, for the method of computing mi 
of the general formulie of spherical trigonometry directly, witho^ ' of a 

illary angles. 

S 
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SoLUTiov or Obuqub Sphhlioal Tbiaxolbb bt BfiAjTB or ▲ Fbeputdicvlab. 

101. All the oases of oblique spherical triaoglet mtaj be solyed by diTiding the 
triangle into two right triaoglet by a perpendieiilar from one ot the yertices to the 
opposite side, and solying theae partial triangles bjr the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), b/ 
which the application of this method is facilitated. 

102. BowdUeh*tRuIea for Oblique TrianffUs. « If in a 
^ff-l^* C spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts sore so taken that Ae perpen- 
.^ dieular is an adjacent part in both of them ; then 

The tines of the middle par U in the two triat^let(arejfrO' 
portioned to the tangents qf the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to thewtims ofths opposite parts. 
To prove which rules, let M denote the middle part in one of the rig^t triangles, 
A an adi^acent part, and an opposite part. Also, let m denote the middle peart in 
the other triangle, a an adjacent part, and o an opposite part ; and let ^ denote the 
perpendicular. 

First, If the perpendicular is an acUaeent part in both triangles, we have, by 
Napier's Rules, (Art. 46,) 

sin JIT BBS tan A tan/> 
1^ m 3S3 tan a tanj? 
whence 

sin Jf tan^ ianp tan ^ 
sin m " tan a tan/i tana 

or sin Jf : sin m SB tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we have, by 
Napier's Rules 

sin M sss 008 eosp 



whence 



sm m SB cos o eoap 

sin 3f cos cos p cos 
sin m cos o cosp cos o 

or sin M : Bin m ss cos : cos o" * 

We proceed to solve the six cases of spherical trianglee with the aid of a perpen- 
dicular. It will be seen, however, that Bowditch's Rules are applicable but in the 
first four oases. 



* Peirce's Spherical Trigonometry, Art. 44. 
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KML Cam L Givwi ^ € and X Let the parpendieuUr C F, Ilg. 10^ be drMrn 
firom C, (that is, in tiieh a maimer as to put two glTea patrtt hi one ef tht xicht 

triangles). Then the right triangle ACT gives, by Napier*s Rules, tf we put 

tan ^ SB tan 6 COB ^ (lt2) 

tkea taking co. b and eo. a as middle parts in the two triangles, A P ^ ^ and 
B P^ e — ^* are the opposite parts, whence, by Bowditch*s Rules, 

cos f : cos {e -^) as eos 5 : eoe a 
whence 

cos(c — ^)eoe6 ,,.^. 

cos a as ^ ^ (178) 

cos (p ^ ' 

Again, taking A P and P^ as middle parts, eo. A and co. B are acQaeent parts, 
whence, by Bowditch^s Rules, 

sin ^ : sin (c — ^) :s cot ^ : cot B 
whence 

cot 5 - ^i'-*)"^'^ (174) 

Sin ^ 

tnd the formula (172), (178), (174), agree entirely with (122) and (128). 
The triangle B CP gives as a check 

tan a cos J? a= tan (e — ^) (^75) 

wUch agrees with (124). 

By drawing the perpendicular from B, we may in the same manner obtain the 
formulse (125). 
The angle C may be found by the proportion 

sin a : sin c as sin ^ : sin 

wit C has been found by means of a perpendicular from By B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A, C and 6. Let the perpendicular be drawn as before, 
Ilg. 10, and lei 

ACP^\ BCP^ C-^^i 

then, by Napier's Rules, 

cot ^ ss tan A cos b (^76) 

and by Bowditch's Rules, taking co. A and co. B as middle parts, and therefore 
eo. A CP and eo. B CP m opposite parts, 

sin ^ : sin (C7 — ^) wom cob A: cos B 
whenee 

_ Bin(C— »)cos^ 

cos B as > — —^ il77) 

sin 3 ^ ^ 



* It AP should, exceed A B^ (that is, if the perpendicular should fall without 
the triangle), j9P would be equal to^P-^^J?as^ — c, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
BP ta negative; that is, by still taking B P sss c — ^ and attending to the signs of 
all the terms as already exemplified, p. 182. 

t If ^ C7P> ^ CB, B CP^ C—A CP will become negative, »»-* •"^ ^sew 
results are still found by attending to the signs, as already shown, p. 
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Again, tsUng eo. A CPand eo. B OPms middle pftrto, and t]l«r«fore oo. h and oo. m 
ts ft^Aotnt p«rtB, Bowdiloli*! BhIm glra 

COB ^ : 008 (C — 9) ^ eot 6 : eot a 

whence 

008 (C — ») cot t 



cot a ^ 



008 ^ 



(178) 



and (176), (177), (178), agree entirely with (184) and (186) 
The triangle BCP gives 

tan J9 008 a a cot (C7 ~ 9) (179) 

which agrees with (186). 

Bj drawing the perpendicolar Arom A, we maj in the same manner obtain the 
formnln (187). 

The side e maj be found ftrom the proportion 

sin ji : sin C sK sin a : sin e 



fig. 10. 



and Art. 69 ; or c being found by means of a perpendicular firom A, we may find € 
by a similar proportion. 

105. Casb III. Given a, b and A. Let the per- 
pendicular be drawn from (7, Fig 10, as in the preoed- 
ing cases, and let ^ P ax ^, B P^^' ; then, by Na- 
pier's Rules, 

tan <p ss tan 6 cos ji (I^) 

and, by Bowditch's Rules, 

cos 6 : cos a ^ cos ^ : cos ^' 




COSf' 



cos <p cos a 

COS b 



(181) 



and then 



In Art 84, we have found, from analytical considerations, that this case admits 



of two solutions, and that the general expression for e is 



(182) 



In fact, let us attempt to construct the triangle with the data a, b and A. Having 
constructed A equal to the given angle, and b equal to the acQacent side. Fig. 11, let 

f tff- 11* _ a small circle be described about C7 as a 

pole, with a (circular) radius ae a ; this cir- 
cle intersects the great circle AB in two 
points, B and B', and both triangles, ACB 
and A OB contain the same data a, and A. 
If the perpendicular CP is drawn, we have 
BP as B'P, so that in one of the triangles, 
the side e ts ABmm AP+ PB ^ f + ^, 
and in the other, e » AB « AP^BP a ^ — ^'. If both points of intenieetioa, 
B and B\ fall on the same side of A, and within 180^ of j4, both solutions will be 
ndmissible. 
To find C, let ^CP =* ^ and BCP s y, then by Napier's Rules, 

cot ^ SB tan ^ 008 6 
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«i« lij Bvwdlteh'i ftdti, 

wImdm 

#ot9'«B«(Ni»tan&edta (184) 

mA riM* in Kg. 11, 

O «B AQB wm ACFJc MOP wm^ + y, or (7 at ACB'mi ACP^BCP m ^ — ^, 

(7 «i » db y (186) 

•ad the formiilflB (180), (181), (182), (188), (184), (186), agree entirelj with (146) 
•ad (147). 
After t wms found, we might have found C from the proportion 

•ina:eineaBein^:einC7 (186) 

and B la fonnd from the proportion 

eina:ein&vein^;iini} (187) 

The two values of jB deCermSned bj (187), are both admimiUa when ehae two Talnea 
aaabava* It Is alio evident, from Rg. 11, that the two Talnee of Jg are wpplemental. 
To dalstmine the eorresponding yalues of t and j9, we obsenre that, bjr Art 48, the 
perpwdiealar (TPis in the same quadrant with A and with CBF and CBF^ and 
theretea CBA is in a different quadrant from A* Henoe, ihai value of B which it m 
thi mm$ quadrant at A corrttponit to the vahtt </ sb # -)* ^'» '^ *^ valut 0/ B 
mIM It 4i a t^ereni puukamt from A wne^pondt to the watue (if c ma ^ — /; whSeh 
■ g i r t ei with what is shown in Art 84. 

la oenputing (186), the two values of e must be employed suoeeedyelj, and the 
Ibnaula oomputed twioe. At each oompntation we shall have two values of C found 
tnm the sine, one of which must be selected by Art 69. But as the application of 
the prineiples of Art 69 is tedious and embarrassing, it is better to find C by (184) 
sad (185). 

The iiDnnuln (149), (160), (161), (152), for finding B, may easily be de luced by 
Napier's and Bowditch's Rules. 

106. Cass IT. Given A, B and b. Let the perpendicular be drawn as before, 
ngi 10^ aad let AP «■ ^ BP v ^, then as before, 

tan ^ ^ tan & cos ^ (I88j 

sail hy Bowditch's Rules, 

eot4:ootBa«sia^:sinf' 

whamee 

sin ^' ■■ sin ^ tan ii cot J9 \ /loox 

c-^ + *' /(^^^ 

WhWi igree with (156). But i^ having two supplemental values determined by the 
siMy s has two values, as already explained in Art 89. 

To show the same geometrically, let BF, If- is. 

Fig. U|p be the acute value of f', and about 
(7 as a jpole, let a small oirde be described 
pawiaf jfthrough J9, and intersecting the 
gieal aliale AS again in S''. Ut B'CU 
drswQt and produced to meet AB again in 
if t tailing the lune B'B. Then we have 

BwmB'mm CBA 

87 s2 
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nf.12. to thftt in botk triang^, ACB Mid ACB^ 

the Tftbu of tlM angle oppouie the tide h 
is the Mme, that is, both trianglea oontaha 
the laae data, A^ B and b. Now 

IW mB BTB mB B'P+ BPmB Bi*+ B^P, 

80 that BP and iTP are tnppleBMita of 
eaeh other. 
In the triangle ACB we hare 

emm^ + i^wmAP+BP 
and in the triangle ACB we hare 

and hence the two Talues of e are found by glring ^' iti acute and obtnee yalnes 
nuccesslTely, as already shown analytically. 

By Art. 49, CP must be in the same quadrant with A ; hence, if j9 is in the same 
quadrant with A^ P falls between A and J?, as in the figure, and for the same reason, 
between A atfd B. Bnt if A and B were in different quadranta, both peinti, 
B and B, might lUl between A and P. Tlie two Tahiee of e would then ba femd 
by the fomnla 

4f taking, successiTely, its acute and obtuse yaluea. In that ease, tan A and qpt B 
wottld haTo opposite signs in (189), sin ^' would be negatiye, which would mahe f* 
negatiye, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the seyeral terms, as already fUlly exemplified* p. 201. 
To find Ct let ACP wm 9, BCP ■■ y, then we haye, as before, 

cot^w taiiiieosft (190) 

and by Bowditeh'i Bnles 

cos ^ : coa ^ •■ iin ^ : sin ^ 
whence 

. ^ sin^ooeB I 

""'^" cos^ I (lOlk 

c — d + y J 

which agree with (167). It is eyident ftrom Fig. 12, that BCP and BCP^ ara np- 
p^emental, and that the remarks aboye made with reference to <p' aipply also to y. 
After e was found, we might haye found C by the proportion 

sin 6 : sin e Bs sin ^ : sin C (1^) 

and a is found by the proportion 

sin^: sin^ CB 8in5: sina (198) 

The two yalues of a found by (198) are both admissible when c has two yahies. 
From Art. 60, it follows that when BP is acute, a must be in the same quadrant 
with CPf that is, (Art 49), in the same quadrant with A ; and when BP U obtuse, 
a must be in a different quadrant from A. That is, thai v€tiue of a wMeh ismik§ mmm 
quadrani wUh A, bekmfft to tke triangle m tthieh ^'< 90°, and that value tf% wkUk It di 
a d^erent quadrant firom A, telonfft to the triangle in wkkh ^'> 90° ; whidi agrees wUh 
Art 89. 

The formulflB (169), (160), (161), and (162), for finding a may easily be deduced 
by Napier's and Bowditch*s Bules« 
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107. Cm y. OHen 4^ h and e. fht p«rp«idieiilAr i^U 
eaimot be drsvn, in tUi mm, mUwI two of tfn gl^en 
jMortealMllboiBoiiotrioiii^e; noTortlMloM the CMo eaa 
be Mhred bj neeiii oi a perpendiealar. Let the perp. 
be &TWwn froM eiij engle, m (7, Fig. 18, and Mbefore, 
patXP ■■ f» JJ* ■> #"; then by BowdHeh'e Italee, 

0M# S OM^' Ml OM ft : OM « 

, ooe^ — ooe^ ooe« — eoi ft 

whenM 7-5 ■■ i 1 

eoef-f-^M^ OM«-|-eoeft 

or, by PL Trig. (110), 

t«i}(*+*')*«»J(^-0— *«J(*+«)*«J(*-«) 
vkenoe, aixiM ^ -{- ^ "" ^> 

ton } (^ — ^) «i ten i (ft + a) tan } (ft — «) oot } e 

i(* + *')-H 

whicb detennine ^ (^ — f') and } (^ -f. ^) whenee ^ and ^. The anglM ^1 and B 
ire then determined by N^^ier's Roles. 

108. Caos YL Giren A, B and (7. In Fig. 18, let ACP •■ 9, JSCP •■ ^ ; thoBy 

by Bowditdi'e Ralee, 

sin^:ainV«Beoe^:eM^ 

ain9 — einy eo§A — coiS 



} (IM) 



ain^-t-*^^ 9oiiA-{'0o»B 
or, by PL Trig. (109) and (110), 



^±|^-tanJ(i^ + ^)UnJ(i^^^) 



whenee, ilnM 9 -(• ^ •■ C, 

tan|(» — 3^«B tan|(S4-il)tan}(JS — ^}tan}(7 1 .^^. 

}(^ + y)-}(7 / 

wUeh detevvine i (^ — a') and } (^4- y) and therefore ^ and V. The iidM«and ft 
ire then fmad by Napier'a Rnles. 



Kcti mnmmiD to om faos 205. 
Cbe ytttof jion qfSpheneal Ftfrmvlm fty (A« (7atf«fMfi ntftlc 

The Chtumkm Table i» a table, first snggested by Gauss, for readily oompnting the 
logirithm of Uie snm or diiferenoe of two qoantities, when the logarithms of thoM 
qvantitiM are glTW. 

If p and f are the two numbers whoM logarithms are giyen, p being the grMt« 
nmber» (er log|i the greater logarithm), we have, in the first pUM 



j»+»-«(i+^)-i'(i+|) 



p 
U, thflOy we pnt a •■ -^y we hare 

log X ■■ log/) — log q 
lofCi'+rt-logy + logCl + x) 



or 



log (/» + J') — log/»+ log (l + — j 



^U SPHSKICAI* TBIOOVOIIXTBT. 

Downei*! T^bto XXIL, with Um iTgiwwi t kg «^ m dU Bwi x t tC Uw ftwa hi>r- 
ithmi, glTMkg (1 + x), idiipk bdud •dd idlok g f , tht Im ]4ig«Kll|ia» #vm tiM 
rtqaivtd log. mmit or log (/ 4* f )• TM9 X^Uht lAA Iha aggmnmt tog fl^ gjlTM 

log A-f -i^wUehtbdng added to log^thtfTiilrtogwitti^ 

log. turn. Kthw toMo may, in gwwral, bo oriloyod, Imto^ or thootint ai^y be 
fovad moto oonTiatel in o portieiilar opplJooWow, opd Iho o o f o g o botb oro glTon. 
Again, woboTo 



'— '(--f) 



•0 that, puttings ao bofoM^ s ai ^ wo b»fO 

log s «■ log^ ^ log f 
tog (/» — rt — lof /» + lo« (1 — 7) 

Itownoi'fTabto}UaY.,witbtbearg«aMnt,togx»|^TOO togn j wUob, boing 

added to the gnaUr togarithm, giyei the required tog. dilTeroneo^ or tog {f — • f ). 

With thoio taUeo, then, wo may readily oompmto any of the preoeding fonml* 
wldch oontain two terma in the seoond member, withont the aid of auxiliary anises. 

SXAMFLBi. 

1. QiTon hm^lTKfiWW, e »> 70» 2(K IMT, il » 60> lO^ KT ; find «. (Same 
at Ex. 1. p. 182). 
Thoformntoia 

000 ■■ 00060000+ aiu 6 ain e 000 il 

which win be thna oompnted : 

log 000 6 — 9-70M7 
tog 000 e + 9iliOi 



logf-f-: 



tog iin & + 9i^8^S29 
tog iin e + 9-97891 
logoooil + 9-80664 

tog/^+ Tri^ 
log/i-iog 9 - logs ^(Na«M 

The temii p end f b»fO oppooito ilgaa, and althovgli, by the lbrmida» thqr nve io be 
added (algebraioany), an aritlnnettoal dUgu e a o o to roqidrod. By SMldng tiw il^ 
of all the quantities, ao abore, wo ohall always know whether a som or difforonoo 
is required by the sign bo(bro tog s. In thto oaoe thto sign being nogatlTO, wo are 
to find a diifSirenoo, and therefore, by Tabto XXIY., we take 

log(l-i.) 9«894 

tog/ + 9*n674 
log 000 a + 9-64268 
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9. With Iht SUM date, ind B. The fonrala is 

„ dneootft — eoteootit 

•^-®~ ara 

vUsh mutt hwt te p«l vate iStut flntt 

ihitfootft 
ootir«B -—-—.-. oM e #oi it 

lad it dins coMpiiAtd: 

log dn e + 9-97t91 

log eot i — 9*77029 

■TOO log tin ^ + 041467 

log ^ -« 9*86887 

log (— 008 e) —9*52698 
log oolil + 9*92121 

log f —9*44814 

logi> -^ log f ■■ log s -I- 0*41078 

vlmrv the dgn before log s bdng podtiTe, the tables for log. fnflt Bust be used. B/ 
Tahle XXIT., we have 

log (1 + s) 0*66826 

(whieh is to be added to the leei log.) log^ —9*44814 

log oot J9 — 0*00189 
or, bj Table XXIIL, we have 

log (l + 1) 014262 

(trildeh Is to be added to the greater log.) log j» — 9*86887 

logootS -0*00189 
^•■1860 6'8r 

In these Iso l ated eiuunples, the labor of eomputation is Tory little less than with 
the use of an auxiliary angle, as on p. 182 ; but the Ckuissian Table has greatlythe 
advantage when the same formula is to be repeatedly oompnted with snooessiTS 
nlaes of one of the data while the others remain constant Thus, in the first of 
the preeefing examples, if snccessiTe yalnes of a are to be fonnd oorresponding to 
raeeesslTe Talnes of A^ while h and e are constant, log q will be constant, and log z 
wiU take snccessiTe ralnes, corresponding to those of log cos if, so that alter the 
ibrst Talne of « is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary ^ in the finrmuln (122), depends upon JL, the whole process would 
have to-be repeated in finding each yalue of a. 

For other forms of the Gaussian Table, see the orig^al table, (to five places of 
dedmals), l^ Gauss, published in Zach's MonaUkhe Oorrespondens^ Not. 1812 ; Mat- 
thlessen's, (to seren places), Altona, 1817 ; in Vega's Sammbtn^ mathemaiitdker 7b- 
/eln, (fire places), Leipsig, 1840 ; Zech, (seven places), Leipiig, 1849 ; Shortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's ThMctybr tk§ Compu' 
tatum of Lffk (hntingmeie$, (six places), London, 1849; Schumacher's JlUffitttfeln^ 
new ed. (firar places). 
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CHAPTER IV. 

fiOLUnOK or TBI GBRBRAL SFHIBIDIL TBIANGLB. 

109. Wi hATe thus far, following the vsiiml eoona, considered tikoM fpherleal 
trianglei onlj wboM fides and angles are less than 180^. In the applieations of tUs 
•nljject in astronomy, however, it is often neoessary to consider triaa^^ whose 
ddes or angles exceed 180^. (For example, the right ascension of a heaTenly bo^J* 
admitting of all Tallies firom O^* to 860^, may be one part of such a trianf^). We 
may, it is tme, in such cases, always snbstitate another triangle whose parts are the 
supplements to 180^ or 860<^ of those of the proposed triangle; but this mode, 
although Tcry generally regarded as the simplest, is not really se in the cases 
alluded to. The constmction of figures for disooyering the supplemental triangles 
Is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
eases of a genersl problem. But if we proceed by a method that is as sppUcsbls 
when the parts of the triangle exceed as when they are less than 180^, we may in- 
▼estigate a problon under the simplest supposition of the Talues of these parts, and 
rely upon the generalify of the method to cover all the particular casta. 

110. We shaB first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherical triangle. 

Flc.14. 

Let JLBC, Fig. 14, be any spherical triang^ whose pavts 
are all less than 180^ ; then the remainder or complement 
Y>f the sphere is also a q»h«rical triaaglle i^Mss sides SM 
a, b and e, and whose angles are 860^ — if, 860^ — ^, 
and 860<' •— C We shall distinguish these triangles from 
each other by means of accents, writing the letters wUkm 
the triangle to which th^ respectively belong, as in 
Ffg. l4. The sides are common, but when refinred to m 
_ sides of A'B'C, they wffl be denoted by s', ^ and s'. 

Again, one of the sides may exceed 180^, as the side s of the tria«^ ABC, 
Fig. 16. In tlds triangle, it is evident that we must have A > 180^, so long as B, 
e, 6 and e are each < 180o. In the trian|^e A'BC we have A' < 180^, while 
B > 180*, C > 180O. 

T%.ie 






If we next suppose two of the sides to exceed 180^, as s and 6, Fig 16, these sides 
atersecting in two points whose distance is 180*>, the figure ceases to present the 
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trl«ii|^e MB an enclosed forfiMe, Iml it will pre a entfj appear that eiieli triaaglea are 
aolTed by tbe Mme general methods that apply in other cases. To form a Jnst eoA- 
oeption of tbe triangle i« this ease, we may conoeiTe fig. 16 to be obtained fro& 
Fig. 16 by carrying the point A along the arc CA produced antU it crosses the side a ; 
the potnts A and B may then be Joined either by an arc less than 180**, as in fig. IG, 
or by its supplement to 860^, as in Fig. 17, in 
which last case e^trj side exceeds 180^. In 
th es e fignres, to avoid confusion, the point A 
is not placed in its true position according to 
perq;»eotiTe. 

In each figore we hare two triangles, whose 
fides are common, and whose angles are sup- 
plements to 9W>. It will be easy to trace the 
two triangles rfgniiled by ABC and A'B'C\ by 
remarking that the letters in each case are all 
on the 9mme ride of the perimeter of the triangle. 

' We may go fkrther, and snppoee the arc joining A and jB to be a cirenmftrenee 
-f> the arc AB, or any number of circumferences -f- AB ; and similarly the angles 
aqr ba Kppefsed to be altogether unlimited ; but since the relatlre positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
860°, nothing is gained by passing beyond this limit 

111. AU tkg formukB of Chapter L are appUcabU to the general epherieal triangle. 

This proposition might be considered as established by the principle of PL Trig. 
Art 49, bat it is also very easily established by a continuation of the process of 
S^ier. Trig. Art 6, where the fundamental equation was shown to apply to all 
trian^es whose parts are less than ISO**. 

It was proTcd in Art 29, that all the equations of Chap. L may be deduced from 
the ftwdamental one, 

cos a IB cos b cos e -{- nnb aine cos A (m) 

We haTC then only to prore the generality of this single^equation. 

1st Let all the sides be < 180, but A' >lQ(y*, Fig. 14. The formula being tnie for 
the trian^^le ABC, we hare 

co8aaB008(eose-t-'^^*^^<><>> (860® — A') 

» in the triangle A'B'C\ by PI. Trig. (76), 

cos a' IB cos b' cos tf -i- sin b' tUn t^ eoa A' 

2d. Let a> 180^, Fig. 15, and produce a to complete the great circle. The triangles 
ABC and A'B'C are respectiTely the difference and sum of a hemisphere and the 
triangle A'ik, all of whose parts are < 180®. In the triangle A'ik we hare, in terms 
of the parts of ABC, 

cos (860® — a)aBeos&eos0+sin&slnccoa (860® --> A) 

and ia terms of the parts of A'B'C, 

COB (860® — a') ■■ cos 5' cos c' 4~ "^ ^' ^ ^ ^^ '^' 

both of which reduce to the form (m). But it is here necessary to show that the 
fbmnla may also be applied to each of the other angles : thus the triangle A'ik 

gites 

cos & ■■ cos (860® — ff) cos e 4- sin (860^ — a) sin c cos (180® — B) 

ooa b'nm cos (860® — a') cos e+ sin (860® —a') sin e'cos (B'-^ 
both «f which reduce to the form (m). 
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8d iM a>lW, ft>180*, fflg. 18: tkMt am Imtinmei at /, and tiM triaai^ 




ooi (a — 180») .. ooi (6 — 180o)o<Me + ilii (i — 180o)iine coa(a6(P — ^) 

eoa (tf*^ 180<>) •■ coi (V ~ 180o) oos e' + iin (6' — IW) gin&oiMA' 

wUeh reduce to the fonn (m) ; aad in the laae waj the forarala appliei to the an- 
gle J9. We haTe alio 

eoe « •■ 008 (a— 180O) ooi (5— 180o)+ iin(a — ISO^) tin (5— 180o) ooai 

and alnee eoa < ■■ ooe C ■■ oos (860^— 0') ■■ eoe (7', thia alao redaeea to the Item 
{M)in)»ikABOtaidA'SC\ 

4th. Let a > ISO^, h > IW, e > IW, fig. 19; the aide e beiag ptodaeed to 
eoMplete the eiroK the triai^e • i( < glToa 

T%.ia. 




ooa (a — 18a<») •■ 008 (5 — 18a<») ooa (860O— e) + aln (6^ 1800} ain (860»— e) ooa / 

and ainoe oos / ■■ eoa (180^— if) ■■ — ooa Jl «■ eoa (if' — 180^) ■■ — oba if', thia 
rednoes to the form (m) for both if ^C and A* B C*\ aad !n the aame waj the for- 
mula applies to the angle B, We hare alao 

cot (860<» — c) — 008 (o — 180») 008 (6 — iW*) + aln (a -- 180») Bin (6 -- 180«) ooa^ 

and since oos i ■■ eoa C ■■ eos C, thia redncea to the form (m) for both ABC 
vdAA'B C\ 

* The cases in which the angles or sides exceed 800* are Inclnded in the prededlng, 
in oonaeqnence of PL Trig. Art 45. 

112. The preceding demonstration, though tedious, haa the adrantage of gltlng a 
definite conception of the ignrea which our Ibrmuln re pr eaent. But perhapa the 
most satisfactory (aa it is the most elegant) method, ia to reat the damonatrar 
tion of our Aindamental equationa themseWes upon the principles of aaalytieal 
geometry, and, for the sake of those who are aoquidnted with that sutjeoty we add 
the following inTcsllgadon : 

Any point of the aphere may be reflorred by reetangalar oo-ordinataa to tiiree 
planes passing through the centre of the aphere at right anf^ea to each other. Let 
be the centre of the aphere, Fig. 20, and ABC % spherical triangle upon its 
surface. Let one of the co-ordinate planes, as X F, coincide with the great dr- 

i^B, and let the axis of Xpass through J9. If C7P be drawn perpandiealat 
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XT, MiA Ci* nd Pi^ to ttit ub OX, Ibt 

s M OP'^ jr ■■ PP'y s •■ OP 



il7 

trtht 





— jr 



dbi friMs «r vUflk (0 C MnK token «i 1) are 



If 

tke 
to Ike 



X •■ eoea 

y ^ lina eoe jB 

Iht Mie •# JT be made to peM tlirongli A^ fig. 21» withoaft ehengiag 
ef the plaM JT r we ahaU luTe for x", y', f', tlie ee-«rdtoatoi ef Cieteted 
kzea, 

!< ^ — sin 5 eoail 
a' Ml ain&ainii 

The a]da of a being nnehanged, the relationa between x', y, and x, jf, ere e x prea s ed 

daplj by the fbrmnla for the tranaformation of eo-ordinatea in a plane; tin ift- 

elination of the new axes to the first is here ezpreaaed by e, and the formete of 

tnaafofmatioB are therefore 

xiBx'eoae — yaine 

ysBx'aine-l-sf'eoas 

s — s' 

iibatitiiting the Talnea of the oo-ordinates, we hare at onoe the three IbUowing 

tedaaMBtol eqnatioBa : 

eos a 3B eos e cos b-\' aitkcanb eos A 
sinaeoa^aBsineeos6 — eosesinioos^ (x) 

sinaunBiB sinftsinii 

whleh are identieal with (4), (6), and (8). 

118. HaTing estoblished the complete generality of onr fiindamental aqnations, 
we nay now employ for the solution of the general triangle any of those deduced 
frosa them la Chap. L 

Aa a aln|^ trigonometric ftmction is not sufficient to determine an unlinited 
«B|^ or are, (PL Trig. Art 58), it becomes necessary in most eaaea to deduce ex* 
pveaaioas for both the due and coaine of the required part 

It win be found that oil ike tix eoiet of the fftfMrdl iritmjfU mdmU ^ f»e mhtiom^ 
te iM ikey aU become determinate^ wAea, in addition to ike otker dSsIa, tke eijfn ^ 
the jAm #r 4omPM of one of ike required ptirte ie fiven. In the practical aj^jilicatioBa Ir 
r, 't mostly h^»pens that the conditions of the problem supplj 
28 T 



us 



flPBBBiaAL TUCKMEIOianiT. 



I^M, M B, and the tliird tide a are required. The rdetioiie between ^ glten fui4 
required parts are 

eoiaaBC08eooe&4*'^^^^ ®o* ^ 
dn a 008 jB iw sin e ooa & — eoa c sin & eoa A - (1^) 

sinasimBiw iin&iliiJl 

The signs of the seeond members will be known from thdr eempnted numerioal 
▼alnes; the sign of oos a (s therefore known. If the sign of sia:« is also 
giTen, the quadrant in whioh a mast be taken will be known ; the seeon4 and third 
eqoatlons will determine the sign of the sine and oesine ef B, and therefore the 
qnadrant in which ^ is to be teken. 

In like manner, if ^eeign of either cos B or sin i^iaghren, that of sin a becomes 
known, and the problem is determinate. If no conditioni are atttaohed to the re- 
qoired parts, there most be two solutions. 

The numerical solution will be conducted as follows : The yalues of the second 
members (or simply their logarithms) are to be separately eomputed, and their 
signs oarefally noted; then the quotient of the 8d by the 2d (or the difTerence 
of their logs.) will gi^e tan B, and hence B, which will be taken in the quadrant 
indioated by the signs of the sine and cosine. Then the Sd divided by sin ^ 
or the 2d by cos B, will give sin a, which, agreeing with the Talue from the 
let equation, win serTo to yerify the oorreotnees of the whole proeees. 
- This solution may be adi^ted for logaxlthms by the methode empleyed im Ih* prt- 
eeding chapter. 

Ist. Let k and ^ be determined by the equations 

ifc sin f ■■ sin 6 eoe if 
ikeos^ ■■ ooe ( 



k being a positiye number (PL Trig. Art 174) ; then 



008 a IB A; cos (e — ^) 
sin a cos ^ aa A; sin (e — 
sin m nn B wm tm b ain A 



(197) 



2d. EUminsting k, and tftUng > < 180°, (PI. Trig. Art. 174), 





tan^ 




tan 6 cos ^ 


(♦< 


1W») 


• 


eoa a 


- 


008 6 

-oos(e — 

008 ^ 


■♦) 




sin a 008^ 


- 


0086 . , 

sin (e — 

008 ^ 


•♦) 




sin 


atitaB 


^ 


sin 6 sin if 







(198, 



M. ff tke quadnmi in which ^iitobs taken it gicen^ we may gHt the preeeding 
•quatioDS the following form : 



laa0i 
tan e 008 ^ PB 

tan a sin S «■ 



taafteotil 
tan (e — 0} 

sin0 tan Jl 
oea(c — 0) 



{i<lW) 



I 



(i»t) 



4lli. IftaA 



wumom OF rai onuAL BPuoiCAi. tbuhoul si& 

Wl^f M Boi wifrtqncntl J luppent im tlM sppU- 



Wt 



sin* 



tiaa 



then m M< ■ w WA pwiliw 



(Jt WSag pwMn) Md (197) g^fw 

moM^ ■■ eot& 
s SIB ^ IB sin ^ tanii 
ft «ot B SB sin (c — ^) 
eotaaBeot(c — f)eosjB 



(200) 



Ckedt, Wt fad 



(e — f ) _ siB a MM i^ ttokA 



oo« (g — ») 

COS ^ 



■iB 6 eos^ 



eos a 



COS 6 



J 



(201) 



baddM nUdk vt mmj emploj, ia eoBB«etioB with (200), the eqvatioB an « ria J9 
M siB 6 timA; cr im oonBectioB with (197) or (198) tho eqamtioB taa a eot J9 •■ 
taB (e — ^). Or when (197) ead (198) are employed, we meyfiBdtfboth bjite 
rine aad Ha eeetae. 

115. The aa|^ O mej be foBBd Ib the seBie auumer m B^ JBterehengiBg B aad C> 
6 ead e. im ttie preeediag feravte. Bat whea B mad (7 are both required, the 8e- 
Mmd Solwlkn to be i^rea pr ee ^ tly is preferable. 



GiTea A m^ Ml^Whwm 460 54', e « lZ»»S2r, aad « <180»; to iad « aad B. 
We ihaU ini eiqpl^ (197). The first eolanm of the foUowiag eompatatioB, eoa- 
tiiaiag the ^jBbole fTpreesing the operatioas to be performed, shoold be prepared 

More opeaiag lh« taUee : 

A 2«1* ler 
6 46»64' 

e ita<»8r 







logsiail 


— 9-9949862 






logeosil 


— 9-181S744 






logsia 6 


+ 9-8562006 




log eos & 


■■logikeoe^ 


+ 9-8425548 


log 


ria^eosil 


am logk BB # 


_9<tt75752 






logtaaf 


— 9-196MM 






logeosf 


+ 9-9947986 






log* 


+ 9-647881S 






# 


851* 5* 42^-6 






♦« — ♦ 


wp » ir -4 



• As ^ >i^ we takaf w 188>82'+ 860<>, ee that e^f amj ba»p 
bat U weald be evunijr esuvMli^ te taka s — f ».— 212<» 8r4« 



2to arHmcAt. tuoOMOMtnir. ' * 

logA6O6(0~^) aakf Mta — 9*77t6616 

(1) log einiein^aBkf sfaiariB^ — 0-861 IMO 

kften^ — 0-872M84 

lofiin« +9-9066861 

loftuijB —9-9466009 

(1) CImk. iogdnaainjB —9-8611860 

If « wwt not limittd, we should iMre two tolBtioBi, Iht Mioncl b«iiig 

a «■ 2880 84' 68''-4, B wm IIS^ 6' 26''-8. 

We §lmS[ next give the eompntatlon bj (200), wUeh is i^fUeable to this example, 

•inoe boH and 6 are leie than 180". 

A 2610 16' 

h 46«64' 

e ISS^S^' 

log eoe ii ■■ log » tin f — 9-1818744 

log eot 6 •■ log M eoe f + 9-9868640 

logta«# —9-1960204 

f 8610 6'4r-0 
« — ^ 147*26'ir-4 

logtaa^t +04186606 

logiiB f «-9-1897684 

log taa^'ein ^ ■■ log s tin jB — 0-0088142 

log gin (c — ^) ■■ log « eoe fi + 9-7809614 

logtanjB —0-2728028 

B 298«r2r-9 

logeoeJS +9*6781879 

logoot(e — f) —0-1947789 

log eoe B eot (e — ^) ■■ log oot 4 — 9*8679168 

a 126«26'6''-7 

116. Gaix L GiTon b, e and A, Second Solution; when the two aii|^ei B and C, 
or when all the remaining parts are required. We hare, by Ganse's SqnalioDa (44), 

eos}a8in}(^+C)cBeoa}(6 — e)ooe}^ 
909 i a Q<M HB + C) Km eon i (b + e) tUn i A 
•in i a sin } (i? — (7) «B sin } (& — c) coa } ii 
tin i a cob] (B ^ C) am 9ii^l(b+e) On i A 
From the trst two we dedoee ) (J? + C) and ooe } a, and from the second two 

^ (B — O) and sin } a, wh^iee B, C and a. The problem becomes determinate, as 

before; thai ki when a is Iknited by one of the conditions 

a<180*>, or4i>180o 
for then tlM stgoa of both eos } a and sin } a will be known.* 

* By Art 27, Gans8*8 Equations may also be taken with the negatiye sign when 
the triangle la vidimited, as in the group (46), but the same flftal vetiilts are ct* 
tained from either (44) Of (46). See note a* lh# en! ef fill riMpM, y. 227 



(202) 



wcdjonxm of wbm coaniAL sphbbical tbiangu. jts; 



SttwMiaArtlU. «<180o. 



a 


J61* 16' 


h 


460 64' 


€ 


lta<»S8' 


J(*-*) 


ie^iy 


J(*+*) 


«2*ir 


M 


iao»88' 



logir..logeo8}(^ — «) +0-8S92719 

logt«iUig8in}(&~e) — 9*8692898 

log /.Blof eM}((+e) — 8-6874694 

logfi. log sin }(& + «) +9*9996749 

log «ot } il — 9*8187260 

log sin i il + 9*8801808 

logireot}il — logeo8}a8in}(ir+(7) _9*6629969 

log/ein j[il«ilogoof}aco8|(ir+C) —8*4676497 

log tM } (^ + O + 1*1868472 

HB+C) 266* 16' 68^*0 

logiin}(B+(7) — 9*9990ni 

log 008(4 4.9*6689196 

im 68«12'8r*8 

logtootM «ilog8in(a8!]i }(fi_e) +9*6729648 

logg Mini A nBlogOni a QQ^ilB—C) +9*8798662 

logteBi(^^C) +9*79tl091 

J(J5— (7) 81*60'28^*7 

logeinH^— ^} +9*7222788 

Veri/leaHoH. ^ log gin} a +9-9606866 

la 68<» 12* 88''*8 



I 



Bwm2!999 r2r*7 

Am. ^ Cm 2840 26' 29^^*8 

4 i« 1260 26' 6''*6 



117. If a oalj it required, we may iUid it by ono of the methods of Arte. 76 tad 
76 ; tal if the sign of tin « it giyen, the tohition it determinate. If the tign of 
ftn B or of tin C it giTen, we And that of tin a by inspecting the equation 

. rin^ tin 6 ^n ^ tine 

^ *■ tin^ ■■ tin (7 

118. GiLtB n. QifiQ df0 9adb. Fim SoluHan; when the thifd angle A, and 
one of the remaining tidet (at a) are required. 

The gtneral relationt between the given and required parte are 

eoe ^ ■■ — oot (7 Qot 4 + m C? tin 4 eoff 6 
rin^eotaaB tin (7 cot 4 + eot C tin 4 eot & Y(20ti) 

tinJStina«B tin4tin6 



[P 



which are tol?td in the tame manner at (196). The problem it determfamte whm 
the tign of either ria ^ eot e^ er tin « it giiren. 

t2 



>0pBKiaAL tK&mowtmYi '•-'^* * * 



Adiqptiag (206) fbr logarithm^ w« i»d 



2d. 



' *A tin d ■■ eot ^ 
ifceot^ wmi&nAooBb 

•InJ^eoftf ■■ ifcoos ((7 — ») 
tiuBdtmtiwmtibiAtinh 

tUnBtiskti^BbiAtitikb 

8(L ir%iii<iUfiMi!raiilw»AieA^»r/o6f taibttii^lPM 

•otd ■■ taa^ oof b 
tea ^ COS a ■■ oot (C — ^) 

4t]i. ir3U» if oNif^ art ioa2Mff(Aaiil80<>, let 



(kj^oMn) 



1 



J 



(204) 



(d < lao*) 



(205) 



(9 < 180») 






(206) 



tinB 



ihnkj9 uUl f «t pofitiTf miimb«n, aad w« hare from (204), 

ptia^wmeotA 
p 001 ^ ■■ eoB b 
^ rin ff «■ tan 6 eoa ^ 
7 eoi a ■■ 008 ((7 — - ^) 
eot^sB tan (C — ^) ooa a 

Cheeki, Wt haTt 

oot (C — 5) sin J? COB a tan 6 
008 9 8in A 008 6 tana 



(207) 



Bin (C — ^) COB B 
Bin 9 COB A 



(208) 



* The Bame factor k is naed here and in (107), although the anziliarleB f and 9 are 
different To ehow that k haa the eame Talae In (197) and (204), let the aqnarea of 
the eqoationB 

A lift ^ MB bIb S COB ^ kwmfmHi§mb 

be added ; we ind 

1^ (sin*^ + cobV) — it* . COB* 6 + Bin* 6 col* ^ VI 1'— uhBt^bOS^A 

and in the aame manner, from the eqnatlont 

Aein^aBCOB^ AcoB^aBiln^ ooa b 

wa6ad 

A*«Bl-.Bin*iBin*^ : 

ind therelbrt, in both eaaea, k wm y/^l «— Bfai^^iiiP A)- 



BOLDTiW OF na eniBEAL SPBKUCAL TIUSQU. JSI 



vUoh «« ai^ «Bpfaj, witk (307). tht •futkn iiK J^ iiK « » ilK a alift 4; 

ofr VIA (tOI) Mi4 (SM). tht •qwitioB tui^0M4i»M»(C— »). ikk«^ vkoi 

(2M) w (905) is Mipliyvi. «• Mj tad ^ bolli bj ite liM wi Hi oMte. 

Amm tofwto are e omptii m th« ssbm auMAw m tkoM of prtco^Bf eM«^ 

119. Case n. QswmA^ Cwmih. SttomdSUuim; wkoa tiM two Mm» « aaii^ 

or an ^ t«MauBgfMti^ art reqvtred. We oipkif Qwmm*% ISqmMmm la te M*» 



lowing fbrm: 



timl £ wmi {a + e) am etm i (A+ C) fml k 
Mt} BsiB }(« — c) « ritt i (ii — C) da } A 



(M) 



irhieh aro aohrod is tht shm aasMr m (202). 



GiTen il »• 121« 86' lO^'-S, C — 42<> ly IS"*?, & — 40» 0^ 10*, nd IT > 190*. 

By (209). 

h 40* VIO-O 

il 121«86'19*-8 

(7 42* 16' ir -7 

}(-4 — C) a9O40'3«*«0 

i(^+(7) Bl^WW^l 

ib 20* V fi^-O 

log<i«-ilogoot}(il — €^) +9*8869088 

log i •- kg dn i (if — C) + 9-9061224 

log/ — log cos i (Jl + (7) +9*1478826 

log^ — log Bin i (^ + ^) + 0*9966776 

log sin } 5 + 9-6840806 

log eos i & + 9*9729820 

log<fsin}&alog8ini^sin}(a + e) +9-4208844 

log/ cos [ 6 ■■ log sin i j9 cos i{a + e) + 91208146 

logtani(a + «) +0*8000698 

}(«+«) 68»28'8''-8 

log sin} (a +0 +9*9618626 

log tin }^ +9*4690818 

iB 162»62'28'-6 

«log (-. e sin 1 6) i« log (— cos } ^) sin i (« — 0) — 9*8892080 

*log (—^ cos } i) •■ log (— cos i ^) cos i (a — e) — 9*9686695 

logtani(a — e) +9*8706486 

}(« — «) 198* 12' 82^-9 

a mi 2660 86' 86^*2 
t^fif. { e — 280<>10'80''-4 
S«-i8260 44'67''-2 



* The sign of eacn of theee faetors is changed beoatue B > 180^, and cos ) 27 ii 
negatlTe. 

t It was necessary to increase i{a+ e) by 860^, to obtain e. The oorrtspoBd- 
ing yalne of 6 wonld be OlO*" 86' 86"*2. See note ali the end of this chapter, p. 227 



8S4 



HFBmCAL ISIOOTOMmr. 



ISO. Warn B ^a^ it rtqulrtd, we maj «qploj tlM mtOMdi of Arts. 81 «i482, 
wkkk %9« 40termlB«t^ wtai the slgB of sin ^ it givon; or wImb Ikat of oith«r liii • 
or tin 6 if ihoBy eiaoo wo «oj thoB ftid tkel of tin^^lMpoetinf theoqiu4iaii 

nn J^M — -= a» — -t- 

oina iim« 

121. GabiIIL OiToaa, ftaiid^. jFIt^SvIiiIim; whoa tiMtkrooroamiBiiigperti 

^ (7, ftod e are all required. 

We fii)4 27 b J tlio eqaatioa 

iSa^ sia & 



ilaJ9*i 



•iaa 



(210) 



whidi if detenaiaale when the lifii of oos ^ is giTOB* 
Thea, to Had C, we haye 

— eoe (7 coi ^ + ria ^ eiail eoe A Ml eoi J9 

•ia Ceoeil 4- coi Csiaii eoe6 •■ sia^ooea • 

whieh liave tlreadj beea employed aad adapted for logarithais ia Art 118. If we 
deaote the aazfliary bj 9, aad pat C — ^ •■ y , we tad, firom (804), 

ifc sia 9 ■■ 008 ^ (k podtire) 

keoBi ■■ eia ^ ooi 6 

ikiia^ — eosJ? I (211) 

k eos y ■■ sin ^ cos a 

To Had t, we have 

ooe eoe b '{- i&n e tUn b oos A ss ooe a 

■ia eoe 6 **- oee 6 iia A eoe ^ ■■ sia a 000 ^ 

whioh hate already beea employed and adapted for logarithais ia Art 113. If we 
deaote thf ftwdUary by ^ aad put e — ^ •■ ^, we tad, from (197), 



Chtekt, Wehayt 



kt&sk^ mm m boon A 

k oos f mm COS ( 

ifc sla ^' ■■ sia a 008 ^ 

Jfc 008 ^' ■■ 008 a 



{k poeitiTe) 



(212) 



■in 9 008^ 



fia3^ 
iE7 



008 JS 

taaJt 
taa^ 



coe^ 
oosy 

cos ^ 

008^' 



taa a 
tuU 

008 b 

008 a 



(218) 



Oae of miAiA maybe used as a cheek whea either C or rhae been alone ooan^nted.* 
Whoa both C aad e hare been fouad, the obvious oheefc it 

sia C sin A 



sin e 



sin a 



(214) 



"•»- 



* The following relations deserre a passing notice : 

sia #' 008 9 



rtaf c os^^ f jL . » 
' J^ ., » J ** ria * sin 2? 
008^' sin ^ 



008^ sia^ 



fiaaeaaii 



^Sii^' . 8la*a sia^il - ei^^eli^il 
taa ^ taa y 

8ia2»s U2y aia* k 



SOLUTION OF TBI qw^Af' 8PHXBIGAL TBIANOLE. 23S 



a' i2e«26' e^-n 

4 a6i»i6' o^'-o 

^7(210X log tin a + S-MNmSl 

log tin 6 +9*8209788 

log tin 4 — 9-9949862 

logvini? — 9-9102789 

B 284o25'29''*8 

Bj (Sll), log cof 6 — 9-8746796 

logOnAmmbmBlagkwM^ + 9-8696147 

log oo« 4 « log A tia » — > 9-18l87i4 

log tan d — 9-8117697 

d 848* 24' 68^-0 

log oot • ^ 9*7786615 

log sin S oo« a » log A oo« y + 9-6888804 

log«ofS»logA;iin^' — 9-7647620 

log tan y —0-0609216 

9^ 800* 41' 88^-7 

9 + y mm 298» 6'ar-T 

B7(2I2), logiin6oo«4 Mlogifc lin^ —9-0028682 

logeof6^1ogAeof^ — 9-8746796 

log tan ^ + 9-1276787 

^ 187®88'81"-8 

log da a «ot ^ *■ log A tin ^' — 9-6708871 

log QM a M log ifc €08 ^' — 9*7786616 

log tan ^' 4-9-8968866 

♦' 218*16'28"-6 

^ + ^' — 46<>68'69"-9 

log dm a —9-9466010 

log 8ia e + 9-8662006 



^^8(£f) -0-0898004 
Chsei. log(^^^ -0-0898001 



In this example, both ^ -4* 3' and ^ + 4^ exceed 860^, and oonaeqnentljwe haTe to 
Qednot 860^ from each of them. We nd^^t haye aTolded thla, howerer, by taking 
y » — 60<> IS' 26''-8, ^ » -^ 141<> 44' 81''-4. 

122. Cah in. QiTen a, b and A. Seetmd SobUkm; when C and e are required 
vithoaiiMHBgJL ^ 

We hsTe onlj to eliminate S frem the Ibvth eqaatioB ef (Sll) bj aeiM ef (Sliy 
and then (omitting the third equation) determine V by its cosine, obeer?) **<■ 

to take it so that sin y shall haye the sign of eos 4 which si|pi is ■ 
^fen. The foirmnlm for finding O thvs becoant 
29 



SX6 SBEEBICAJL TUfiK»OMITET. 

c^^ + y 

To find e, w« obMrrt tkfti tin ^' hM the dgn of iln a ooi ^» so thfti wf hmit the 
following linnMite i 

Aiin^»iin6ooe^ (ifc podti?e) ^ 

4rooe^ ^0016 

,, eof^eoia .^,^. 

(^' < 180O with the sign of dn a ooi JS) 

C7AMI:. Tk* tqttfttieii (214). 

128. Casi IV. Giren A, B and h. Fk&t Solution; when the three remaining parts 
a, e and C are aU required. 
We find « hj the eqnatUNi 

•in . - ^2^^ (217) 

which ia.deteminale when the sign of oos a is giTen. The remainder of the solntion 
Is by (211) aad (212). 

124. Cm lY. QiTon ^, S and 6. Seeand Solution; when and (7 are. required, 
witliont finding «. 
We easOj find, from (211), 

A sin ^ M cos ^ {k poeiti?e) 

ifccosd^sin^cos6 

sin 9 cos Jl 



tin^ ^ , 

COfil 

(cot y and sin S cos a to haye the same sign) 

0^9 + y 
And from (212), 

ilsin^Msin6cos^ (k podtiTe) 

A cos ^ ^ oos 6 
sin ^' ^ sin ^ tan ^ cot jB 

(oos ^ and cos a to liaTC the same sign) 

« — ♦ + ♦' 

Cheek. The equation (214) 

125. Casb T. GiTen «, 5 and e. The formula 



>- (218) 



; 



(219) 



°°*^" dntria« P^) 

determines A when the sign of sin ^ is known. If the sign ofslaJiereCsinCis 
gifm, thai ef dn il b eso m s s known by the equation 

sin^ sinJg sin C 
sin a iin b sin c 



Tli< 



soLunoH OF na oikiral bphirical tbianqle. 2i7 



M totmidm (81), (88), (84), maj be used, each of which will beoome dttvrml- 
Bate whtB the tiga of either*dn jI, tin Jl, or ain' is known. 
126. OAn TL Giyen A^BtoidC. The farmala 

oo«^4-eMi9eeeC -^-. 

determine! a when the rign of tin « !• given. If the sign of sin 5 or of sin e if 
I^Ten, thmt of sin • beeonei known by the equation 

sin a sin b siir e 
tSaiA "sfaii^^arS' 

The formnltt (86), (88), (80), msj be need, eaeh of whioh will be determinate 
when the sign of either aln«,sinA,orsincia known. 

Hon wov Gauss's SQVATiinra. 

In the wiUmi ted s^erioal triangle, we may oonsider any part, as a, to haTe aa 
infinite number of Talnes, tIi. «, a -|- 860^, a -|- 720^, fte., expressed generally by 
the formnla a -f- 2 « ar, « being any whole number or xero ; and sinee 

sin « ^ sin (a -|- 2 fi r) cos a ^ cos (a -|- 2 fi r) 

all those equations of Chap. I. that inToWe only sin a and cos a will not be changed 
by the substitution of a 4- 2 fi r for «. A similar substituti<m may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a -|- 860^ for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (<> + ^^ — — sin } a cos } (a + 860O) » — cos } a 

while the substitution of a -|- 720^ for a will not change their sign, since 

sin i (a + 720») »i sin } a cos } (<> + 720^) » oos } a 

In general, their sign is changed by the substitution of a-^^ {in^ 2) n- for a, and 
it is not changed by the substitution of a -|- 4 n ir. The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positiTe sign, do not include all the triangles of the infinite series above spoken 
of^ and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (45) of Art. 27. 

Injfraeike, however^ we may tcike them with thepatitive eign only; for they will then 
I^TO at least onB of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 860^), may be directly deduced by the appli- 
cation of 860^.* 

This will be illustrated by the example of Art. 119, p. 228 ; we there find 

\(a+c)wm 680 28' 8''-8 
\{a-^e)mm 1980 12' 82''-9 

or rather, (dnee } (tf + should be greater than \{a — e), 

} (a + «) »i 4280 28' 8"-8 
} (a -. «) » 1980 12' 82''-9 

* Qanss (Tkeoria Moitu Carp, CctU Art 54) recommends the use of the positiTt 
(rigE only, obserring that any side or angle may be diminished or increased by 860*, 
at the ease may require, but oonfines himself to the statement of this practical pre- 
eapt» withovl «iplainir^( the gronndi i^en whieh it reeta. 



228 6PHEBICAL TBIOOHOliSmT. 

which is the proper solutitm of the equatioM teken with the podtiTe elgB. If now 
we dednet 860^ from «, and teke, Menp.2289 

a » 2500 86' 80^*8 

we hftTO the solution that would haye been obtained by tildng the negadre sign in 
aU the equations ; forwenowhaTe 

|(a+s).S4t*28' 8*4 

|(a — e)i. I80 If 82^-9 

'whioh, differing from the former Talues by 180*, must change the sign of UI the 
equations. 

I haTC given some fiirther partleulars vespectiag unMrnited spherical triangles, 
and a friller discusston of Gauss's Equations, in an essay which the reader will find 
in the Astronomical Journal, YoL L, published al Cambridge, Ifass. 



ABMA. <W A BPHBKICAl TBIAXOLB. 881 



CHAPTER v. 

ABSA OF A 8PHSBIGAL TBIANGUL 

127. €fi9en the three angUe of a ephericat triangle^ to eampute 
the area. 

This problem is Boltrad in geometry, where it is proved that the 
Borfaoe of a spherieal triangle id measured by the ezeess of the snm of 
its three angles over two right angles, by which is meant, tiiat the area 
ie a$ many timee the area of the tri^eetangular triamgle a$ there are 
rtghtangleeintheexeeesqf the $um of the angUioeer two right anglee. 

To express this analytically, let 

r ■■ radios of the sphere 
T ■" surface of the tri-reetangalar triangle 
■« J surface of a sphere ■« J t r* 
ZJS'^A + B + O 
K ^ area of the triangle ABQ* 

Also, let the angles A^ B and be expressed in the unit of Art. II, 
that is, let J., J?, denote the arcs which measure . the aisles in a 
circle whose radius is unity. The right angle expressed in tiie same 

unit is •^, therefore the number of right angles in 3 S is 

2 % 
atd we have^ according to the above theorem of geometry, 

ir-rx(i^-2)-?^(2/Sf-ir) 

or ir-r*(2/Sr-T) (222) 

and if the radius of the sphere is taken ^ 1 

K^ZS'-'W (228) 

128. In a plane triangle the sum of the angles is equal to ir, 
and in a spherical triangle the sum exceeds % by JBT; hence this 
quantity, K^ is commonly called the epherieal exeeee. 

V 
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129. Owen tki thru ndet, 10 JMthiorM. 
By (228)» we UTe 

sin 



} JT — till (5— y) — — cot flf 

OM } JT ■■ cot f 5— yj m^^8 



> (224) 



tMi I JT M — eot 5 



in wfaieh we hare onlj to tubftitate the Talnet of ooe 4 sin 4 and oot 4 giyen io 
Art 84, to obtain the required eolation. We find, [« « } (a -f 6 + e)]» 



. 1 -, ^[gintsin (» — a) lin (» — 5) gin (» — c)] 

2 cos } • eoe } & ooe } 

J^ coga-4*o<M^ + o<M^+l 
4 COS f a COS f cos } e 

coi^ i tf + coi^ i ^ + ooi^ } g — 1 
2 COS } a cog } b cos }e 

The numerator of (225) being denoted by n, we find, 

. , -. 1 + cos « 4- COS 6 -4- cos e 
eot| JTmb — -! -Jj X 



(325) 



(226) 



(227) 



wUch ig known ag De Oua*$ formula. 

Again, from the formuUs of Art 85, since 1 — sin /S^m 2 sin ^\K^ 1 + dnvSf ■■ 
2eos*}JE; wefind 

• ^L COS J a cos J 5 cos J c J 



cos 



\K^y/[ 



co st»cost(< — g) cogt(< — 6) eos|(»— c) 
oos}a6os}&cos}e '~ 



] 



tan J jr = v'Ctan }• tan } (# — «) tan J (« — 6) tan } (« — «)] 

the last of which is known ag LhuOUer^i formula. 

180. Given (wo Hdet and the included angU^ (or a, h and 0) to find M« 
We haye, from (224), bj (71), 

cot } a cot } 5 4* o^** ^ 



(228) 



eot}Jri 



HuC^ 



. tan} a tan 1 5 sin (7 

**^*^"14.tanJatan|6ccsO 



(229) 
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181. If we admit more than three parte of the triaDgfe into the e iq^feeeion of K^ 
we haye, by (66) and (67), 



. . _, Bin}aiin}5 . ^ 
■in} JTv — I — - — t-ein O 



eoe 



1 jr «» I tf 00* I 5+e in }a ein } d ooi (7 [ 

* "* eoB|e J 



(280) 



the quotient of whieh givee (229). 

182. 8inoe there are alwaya two triangles upon the rarftiee of the sphere wliieh 
have the same three lidee, (Art 110), the angjlee not being Hmited to Tihias leae than 
IW. the formnUB (226), (226|. (227) should giTO the areas of botii of them, and 
their sum shonld be equal to the surfaoe of the sphere ■■ 4 v. In faet, bj (226), 
sin } JT may be either positiye or negatiye, while by (226) the oosine is ftdlj detei^ 
mined, so that these Ibrmulm giTO two Talues of } IT whoee sum is 2ar, and therefort 
two Taluee <tf JT, whose sum is 4r. 

It follows that (226) alone is not suffioientiy determinate when the triangle is ui^ 
limited, (dnee it giyes four solutions. The most oouTenient formula is therefort 
(228), for we must always haye \K<it, and the double sign of the ndieal gitea 

the two Talues of } JT, one less and the other greater than y* 
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CHAPTBB VI. 

DIFFERENCES AND DIFFERENTIALS OF SPflSMCAl. TBLUfGLES. 



188. Two pavti^f « spheried tirbngie b«kig «OBSluii^ uA % tbiH 
Teceiring Bn increment, it is restored to deduce the oorreeponding 
Increments of the remaining three {mrts. - As in plane . txianglefl, 
{PL Trig. Chap. Xlh\ this will be efieeted bj a oonparisen of two 
triangles having two parts in common. The triangle fonsed from 
the given one by applying the increments to the variable {Murts will 
|be distingnished as the derived trian^le^ 

We shall first consider the increments as finite differeneesy and 
give them the positive sign, (PL Trig. Art. 187). 

1S4. Case I. A and e constant. The parts of 
ABO, Fig. 22, being A, {?, JS, (7, a, i, those of the 
derived triangle ABC are A,e,B+ a5, 0+ a(7, 
a + Aa, & + Ai; and the parts of the differential ^^ 
triangle BOO' are a^a+AOj aJ, 180° --0,0+^0 
and a£. We have, then, in B00\ by (8), 

gin a6 sin (a + Aa) sing 

sinA5" sin a "sin((7+A(7) 

Abo, in B00\ by (40), we have 

B in|(180°-^+C^+ACO tanJAft 

sinj(180° - C- (7- A(7) tan J(a + Aa- a) 

whence 




(281) 



tonjAa cos {O + l A(7) 
tan^ Ai 008|A(7 

By (41) we Gnd in a similar manner, 

tan I At tan (g + ^ Aa) 

sin J AC"" Bin((7+JAC'5 



(282) 



(288) 



B J (42)k 



sin J Aa sin (a + jAa) 
tan J AjB "" tan ((7 + J A(7) 



(284) 
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By (48), 

toatAg ^ «09{a + i/Xtt) ^286) 

By combining (282) and (288), 

tan* Art tan (a + 1 Aa) /ooftx 

As these formnlse involve the increments in tim second membirt) 
they are to be computed by successive approximations. (See 
PL Trig- Art. 201). 

185. Case II. A and a constant. The given 
triangle being AB Oy Fig. 23, the parts of the 
derived trianglcsA' £ (7 are Jl, a, JB + A JB, i + Ai| 
0+ aOj c + ^. Although the figure appears to^^ 
show that the angle B is diminished, it is still proper ^ 
to represent the angle A'B hj B + aB, to preserve unifbnttfCJf 
in the algebraic signs of the increments ; the essential signs being 
given .by the equations of differences themselves. Hence we put 
the angle AB A! ^ ABQ --' A'BQ^B -- (i? + aJ5) - — aJB. 
Joining A A! we have vaB AA! and OA A\ by (48), 

cos (c + i Ae) : cos i^ Ae »- -^ cot I aB : tan j^ (A' A B + A A'B) 
' cos(J + jAfc)tcosjA5- eot\iikO'.\Mil{A'AO+AA*C) 

but since A is constant, or B A ^ B A' O^ife find that the fourth 
terms of these proportions are equal ; whence 

tMi| aB « -^ <^Q* (^ + i Aft) cos \ Ag .gg_v 

tan J A(7 " cos {e + \ Ag) cos \ a5 ^ ^ 

In the polar triangle ot AB C^ the constants are still to angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan \ tJ> ^ cos (J? + I aJ) cob | a<7 
tan J Atf "" cos ((7+ | A (7) cos \ aB 



(288) 



In A JB (7 and A'B we have 



sin a sin JS "* sin A sin b 

sin a sin (JS + £JS) «■ sin A sin (i -f Ai 
SO v2 
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the difference uid ram of which give 

tiBacoe(£+ } A£)flui} /U^^- sin J.60t(i+ }A£)u]i}Ai 
rin a sin (£ + } A^) cos | aJ3 -* sin ^ sm (t + } Aft) cos j^ Ai 

from which, by division, we find 



tan^ A> ^ taa (6 + ^ A>) 
tanj^Af "tMi(JB+ JAi?) 

and in the same manner 

tan I Ac tan (« + } Ac) 
tanjt A(7 "" tan ((7+ ^ ACT) 

The product of (287) and (289) gives 



(2395 



(240j 



sin^ A> ^ dn (ft + | Aft) cos | Ag ^^-in 

tanj^A<7 " cos (e + ^ Ac) tan ( A + } aJB) ^ ^ 



whence also* 



sin ^ Ag sin (g *f i Ag) cos I Aft 

tanjAJB " cos (ft + J Aft) tan ((7+ J A(7) 



(242) 




186. Case III. ft and e constant. The given 

^c^ triangle being ABO, Fig. 24, the parts of the 

derived triangle A B C are ft, c, a + Aa, JB + aB, 

(7+ aC; ^ + AjI. Joining (7(7' we have in -B (7(7', 

by (42), 

B 

8in(a + jAa):sinjAa-cotjA-B:tanJ(-B(7(7'--B(7'(7) 
But observing that AC'^AO.A 00' — -1 (7'(7, we have 

BOO' ^ AOO' - 
BO'O ^A0'0+ 0+aO 
i(B00'-B0'0) - - ((7+ JA(7) , 

and the above proportion gives, therefore, 

sin I Aa _ sin (g + i Ag) .^ igN 

toTfAJS "" cot((7+jA(7) . . ^ ^ 



• The eqaataons (289), (240), (241), and (242), oontoin each two factors less thm 
the correspondiflf eqaations given 1^ (kignalL 
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The qooiieni ef (S4S) nnd (244) ghee 

tonjAB tnn(J + iAJB) ^^-^^ 

ton I A<7 " ton((?+id<7) ^ ' 

In J.£<7and ABC% by (4^ we hnTe 

ooea^oosftooetf + nnSnneeosJ. 
cos (a + An) «oo0&oo0tf:)-8in&8ineoo8(^ + AA) 

the difference of whidi giTce 



nn } Aa Mn68mgMn(il4-^ aA) 
tin } aA sin (a + I As) 

The quotient of (248) dirided by (246) gives 

sin ^AA _ _ sin»(g + ^ A<) tan (<? + ^ ACQ 
twijAff "" sin & sini? fldn (ji + } Aii) 

and from (244) and (246), in the same manner, 

sinj^Ail ^ _ 8in»(a + j^ An) tan (J + t aB) 
tan i A(7 sin i sin e sin ( J. + } aA) 



(SM) 



(847) 



(948) 



187. Case IY. B and (7 constant. The equations of the pre* 
ceding case (248 to 248), applied to the polar triangle, giro 



sin I aJ . sin ( JL + } aJ.) 
tan I a5 cot (c + j^ Ac) 

mn_jAi.^ sin (it + j^ aA) 
tan J^ Ae "" cot (i + j^ Ai) 

tan ^ a8 ^ tan (6 + I a6) 
tan } A<7 tan (e; + it Atf) 



(849) 



(860) 



(851) 



tan^ AA gin .B sin Cain (a + | Aa) ««-*. 

Bin J A* " lin (^ + } AA) ^^^' 



(258) 



(254) 
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sin I An 8m*(J. + | A^) tan (g + | Ac) 
tan j^ Aft sin £ sin (7 sin (a + } Aa) 

rinj A^ _ Bin«(^ + j A^) tan (5 + | a6) 
tan J Atf ~ Bin J9 sin (7 [^ (« + } A«) 

Finite Diffbrbkobs ov SraEKicAL Right Tbiangles. 

188. All the preceding equations are, of course, applicable to 
riglit triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable C — 90°, 
(231) and (232) become 

sin A& ~ sin (a + Aa) sin tkB 
tan j^ Aa » — tan j^ aS tan } aC 

and similar modificalioBs take place in other cases. 

189. When one of the constants is 90^, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the 9ame tariahleB in both memberSy vrhich is 
generally desirable in their practical applications.'*' 

The method that we shall follow is so simple that it will be un* 
necessary to repeat it in eyery case. A single example will su£Sce 
to explain it. 

Let O ("B 90°) and b be the constants ; to find the relation of Ac 
and A JS, we have between the two variables and the constant i, the 
equations 

sin JS ■> sin i cosee a 

sin {S + aB) — sin J cosec (<? + Ac) 

the difference and sum of which, by PI. Rig. (106), (106), (181), 
and (182), are 

2 cos (5 + J A5) sin } a5 - - ^^!^i^2!if + i^^^^ 

' iincsin^c + Ac) 

2Bm(5 + lA5)co8jA5- 2sm>,in(c+iAc)co8iAc 

^ sm <? sm (c + Atf) 



* Cagnoli gires these eqtiatiotiB redaeed so as to faivolTe tbe same rariables in 
Doth members ; but in almost etery instance his formnlse invelTe two factors mors 
than are necessary, and are far less simple and oonTenient than those here giTen. 
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^nd the quotient of these is 

tan^A^ 



tan}Ae 



Ua(j? + |aJ}) taii(c + iA^) 

^hieh gires the ftrst equation of the following artiele. TUi proeess^ 
almajs eEminates the eonstant, and is applicable m every ease. 

When the equation to be differenced involves cosines, we employ- 
¥1. Trig. (107) and (108); if tangents, (115) and (11«); if eotan* 
gefits, (122); if secants, (129) and (180). The resnlts are as 
follows : 



140. Gasb I. (7—90^ and b constant. 



tan^Ae? 


tan(<? +}Ac) 
"tonfjB+jA^) 


tan^A e 
tanj^Aa 


cot((?+jAe) 
"cot(a+jAa) 


sinAa 
sinAJL "* 


8in(2a+Aa) 
sin(2J.+A4) 


tanjAa 
sinAi? 


tan(a+jAa) 
" sin (2JB+A5) 


BinA(? 
tanjA-4"" 


sin(2<?+A<?) 

C0t(-4+jA4) 


tan^A^ 
tan JA-B "■ 


tB,n{A + JA.4) 
"cot(5+jA5) 


141. Case II. C — 90° and e constant. 




BinA^ 


sin(2^+A^) 
"sin (815+ aJ?) 


tan^Aa 
tanj^AA "" 


cot(a+jAa) 
"cot(i+jAi) 


tan^Aa 
tanjAJ."" 


tan(a+}Aa) 
tan(^+jA4) 


tan^Ai 
tan Ja£ "" 


tan(J+}Ai) 
tan(JB+jA5) 


sinAa 
tan|AB ■" " 


8in(2a+Aa) 
"cot(5+jA£) 


sinAi 
ton JA^ ■* "■ 


8in(2 6+AJ) 
"cot(^+jA-4) 


142. Case HI. (7 - 90° 


and A constant. 




tanjAa *" 


tanfc+jAc^ 
tan(a+jAa) 


sinAa 
tan|A( " 


8in(2a+Aa) 
tan(6+jAJ) 


tan^Atf 
sinAf "* 


cot({?+jAc) 
sin(25+A£) 


tonj^Ai 
tenjAfi*" 


cot(6+jAM 
cot(J5+jAJS) 


sin Ac 
sinAi 


sin(2<?+A<?) 
sin(2&+A6) 


tan^Aa 
tenjA^ — 


cot(a+jAa) 
ten(5+jAJB) 



(255) 



(256) 



(267) 



(258) 



(259) 
(260) 



(261) 



(262) 



(268) 



148. If a constant side is 00°, the equations of finite differences 
for the triangle may be obtained by applying the preceding eq'Wtions 
to tiie polar triangle. 
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DnTiBiirTiAL Yabutions of Spherioal Obliqus Triangles. 

144. To obtain the differential variations, we hare only to make 
tbe inereaients infinitely small in the equations of finite differences, 
observing the principles of PL Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
diflbrentials of the trigonometric functions given in PL Trig. Art. 192. 
For ezaipple, A and e being constant, to find the relation of da 
and dBy we have 

sinilsino«"sinasin(7 
the differential of which is 

"* sin a (2 sin (7 + sin (7<2sin a 

» sin a cos CdO+ cos a sin Od a 

da tan a 

dO^ tan 

and to find the relation of da and d i, we have 

coea»cosico8c + 8in58in<?cosJ. 

*-sinacIa« — BinhooB cdb + eo%huac^o% A db 

da sin i cos tf ** cos i sin c cos A 
db sin a 

or by (7), 

da /Y 

3- ■■ cos (7 

a 

results which agree with those found from (286) and (282), by making 
Ao, Ab and A(7 infinitely small. By either method, then, the fol- 
lowing equations may be readily verified. 

1 45. Casb L a and e constant. 

d a tan a d b sin a /oaA\ 

da ^ d b tan a ,^^^. 

Tb' "^^ TO — S:^ (265) 

da sin a dV ,^^^ 

IB' u^ dB «•»• . (26«) 
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146. Gabi n. A and m oonttent. 

dB 008 b d b eosB 



d "*" coe tf d e eoe 



(267) 



d b tttab d e t»n«? 

TS~ SSB ID" u^ ^^) 

d b nn i rf c ttntf ^^ 

3T?"" "■ iSTtSTB i:B^"""oo8 6t»n(7 (*^) 

147. Cass IIL b and e constant. 

jj — — sin a tan (7 t-^ ■« — sin a tan -B (270) 

dB tBuB da 

TO" tiSC dJ- •"'*"i»C' (271) 

dA Bin J. dA sin Jl 

d5'"""8inJ5cos<? d(7"""8in(7^S15 ^^'^) 

148. Oasb IY, £ and (7 constant. 

dA dA 

j-j«» sin J. tan 5T""* sin^tani (278) 

c7 & tan b d A 

n' tin Ti" ""•S'^* (2T4) 

rf g sing d a sing 

d J " sin i cos e d c^ sin (? cos & v • •^z 

DIF7ERENTUL YaRUTIONS OF SpHBBIOAL RiGHT TrIANGLBS. 

The preceding may also be used for right triangles; bat it 
may be desirable to have the same variables in both members, as in 
the following formul® derived from those of Arts. 140, 141, and 
142: 



149. Case L (? — 90^ and b constant. 

d e tan e d c cot e 

d B^'^ tan B d a ^ cot g 



(276\ 



da sin2g da 2 tan a .^^ 



d e sin 2 g dA tan A 

TA — 2 cot J. TB " "■ ootTF 



(278^ 
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150. Casb n. (7 — OO"" and <f eoottent. 

dA 9in2A da cot a 

TB "" "" iin 2B d~b "" cot ft 

d a tan a d b tan b 

«rZ"" tan-4 5TB"* tanJf 

d a sin 2 g d b sin 2 6 

JU """^gcotjB dA'"^ 9 cot J. 

151. Casb III. (7 — 90"" and A constant 

do tan {? ijg sin 2 a 

4 a * tan a db * 

d e 2 cot c d b 



(279) 



(280) 



(281) 



dB sin2fi dB 

d c sin 2 {? da 



2tauft 


cot b 


cot£ 


cot a 



(282) 



(288) 



(284) 



46 ain26 dB tan^ 

152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite dHFerencea, when ihe 
increments are very small. The remarks of PL Trig. Art. 208, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
ill the same nnit 

DltrXBlHTIAL VaIUTIOHS of SPBXmiOAL TSIAHGUM WBXM ALL IBS PABTt ABB 

Vabiablb. 
168. Let the equation 

COS a OB 008 6 008 e -f~ "^ ^ ^ ^ c<^ <^ 
be dUferentiated, all tlie parts being Tariable ; we find 

sin a d « ■» (8in 6 eoe • -•• eoe ^ rfn « MS ul) 4 ft 
4- (sin 008 ft — eos sin ft MS il) <f f 
•4- Bin ft sin « sin ;! if il 

IHTiding b j sin a, this becomes, bj (7) and (8), 

da n. 008 Cdh + cos Bde + sin ft sin CdA (285) 
and in the same manner from the 2d and 8d equations of (4) we find 

dhmmtwAde-^-efMCda+wattkaAdB (286) 

dc wmt<MBda+to%Adb + i&3km^BdO (287) 

From these threa aquations, anj three of the six differentials 4€f,db,de, dA, 
dBfdC, being g^TeSt tlie ether three majbe detemined \j tha u s f wl proeesses of 
elimination. 

If anj one of the parts be supposed constant, its dilEerential wiU hecome sero, 
aad these equations will assume simpler forms. If two of the parts be supposed 
constant we can easUj deduce all tiie equations of Arts. 1#5, 146» 14T li^d 148. 
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CHAPTER Vn. 

APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN CERTAIN 

CASES. 

164. Whsh some of the parts of th« trUnf^e are small, or nearlj 90^, or nearlj 
180^, approximate solutions maj be employed with adTantage. These are generaUj 
Ibnnd bj means of series. 

166. ^ m tpkerkml right tntrngU (the right angle being C), $wm A and «, Utfmd h. 
We hare 

tan6a«cos^tan6 (288) 

which is of the form in PL Trig. (498), and maj therefore be dereloped bj (496) 
and (496) by putting z bb 6, y ■■ «, j? bb cos ^, whence 

g-7+T-- l + cos^ "-^^^ 

and («NS) and (496) become^ [taking a «« in (496), and n a. 1 in (496)], 

hmm « — tan*}^sin26+|tan«|^sin4e — &c. (289) 

h ^T^e+ ooi^ }.i sin 2e — I cot* M sin 4« + &c. (290) 

If ^ is small, cos A is nearlj equal to unity, and h exceeds e bj a small quantity 
which is approximately found by one or more terms of the series (289). 

If ^ is nearly 180^ or cos^ nearly im — 1, 6 exoeedsir— c by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 265. 

166. Although these solutions are termed approximate, it must not be inferred that 
they are Uu accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themselTes only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may inToWe a less theoretical error 
than the similar neglect of the higher powers in the series by wldch the tables are 
computed. In the examples of PI. Trig. Art. 265, the thousandths of a second were 
Ibund with accuracy, which could not have been effected by a direct solution with 
lest than dght decimal places in the logarithms. 

Theae considerations lead to the frequent employment of approximate solutions 
tnaatroBomy. 

167. If A and h are giTen, to find e, we hare 

tan « OB see ul tan 6 
which it reduced to PI. Trig. (498), by putting x ^m e, y wm b, p mt »%o A, 



9 



and the ttries will be 



see^ — 1 1— eoe^ 

sec^ 



+ 1 1 -f- 008 ul ' 



e-m 6 + tan*|^sin26 + }tan«|^sin46 + &c. (291) 

f ««r— 6 — cot* I .A sin 26 — I oot« } .A tin 45 — &c. (292) 

81 V 
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158. Similar solutioni apply to the equation! of right triangles, 

tan a OB sin 6 tan A 

cotB OB COS e tan A 

the last being soWed under the form 

tan {901^ — S) OB oot e tan ul 

We maj alto compute, in the same manner, the auxiliaries ^ and ^ in (122) and 
(IM), so firequeatly empU^ed in the solutions of oblique triangles. 

159. In a right tpherieal triangle^ given e und Ay to find a, when A i» nearly 90^. 
We have 

sin a «r sin ^ Sin « (298) 

from which we deduce 

tan } (e — a) » tan* (45o — } J) tan } (« + a) (29i) 

From this we may Und « — a, which is supposed verj small, by «uoees8iiFe approxi- 
mations. For a first approximation, let a ^ e in the second member, and fin4 ttenet 
the Talue of e — a and of a ; for a second approximation substitute in the second 
member the value of a just found ; and so on until two successive values agree as 
nearly as may be desired. 



Given A «■ 89^ e^%l^\ find a. 

Here 45<' -^ } ^ "* <^ ^'» ^ad for the first appM^asatioft | (e + a) ■■ ST*. 

log tan ^(f+ a) 1-28060 
log tan* (450 — ^ ^) 
ar 00 log sin 1" 
J (e _ «) «. 290"-74 log K« — a) 

« ^« 87« — 9' 59''-48 wm 86«> 50' 0"«52 



5*88172 
5*81448 

2*47676 



!(« + «) 

log tan Kc + a) 
tan* (450 - \ A) 
^* sin 1" 

log J (« — «) 
Kc-a) 



c — a 
a 



2d Appbox. 



860 55' 0" 
1-26868 

119615 

2-46488 
291 "-68 
9' 43''-26 
86«> 50' 16"*74 



8d Appkox. 



86*55' 8" 
1*26899 

1*19615 



2*46514 
291''-88 
9'48''*66 
86» 50' 16"*84 



4th Appbox. 

86<>56' «"*17 
1*29900 

119A15 
2*46515 

^r*S4 

^'48'**«8 
86«> SO' w-n 



The direct solution of (293) gives a «■ 86<' 50' 16", but cannot give the fraotions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which ii leads, and which it often 
employed. 

The process here explained may obviously be applied to any equation of the form 



sm X OB msin y 



when SI is nearly equal to uni^. 
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160. J« « 94mea2 •M^ *i«^ j»vm !»• «ite oiMf ^ 

If ff, » tad C are tiM date, to isd 4^ w« ksva 

8iriMrtitatlng kalf ares, 

nn* I e i« Bin* } a eo^ } & + cot* } a sin* } i 

— 28in|«oot}^eo8}a8in}5oot(7 

vidoh it of tiie form PL Trig. (607), and may be dereloped hy (608) hj tnbttitetlDf 
Bin}efore,tin}toot}^f)ir«, and eot}«tim}6fbr5; to that (606) beoomet 

log«n}*-log«o.JaA.Ji_Jf [^ co.e+(g^y^^+ fto.] (296) 

To find A and B^ we baye, 

whence V 

n * r^ T.vn /tanlfl+ tan}6\ , . _ 

Comparing these equations with PL Trig. (496), and dertloping bj (496), nwmO, 

..-H^-i.)-K+£|i-.<'+(S|i)-i¥-°+'»- (="> 

If we derelop bj (496), we find 

fren vhith a ttlttlioii will be madt in any ptrtitolar eatt, atoordlng tt tht eon* 
ytr g en ey of the tniet. The tetmt of the ttriet are in art, tad mutt bt Mdaotd tt 
tecondt, by diriding by sin 1". 

This sobition may be applied to the ease where two angles and tht included lid# 
are the data, by means of the polar triangle. 

161. Jb eaijnreti the area of a ^kerieal triangle in eeriee. 

Comparing (229) with PL Trig. (600), and dereloping by (602), we find 

}ir««taii}ataii}6riB(7— itaa*}attti«|6riB2(74-lw« (600) 



244 SPHERICAL TRIGONOMETRT. 

162. LionoKi'f TsBomiM. If fA« tUm ^« yJU rfaa/ ^H^nyff ar« Mry «iiMr2/ eom- 
pared wUh the radiui of th$ tphere, <md apkmi triangle he farmed wkoee mde$ ore e^ual 
to thoee of the epkerieal triangle, then each mngk qf ike plane triamgUie eqaal to the eorre- 
epondmg angle of the epherieol triangle minus one^third of the epherieal exeeee. 

Let a, b and e be the eldee of the epherieal triangle ezpreeeed in are, the radios 
of the sphere being unity ; and let A', B and C be the angles of the plane triangle 
whose sides are a, 6 and e. Then we haye, in the spherical triangle, 

^ COS • — eos 6 cos c 
Bind sin « 

Snbstitate in the second iMmber of this, the Talnes of eoi «, Ac, in aertes, bj 
PL Trig. (406) and (406), neglecting onlj powers aboye the fonrtii, ris. 

cos a iM 1 — J «*+ fV <** 

COB & «« 1 — } 6«-f ,1^ &« sin & » 5 — i &* 

coseaal — }^+z^<^* sinciMtf — ^e* 

we find 

6c[l-i(^+(^)] 

MultiplTing the nnmerfttor and denominator bj 1 -f- i (6^ -f- c^), and neglecting 
terms of a higher order than the fourth, as before, we haye 

'*'*" "* " TTc + 246e 

which, by PI. Trig. (225) and (289), becomes 

cos .1 OB eos A' — \he sin* A' 

liCt A ^ A* J^x, then since x is small, we may put cos x ■■ 1, so that, by 
PI. Trig. (88), 

cos .i OB cos .1' — Xf&SkA' 

whence 

X 9m^h ef&skA 

Bat } 6 e sin .4 ^ area of the plane triangle »■ Tery nearly area of the spherical 
triangle »■ JT, whence 

x»iJr A'm^A--\K 

The same reasoning applies to each of the other angles, so that 

which proves the theorem. 

168. This theorem is applied in geodetical snrreying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1^. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they must be reduced to arc by diriding by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius. If 
then r » radius of the earth in units of any Idhd, a, h and e the sides of the tri- 
angle in units of the same kind, and k the area of the plane triani^e, we shall haye 
K in seconds, by the equation 

K *_ 

f* sin 1" 

EXAMPUL 

ta a triangle upon the earth's surface, given h :« 183496*2 feet, e sea 156122*1 feet, 
tad A « 48<» 4' 82''-85 ; to find the remaining parts. 
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We haye ifc«}6eiin^, sndthe men ▼»!«• of r » S0688780 KMt HoiM 

logb 526S6S 

loge 519846 

lofdnil 9-87169 

MTOologSf'iinl'' 0-87S66 

J:«i8''*0i log JT 070224 

It ii erideni thai great aeenraey in the raliie of r and of the other data is not 
required in eompiiting JT. We now haTO i JT » 1" -eS* ^' a. 48<> 4' 80^*67, and bj 
•olving the plane triangle with the data A', b and e, we find 

« wm 140680-0 Ibet ^ » 76<» IS' 22*19 O' wm W 48' 7''18 

Adding } JT to each of these angles, the angles of the spherioal triani^e are 
B mm 76® 12' 28''*87 C a- 65<' 48' 8"*81. 

For Airther details respeetlnggeodetical triangles, and for the methods of soWing 
spheroidal triangles, special works upon geodesy must be consulted, such at 
Legendre*s Analyu de$ TntutgUt tnuU tur la turfaee iTtme tpkiroide; Puissant*s Draiii 
de OiodUie; Puissant*s Nouvtl ettai de trigitnomitne apk4ro%di^; Fischer's LeMuck 
der kQhertn Oead&m; Tarious papers bj Gauss, Bessel, &c. 

164. To 9oU€ a tpkeHeal Mangle whm two of iu Mtdet are nearljf 90^. 

If a and h are nearly 90**, e and C are neari j equal, and it will be expedient t^ 
eempute the imall quantitj C — e by an approximate method. We have, by (26), 

sin* I e » sin* } (a + 6) sin* } (7 + sin* } (« — i) cos* } C 
aad by PI. Trig. 

sin>} C— [sin* } (« + 6) + cos* i(a+ 6)] sin* } C 

the diiferenoe of which equations is 
njiHO+€)^i(0-^c)Mmcoi^i(a+b)iAji*iC^iAji*i(a'' 6)cos*} 

Let 

a' and b' being Tcry small : also, since C and e are nearly equal, put 

then the aboTO equation becomes 

sin C sin} ((7— c) « 8in*}(«' + *')«^*K— "^^•H«' — *')co«*i 
Diriding by sin Can 2 sin } Ccos } C, and substituting the ares } (C— e)^ 
^{af^ V), f (a^ — ^), for thdr sines, we find 

C- c - sin r [(^^y tan I e- (^^^ oot J o] (801) 

wldch is the required approximate fbrmula for the case when a', 6' and <7 are gi?ei 
to find e. 
If «', 6' and « are i^Tcn, to fisdC, we may exchangee for fin the second member, 

whence 

e-f-slnl"[(^— )*tanH-(2^ycotJs] (802) 
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166. In a ghm aph me a l truMgU^ tofnd th$f€rpendieularfrom m§^ tk$ um§k$ tyow 
the oppoiiU iUk* 

Vlg.26. DenoHng the perpaidieiilAr upon fhe fide e (Hg. 25) 

by Pi we have 

■iAjy » eiA & Bin ii (308; 




If the three eides or the three angles we glten, we 
And bj (48), or (51), and (808), 

ia whieh • and if are gben by (47) and (50). 

If we admit more than three parte of the triangle into the eipreeaien of j»« we 
hare, bj (56), (56), and (808), 

, 2 8inlulsinlS, ^WMlatOBlh ^ 

nnp am ' , . ^ ' — sin « OB r— r =— eof 8' 

'^ cos f C7 Bin f 6 

166. To find ih$ rodiut qf ike (xreU dueriUd ah<mt a gkm 



!%.». 




The radius here understood is the arc OA im OB ^ 
C, Fig. 26, drawn from the pole of the small eirole 
ABCVi either of the angjles. Let 

OABwmOBAwmZ 

then OwmOCA+OCBMm OAC+ OBO 

«.^ — s-l-JI? — « 
»wmi(A + B^e)wm8^C 

ptatdng 8Mm^{A + B^C). 
The triangle A OB being itoeoeles, the perpea-licalaff 



OPbiseots the side«, therefore if ul m B, we hare 

tan Jt OB ■■ 75 — 77? 

eoe s eoB (0 — O) 

2 8in|a8in}6sin}0 



or, by (70), 



taaJB 



(806) 



(8071 



By applying the principles of Art. 87, this will giTe the corresponding formoIsB of 
n. Trig. (285). 
167. From (69) and (70) we find 

cos (5 — C) as — COS 5 cot } a cot } 6 

by which (806) is reduced to 

tanig-^'^^^^'^^^^^" ^W, 

• -^coSiS 
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S47 



AlAO, by the last equation of (66)» (806) beoomes 

ooei<iooe}^siiiC 

168. 8«bftitati]if in (806) for tan i e by (39), 

/ — cog 5 

tan-B — v' Veoa(-Sf— ^)ooi(^— J?)ooi(5 



(809) 



^) 



«. by (50), 



taniS 



008 8 



(310) 



169. Iiet the aides of the triangle ABC^ Ftg. 27, be pro- 
duced tf meet in A\ ^» and C* ; and denote the radii of 
the ^ireles cireuneeribed about^l'^ O, BA O, CAB bj 
iS', Jt\ B^ respectiTelj. Then if 2 ^9' denote the sum of 
the anises ci A'BC, {A^ B and C being the angles of 
ABC)^ 

28'Mm2T'-'B'~C + A 

a'-^A'mmv^HA^B+Cymmtr^S 

80 that (806) 9^fXMt»A'B0 flTss 



fig. S7. 




tania tan } a 

cos (iSf' •-. -4') — cos 5 



and hi Uhe iMiMMv 



UmBrmB 



taaJe^ 



Umjb 

-«008i9 

Janje 



(811) 



8«betilQlingtotaa}ff, fte., bj (89), or for cos 5 bj (69), 

o, cos (if — J) 2stn}acos}&ooe}e 

tan iST OB ^. IBS ■'■-■» " 

»»#f cos (5 — S) 2 cos ) tf shi 1 6 cos J « 

* iv// cos (5 — C) 2 cos } tf cos } 5 sin } « 

tan St VI ' ■ ■ a pF * » » T pv " ■■■*■<■■ * 



CW2i 



170. Combining (810) with (812), we find the reUtion 

cot 12 cot jr eot JT' cot B^'^MmN* 
If this be multiptted successiTelj by the squares of (810) and (812), we obtiin 

tan i^ col JT oit ir fd ^" »i eod* 5 

coi it tan it' col iT' cot «"" «v CO*" (i9 -^ 4) 
cot R cot ^' taa B" eoi iS''' i» cos* (5 — i?) 

cot it cot JT cotiT tan i?''' » cos* (5 — (Q 



(818) 



(814) 



gain, from (SIO) and (S12) m nad 

-^UnE + U^Jt + UnBr+UnSr' 

ooig+ooi(g — ^)+eog(g — Jg)+eb«(g— (7) 

m 

-Uaig + f*iy + tMiiy^+Uair»^^*"^'^j^^*^ (816) 
• dudl ind in a ilmUar auumer 

It it alM Miilj ah«wn tlint 

t«n*Jg + Un*iy+Un*ir+ton«Jr«^ + ^^j|^^^^ (817) 

172. t^JSmdtk* rmimt ^tk* ctrefe mteribed m a §i$m ip ht n cM J H m git * 

ng. H. ^ In Fig. 28, being the pole of the required drde, 

draw OP', Oi^ and OP''' to tiM points of eontaet, and Join 
OA,OB. We hare OP^«i OP^ and the triani^ 
„ iiO/^and^Oi^riglit-angledatP'aadP*; henee 




•in OJP^ sin OP^ 
IB ain ^ auiAO 

^ ^T»^ therefore OAF^wm OAF**^ (for we eaanot have 

OAP^ wmw — OA P^)t and the pole of the ineorlbed eirele is oonaeqaentty found 

by the eame eonetmotion ai mpUmo^ namelj, bj bisecting the anises of the triaii|^ 

If then we pnt « w } (a + & + «)• Mid r » radina of the inaeribed airdib we 

hare 

-4P^ + J5P'+(7P' — -dP^+« — «^ -4P^«i« — a 

and the rigjit trian|^ A OF^ giToe 

ta&ri«8in(« — a)tan}^ (818^ 

eerreqponding with the foranla of PL Trig. (288). 
Snbetltnting, in (818), the ralue of tan } i, 



l/ «in (< — o) sin (t — 6) rfn (t — §) \ 



tear 

Snbftitnting^ in (818), the Talue of sin (« — a) giyen by (68), 

tan » _ ■ . ^. ■ 

^*2eoBj^ileoBj^i^eoe}C7 

AIM, \^ (51), we have if «« } sin i? sin (7 sin a, whieh redvoee (820) to 

sinlSsinl O , 
taar» ^ r"^ lima 
isoa^^ 
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178 Ut the rsdU of the circles inscribed is Hm thfM trian^.ii'JtO; SfAO^ 

CAB of Fig. 27, be /, r" and i^'. Then if %' denote the half fom of the sidef of 

A*BC^ we hftTO 

2f' ■■2r — i — e+a 

so that (818) applied te the three triMglee, |^?ee 

tan/ oBsinttan)^ 
tan f^ OB sin«taa}S 
tan /"m sin t tan } (7 

fiubstitnting in these the Talues of tan } ^, &e., or of Bin«, 



tanr' 



if 



sin (# — . a) • 2eos}^8in(^sini C 



tani^ wm-. 



^ 



tani^w 
Also, by (821), 



sin (# — 6) "■ 2sin^^oos| j^sin^ C 

ft ^' 

sin (t — e) "■ 2sin}ulsin}J?ooei(7 
eos^Seos } C 



tanr' 



coe}^ 



■ina 



A -w ©oiJCeosl^^.. 

tan f^ OB ' — T-TT — i^* 

eos j^i} 

-. coel^ooslS. 
tan f^ iM —-2 — r-7r« — sin e 
cos i (7 

174. The ptedaoi of (819) and (828) giTes 

• «• ■ 

tan r tan r' tan i^' tan r^ «r -r im n* 

ir 

whence, at in Art 170, 

leot r tea f^ tan f^ tan /* iM sia^ « 
tan root r'tani^tanr^iM rinP (t — a) 
tan r tan r' cot 1^ tan f^ » sin* (t — ft) 
tanrtanr'tanf^ootf^iM sin* (« — e) 

176. We find from (819) and (828), as in Art 171, 

X I A-#i A-// I L^ 4sinJ«8inJiBinJ« 
— eot r + cot f' + cot r" + cot f^ ■■ * ■ ' . 

*j I A^ • x^ 4eln Jaeos Jftooslc 
eotr — ootf' + ootf^+cotf^« 2_ 

X I i._i x_/#i x_w# 4cosJtfsinl6cosJf 
cot r + cot f' — cot r" + cot 1^' ■■ 2- 

. . x_^t x--« x-jf. 4cosJacos}6sin}« 
ootr+cotf'4^eotJ^ — ootr"'« * 2 L. 



co«'r+ coff' + cot*r"+ cot*r:" « 



2 — 2cosffcoefteos0 



I 



(822) 



(828> 



V (884) 



(825) 



(826) 



(82V) 



82 
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in Iita (tM) MiA (Ml), v« ted 

^^ mB4aikiAtiniBtbkiOto9iae(mib9tmi0 (128) 

From (807) «i4 4U tot of (817)» 

^eotr+6otff^-|-foli^-f.«olff^««StaaiK (828) 

Fro« (815) uid (820), 

— tani2+t«iir+tanJr' + tanir"»«2ootr (880) 

ftnd oilier ilmiUur reUtiom ar« foond by oomparing (812) with (827), and (818) 
with (828). 

177. The foUowing reUtioM are also worth remarking. 

If j» li the pevpendteolar firon Cn|K>n «, 



eo8 } < 



(881) 



178. The poU of ih$ ebrtU itueHUd m m ipkerieal triangle u aUo tkipoU of ih$ dreU 
dreummibed aboiU ike polar triangle ; nndAe radU of then drdea are eon^Umente of each 
9tker, 

She arcs bisecting the angles of a giyen triangle will eridentlj bisect the sides 
of the polar triangle, and will be perpendicalar to those sides respeotiTely; the 
eommon intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and cirooMscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the eidee of the irst triangle^ are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs am 90^, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is alto obrious from the analytical expressions of the two 
radii. By means of it, we might haye deduced all the fonnulm for the inscribed 
ftroa those for the circumscribed circle, or rice yersa. 

179. To find the arc joining tkepolee of ike ebreiUe ineeribed tii, and drcumeeribed about 
e given tpherical triangle,^ 

"g -j^- c Let be the pole of the circumscribed clrde, 

Fig. 29, and (y that of the inscribed circle. Put 
Oa mm />; then 
eos2>aBC08^e>cos^O'4-sin.d08in^O'coe 0^0^ 
By Art. lea, we haye OABwm 5— C; whence 

OA(y wm8^C'-'\Awm\{B'-'C) 

We hate also 

cos AO' ai cos (yP cos AP » cos r cos (« — a) 

. .^ 8in(yP sinr 




* Hymer's Spherical Trigonometry 
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TlMTtfjKtt 



■- ■» eot r 000 (« — a) 4- taa Js — V ^ | — ■' 



ootilrfa 

Sabotitatiiig bj (819), (807), and (44), 

cooD 8iii<eoo(t»^<) + 2rin}ftrin^giinjK6 + 



ooii^siiir 



" n 



vhonce, by (68), 



— •oosaoo9ft«iS« 



by PI. Trig, (m), ^/ii«it + 2iimiaii»>6«fai>ay 

»(cotr + tanir)* 

oot*2>» eos«(i2— r) + oo^i{i4««r 

8iii«2>«iiin«(i{ — r) — ooe«i{8in«r (Stt) 

If tho inseribed oirolo is inseribod in A'BC, Wig. 27, and ita radiu » /, wo 
haTC, b J a similar proooos, 

8in*2>'«i8in«(il-|-r')~ooi^i{8inV (888) 

180. To find the tpiiUUeral tpherieal t rum gU nucribed m a $wm eMe, 
ItSiBx radius of tho giTon oirolo, and A ■■ ono of tho anglof of tlio eqnilatml 
triaaglo, wo korre, hj (810), and VL Trig. Art 76, 



whonoo 



oos* i A oos*}-4. 



(•MJ 



181. To fimd ike equiiaieral qtkerieal trumgU eireum$enbed 

If r OB radius of tht giTon oirolo, aiMi a im ono of tko sidosof tho trianglo, vo find 



•tai'-JCTT^) 



9») 



182. Owen ike ham emdarea of a ephtrieal triangle^ tofimdtke loeue </ ike 9erteg» 

>%*>o. ^ Lota»thogiTonbaBe,and jrnBaroaofX0(7,Flg.8O. 

Produeod AB and AC to moot in .i'. Let (7 bo tho polo 
of tho oiffolo doooHabod fiMatA^MO. Tho tadlM oC ^s 
oirolo it glTon b^ tho ibot ocinatiott of (811), wkkh^ hj 
Ip (224) booomes 




•"'-^ 



(«W) 



Tho sooond mombor of this equation, boing oonstant for 
all tho triangles of the same base «, and tho tamo area A", 
shows that iS'io also oonstant, and consequently, that tho 
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point A! it ftlwaji fbnnd upon tko drenmfinrenee of tlio tmmo tuAll oirolo A'BC, 
Bot A and A' being tko eztromities of the iMne diuneter of tlie qihere, A ie i1m 
tmnd upon a waaXi einle, equal and paraUel to the eirole A' BO, 
The perpendicular dittanee (/*) of flrom the hate BC^ ia found bj the equation 

cos R 
'^ ooa ^« 

and the pole of the loeua of il if in the aame perpendicular, at a diitanee from 
BO iv r — y ^»Pt whence 

«-' — i^rn ^^^^ 

The equations (886) and (887) determine the radius and position of the pole of the 
required locus, which maj therefore be constructed. 

This elegant proposition is due to LexeU, 

188. To find th$ angle between the ehorde of two eidee of a epkerieal triangle. 




In Fig. 81, being the center of the circumscribed circle, the angle between the . 
shords of the sides AC and BC is half the spherical angle AOB. If, then, 

(7t OB angle between the chords of a and b 
we hare 

cos C, » cos AOP » sin CAP cos AP 
or, by Art 166, cos (7. «■ sin (5 — C) cos } # (388) 

By (72) this becomes 

cos C, ^ sin} a sin} 5 4- cos a cos} 6 cos C7 (889) 

184. The preceding problem is employed for geodetical triangles, in which (7, 
diiliBrs Tcry little firom C, in which case it is expedient to compute the small differ- 
ence C — Ct OB z. We easily reduce (839) to the following : 

oosCaOBCOS }(a~6)oos*}C— cos}(a-f 6)sin*}(7 

— cos*}(7 — 2sin*}(a— ft)co8»i(7— Bin«}e+2sin*Kfl+6)sin*}(7 ' 
Subtracting cos Cim cob* ^ O — sin* } 0, we haye, 

sln}(e+ CO sin} (C— C») — sin*} («+ ft) sin*} C— sin^Kfl— 6)oos»i<7 
or approximately, taking 

sin } {C+ C) » sin (7 » 2 sin } Coos } (7 
and sin } ((7— (7.) °- } x sin 1" 

X being expressed in seconds, 

• ■" ffiT"^** ("* ••" ^J*""^ ^~ SiT «*^*i(«-*) eot } £7 (340) 
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m^le$, oy ^tmI drdf (/V), pvpmJkmUr to it, iHmdn th$ ndu {AG, BC) ^tU^Hf 
wutU9 whom mm mr§ / r y ir tf iw ri ; that is, 

nnFAi^akFC^9inG3:9iikG0 (841) 

i^PbetiMpotoof .«2>,(Z^P«i90»), and ^^ 

FOF an J great dreU drawn throngh P, and 
theref<Hra porpandienlar to jML nan* ainoa 

we haye, by (8). 
mnFOnFAwmtanPanPAwmtinPtiBLPB 

am mn O an OB 
smFAk FC^tiAGmnOO 

whence, by diTislon, the theorem (841). The arc FO is analogous to the parallel to 
the base in plane triangles. 

186. fftwo aret of great cirdet, (AB, CD, Fig. 88), termmated iy any eirde, interteet, 
the produeti of the tangentM of the oemirOtgmmtM are equal to one another; that is, 

tan}ul^tan|^^»tan|(7i?tan}^/> (842) 

Let P be the pole of the circle DACB. Join PB ^' **• 

and draw the perpendiculars PF, PO, bisecting the 
arcs AB and CD, Then we haTe 

COsPg COSP^ COB PS oo» OB 
cos FB ** cosPJS "* cosP/> *" cos OD 

COS FE-^oobFB cog g^ — cos O^ 
cos FS+ 009 FB ^ ooB GB + w»OD 

which, by PI. Trig. (110), giTss (842). 

187. Jf three aree be drawn from the anglee of a epheriedl triangU through the tame 
point, to meet the oppoeite tidee, theproduete qftheeinetof the aUemate eegmente of the eidee 
triU be equaL 




Thns, in Fig. 84, we shall haye 

sin^JS'sinCi'sinj&C' 
For we easily find 

sin^jy sin^P 
sinCB ""sinCP 

sin CA' sin CP 
sin BA' "* sin^P ' 



mxtHnCBBhi BA' tin AC 

BbiAPB 
sin 6Pff 

sin CP A' 
bWbPA' 



(848) 




e inBC sin BP sin BPC 
BinAW' ^ MJkAP ' AnAPC 

Multiplying these equations together, the product of the second members is unity, 
whence (848). 

Thn same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (348), they must intersect in the same point This oeours la 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
sides are bisected ; when the three arcs are drawn froB the angles to the points of 

W 
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MBtaeiof ilMlnaerflMdeiiel*; tadwhcn tb« tlireetrei wtth«tiirMp«iiNndiea]an 

The first three of these eeses are obTiovt. To pnm the laeti if A\ B and C\ 
fifi t^ are ri^t angles, we JutTO 

oo8.ijy eos CLi\ cosSC ^ eos^^ - ^^9^, ^ wmBC 
oos (7^ ' eos j?^' * tQ&AC'^ oos Ci? * eoJTSZ ' wmAC "* 

whenee oosilB' oos CA'eo^BC a- eea OB" «es Jtil' oesilC/' 

and in the same Banner we find 

tan AB' tan Ol' tan BC «■ tan CBiMXiBA iMiAC* 

The product of these two equations glTes the condition (848), and therefore the pcr- 
pendionlars intersect in the same point. 

189. To find th« ore thrown from any angle of a tphurical irimigU to a givm jmnt in 
the oppoiUe tide. 

In the triangle PAA", Rg. 86, let PA' be drawn; we haye 




oos PA' sin AA'* wm ooe PA' sin (AA' + A' A'^ 

«« eos P^' cos A A" sin ^ ^' + eos PA' cos ^ ^' sin A' A" 
But in the triangles PAA',P A' A" we haye, by (4), 

cos PA' to^AA' MmcwPA — sin PA' sin AA' cos PA' A 
008 PA' cos A' A" » cos PA" + sin PA' sin ^'ul" cos PA' A 
which substituted aboTe give 

cos P^' sin ^ ul" a. cos PA sin A' A" + cos P^" sin A A' (844) 

which determines P^', the sides PA and P^" and the segments of the side A A" 
being giyen. 

190. Let three arcs PA, PA', PA", Fig. 85, passing through the same point P, 
be intersected by two others A A" and BB' whose intersection is §; we have seve- 
ral symmetrieal relations among the parts of the figure which find their application 
in astronomy. 

Let the points A, A'^ A" be given in position by their distanoes from Q, and p«it 

^0 — * AB m^H PB Mmy 

A'Qmzei' A'B ^fg PB m^y' 



A"B" a It 



PB' 



By PL Trig. (171), we have 

sin It rin (*' — *") + sin *' sin («" — *) + sin «" sin (« — «') wm 
and in Pig. 86, 

.«in/B«in5 . ^ shiv'^sin^ 



sin « 
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which, sabatitated ftba*«, ^re 



On/i^ 



(^— ^ + 5 



^(•---) + 



^5^- 



i(a — o^mO (US 



Again, if m expran (844) in die noUtiaii of tUi Htiale, it h 
CM (*+>) Bin (-'—O+cM (;«•+ vT «dn (."-«) + wt (^+ >."J dn (--^HO (M«) 
JMA, addad t« (84fi), ^tm 



^^f*ii>dn(.--.")+;ini£i20^(.._, 



-irfii(a-V)— (MT] 



ii«.ai. 



""^"^'rinr.-— ,-r .- ^, r . - 

tanj- ^ '^ tuay- ^ ' ^ tanj." 

191. If i'Utliepolaof^Q, vehan 

* + >=.# + >' -.^ + >--B0" 

ud (846) and (847) both ^t« 

Un,gMn(«'-«") + tan;B'riii(-" — .) + taa^ iln (.--') -0 (8*8) 

sfiitt imer&td and dnumieri&td tphirtt. 

Let C and E, Kg. K, !>• the oentrea of two acUaoaat boei whoM commo* tigt !■ 
AB; the centre of the inscribed and aironmseribed ipherei. Draw i> U- 
Meting AB at li^t angles; draw CD, ED, which will also OTldentlf be p«r- 
pendionlar to AB; and pat 

/ aa incliiiadcm of the &tOM ^ OD M 

& =B radius of the eircumBciibed epheri ^ OA ^ OB 

r ^ radios of the InMribed epliera _ 00 ^ OS 

a ^ one of the edgei t^ AB 

m ^ number of fa«e« that form a solid angig 

K ^ nomber of (idea of a face C 

Suppose a sphere to be doicribed aboat the oantra \ 
with an; radius, and ead the triangle formed nponita inr- 
ftee b; the pUnes COD, CO A, AOD; this triangle i« 
right-angled at d and i^tcs 

COQiJ— °°'*'"? 

Bnt «o« rf _ ooa (7 1>, and 

COD^W~CDO~^ — II 

■ J » i angle of the plauM i< (7 Mid Q J f 
1 2.- T 
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thcTvforv 



Bin}/ 



cot — 
m 

n 



(849] 



Then from th« trianglat C D^ A C D^ &o., we find 

r MB -^ tan A / eot — 
2 * « 

faBiiSeotacaBiSootaeieotcacfaiiSoot — GOt — 

n m 

ie» iLtanA/tan — 

2 ' m ■ 



(aso) 



(361) 



198. 7b )Eiuf th€ iUffaee and volume of a rtgular polyhedron. 

Let /&■ number of faces of the polyhedron ; S vt the surface, and F*^ the 
f olnme ; then the area of each face (the notation of the preceding article being 
continued) is equal to 



} ^ jB X CD X « — <^ • -^^ cot -1 

4 n 



irhcnce 



and since Fs S% \r^ 



5=«-.^coti 
4 n 

F=a»-^tan}7cot* — 
24 n 



(352) 



(358) 



104. To find the eur/aee and volume of a paraUelopip^ gwen the edgee and their mcU" 
natiotu to each other, 

««-87. Let OP, Pig. 87, be a parallelepiped, 

whoseledges OA wm a, OB s 6, C ^^ e, 
and their inclinations BOC^t^^AOCsm^, 
A OB ^ y, are given. 
^p The area of any face, as B (7, is found by 
the formula 6 e sin a, and therefore fox 
the whole surface, we hare 

i9B3 2(5(;Bina+flt(;sin/64.a5sin>) (854) 
To find the volume, let (72) be the alti- 
tude, then 
Fssbase^J^X CD^abAnyX CD 
Suppose a sphere to be described about t>, whose intersections with the planes 
BOC, AOC, AOB and DOC are B'C r. «, A'C » ^S, A'B' a >, and CD, The 
triangle A' CD' is right-angled at 2>', whence 

CD^e sin CD^ » e sin /3 sin CA*B 
orby(46),ifr = }(* + ;8 + ).), 

whence 

K» 2 a6e^[sin 0- sin (0- — «) sin (0- ~ ^) sin (0- ~ }.)] (355) 




THE END. 
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